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Example 22.

Solution.

b 4

Tests of Hypothesis — St &
amp|q 2
Sty

s? 135
22 1.195
F—Szz 11-3

_g-1=7 andv, =10-1=9, Fg5 =3-29
d value of F is less than the table value. Hence,

i P ', we
d conclude that the difference in the varainces of accept

For?;
The calculates
hypothesis ani
significant at 5% level.

Two random samples drawn from normal populations are ;
20 |16 |26 |27 |23 [ 22
27 |33 |42 |35 |32 | 3a

thy
two sampl&? n

|
s not

Sample I :

Sample II
Obtain estimates of the variances of the two populations and tesg
populations have the same variances.

Whether

Let us take the hypothesis that two populations have the same Vatiane ;
le,
Horuf =cr% =0y e,

p- — s e
San;?‘le 1 ())(_{;1 =7§z1) (X -Xy) San;::e i ()}(_{7;_:;;52) %%y
20 =2 4 27 & i
16 -6 36 23 s ]
% +4 16 0 s "
27 +5 25 35 0 0
23 +1 1 32 _3 5
2 0 0 2 2 .
18 = 16 38 +3 9
i +2 4 28 =7 )
= t2 9 41 +6 3%
B ~8 9 3 +8 o
30 -5 25
1 37 +2- 4 )
IX; =220 o - 20 -
"]] =0 i 02 123(1) zil(: = fZZ f | =]
z 2% 220 _ IX, 420

(X, -X;)2
g2 2 -X)" 10 120 . o
m-1"10-1 9
I(X, -X,)?
2-2%-%)" 814 314 . oo
m-1 o T12-17 11

Applying Ftest, we have

Small Sample Tests

esis —
sof Hypoth
18 2 1
P52 _B545 15
§2 71333 =2 R
For’_’1=”““dll’2=9""-os=3-1l eSS
Gince, the calcul aled.value Of F is less thap th
accepted and hence it may be concluded lhateu::btl; yalue, the hypothesis is
yariance. © Populations haye the same
The following data relate to a random
gampl® 2 states of Indian Union : sample of Government employees in two
Mean monthly income (Rs.)
ample variance Qo
In the light of the data, test the hypothesi i
kit , ypothesis that the varainces of two populations
solution. I..et us take the null hypothesis that the variances of the two populations are equal
ie, Hy:01 =03
Wearegiven: n;=16 s =40
n,=25 s3=42
n 16 16 640
el 2 I
1 -1 s1 To-1 x40 l5)(40 5 4267
n : 25 1050
2 _ 2 2= =— =——=43.
R R R L e
43-75 2 o2
F=42-67 =1.025 where, §; > 57
For v; =24, and v, =15, Fg5 =229
Since, the calculated value of F is less than the table value of F, we accept the f‘“u
hypothesis and hence it may be concluded that the variances of two populations
are equal.

E"“lllple 24,

Two independent samples of 8 and 7 items respectively had the following
Values of variable (weight in grams) :

9 1 | 13 | m |15 | 9 )12 L1
9 8 | 10

Sample I :
Sample 11 : 20 | 1 |0 | u

Do the two estimates of population variance differ i

Let us take the null hypothesis that the two populations
e, Hy :c% =°.§_

gnificantly ?

ave the same variance
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Tests of Hypothesis — Smal
s“"‘Ple Teg
s
X o
10 5
12 1°D
10 133
194 1%
8 81
10 1636
X, =73 Lz\~
1y =7 X3 =785
X, -2
g == =m=10.
& n 8 250, ©7 43
Since, the actual means are in fractions, we make use of original values, Thus,
, [ el 1l o0l s
———|2xX? - = - =2y
h ny -1 2 n J 8—1[ 8 J 7
2] [ 73)2.1 237
1 [, exp)?l 1 @31
2~ 5X2 o = | 785-—— |=——=395
§ nz—ll 27 J 7—1{ 7 J 6
Applying F-test, we have :
e reiB i
73957

Forv, =7 and v, =6, Fy5 =4.21

Since, the calculated value of F is less than the table value of F, we accept the n'ull
hypothesis and it may be concluded that the two estimates of population
variances do not differ significantly.

N IMPORTANT TYPICAL EXAMPLE

xample 25,

)lution.

. ormal
Can the following two samples be regarded as coming from the same I
population ?

ation from meal

Sum of squares of devi
120
314

Sample mean
12

15

e norma'
To test if two independent samples have been drawn from th::ﬁd (i) e
Popu!ation, we have to test (i) the equality of population means,
equality of population variances. . ariance“’iube
Equality of means will be tested by applying f-test and equality of vn "’ e
tested by F-test. Since, t-test assumes o? =o3, we first apply F-test®

F-test : Set up Ho :o% =u§

Hy‘pomesis — Small Sample Tests
f
s O . "
165 We are given:  ny =10, I(X, S AL 1z
2 XX 1y
M-l "0 9 =13.33
2. 2% %) gy gy
M=l T T WSS
- Applying F-test,
Ee S} 2855

TSP T2 M

Forvy =11-1=10and v, =10-1=9, Fs=314
The calculated values of F is less than the tab]
hypothesis and conclude that the difference in
significant at 5% level.

Since, u% =s% +We can now apply t-test for testing H, : H1=H,
t-test:Setup Hpipq=p,

e value. .Hence, we accept the null
the varainces of two samples is not

We are given: 1ny=10 (X, -Xp)?=120
el (X, -X,)? =314
s 2 )% +2(X, -X,)?
B ny 41y =2
120+314  [434
= o= =27 =465
10+12-2 V20

Aplying t-test, we have

X, -)—(z Yllnz
S ny+y
- 2
L 215 [0 ) w06
4-65 10+12

Degrees of freedom (v) =n, +1y —2=10 +12-2=20
_ Table value of  for 20 d.f. at 5% level of signficance=2-086.
} Since, the calculated value of  is less the tal?lé vallfe' we acele
and conclude that the difference in meansis not mgmﬁcal:, ém St B SN
Hence, we may regard that the given sampls to have

. EXERCISE - 6 .
—_— - heir respective
L Ty s ¢ deviations from ¢ o
WO sam g 2 res Of t
"P;“SD o ety o sizes  and 8 e he 0 0, ;e value of Fand sy ppsher 15
Significant or not at g?%’ leve,II::f significance 7 (Given Fgs for ;

pt the null hypothesis



Tests of Hypothesis — Smaj) Sam thesis = Small Sample Tests
1 o
18 OR £ B s’ = mples were drawn independently frop, 1, "
. deviations fr, samp = © Normg| i
] d 8 give the sum of squares of TS from the;, Two > are: - Populations,
Two swnpl'f,g!]%?ni g; ind%es SQuarE;. Cf;f‘g]};ii ::g]aerdEd aidrawn ;:n:‘:ipecﬁve 3 statﬁ“d;: -8, 2(X,-X 12 =844 inches The summary
s equal [0 =057 Ans. F=1-04, S can be rq e 7.2 .
::)E;:] :opulahon ata=-0 [ . from the same nzgx:f:fd as Sa‘:n,e 1y =13, £(X ~X3)* =102-6 inches
drawn from normal populations are : - P"Pulah-m‘ .oht of the data, test whether the two variances dirr.. . '
2 o T [ [m [ o [ [ [ | "™ An. oy gty
- 1S, F=1.410, var;
3 ng two samples be regarded i » Vatiances d i
m -m , cn the following : 8 33 Coming from the same normal ;ngzia(:ilrre;]
i f the two populations and test ) Size Sample mean_ [Sypm of Squares of g -
) . . f the variances of tt est wheth, eviation from
Obm]n ,F::sn;;!\‘: lﬁe same variances. (Given F=3-35 at 5‘%:1 levehforv, =19 ane;vﬂ‘f two % =
populati [Ans. F=1-414, the two populations have the same va’n-;? 1
3. Forarandom sample of 10 pigs fed on diet A, the increase in weight in pounds ince,hig‘ [Hints : Use Ftest; F S%
. For. . ints : Use F-test; F=—-=1019 anq 1 .
periods were: 10,6,16,17,13,12,8,14,15,9 s2 testfor Hy :py =y, |1)=0.742
For another random sample of 12 pigs fed on diet B, the increase in weight in the same [Ans. The samples are drawn from the same normal population]

i ere :
periof ! 7,13,22, 15, 12,14)18,8, 21, 23,10, 17

Test whether both the samples come from opulation having same variance.
(Given: Fgg forv, =11,v, =9is 3-112). r
[Ans. F=2-14, samples come from population having same Variance]
4. It is known that the mean diameters of rivels produced. by two firms A and B are
practically the same but standard deviations differ. For 22 rivets produced by firm 4, the
standard deviation is 2-9 mm, while for 16 rivets manufactured by firm B, the standard
deviation is 3-8 mm. Compute the statistic you would use to test whether the product of

¢ means of two random saxpp}es of size 9 and 7 are 196-42 and 198.82 1, "

;Tm of the squares qf the deviations from the mean are 26-94 and 15-7;:::;:&?:9&11){ g::
the samples by considered to have been drawn from the same normal population ?

[Ans. F=1.078,|t|=2-634, Reject Hq)
The following data relate to a random sample of Government employees in two states of
Indian Union. First carry out a test of hypothesis that the variance of the two populations
are equal. In the light of the result of the above test, carry out a test of hypothesis that the
means of two populations are equal :

firm A has the same variability as those of firm B. State 1 State 11 |
~ ‘|Ans. F=1.748, the two populations have the same variance] Sample Size 1 %5
5. Ina fest given to two groups of students drawn from two normal populations, the marks Mean monthly income of 440 160
obtained were as follows : ] sample employees (in days.)
GowA: | 18 | 20 | 3 | 50 | a9 | 36 | 3 | 3 | 4 ’ |Sample Variance 0 2 .
Group B : 29 | 28 | 2 35 | 30 44 46 L [Ans. F=1-025, Accept Hy , t=9-72, Accept Hyl .

Examine at 5% level, whether the two populations have the same variance.

MISCELLANEOUS SOLVED EXAMPLES

. ’IrAns. F=2.103, populations have the same variances] below, Obtainte I L
" aqrosels of random samples drawn from normal population are given below- ons mple 26, - . i th were found to be :
estimates of the variances of the two populationsparllad test whether the two populatif Prices of shares of a company on different days :; ; monl
fave the same variance. Use F-tes. . 66, 65,69, 70, 69, 71,70, 63, 64 an .
Discuss whether the mean price of the shares should b2 : 2 .
Sl (The table value of ¢ for 9 degree of freedom at 5% level is 2*
on. , is 65, ie.
L Lk of the share is 65, .
[(Iablepv_alzue of Fforv; =11and vy =9at 5% level = 3-112) €t us take the hypothesis that the r:l\ean l;{nc:ew(55 (> Two tailed tes)
. m:sv.lan'_ b:]1f12, Population have the same variance] ared. Given; Hy:p=65 an 1
sample afll(;ty in the tensile strength of two types of steel wire is to COMPZL Y e of ! %
obseevaggn_; O}JServatlon§ of type A wire yielding a variance of 100-4 and ; ot ihe w0
populations hzvteyf;uil‘:’,:? yielding a variance of 115-5, test the hypothes =
Ans, F=1. ‘ariances,
[Ans. F=1.0625, Population have the same variance] :g
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Example 27.

Solution.

Tests of Hypothesis — Smaly g
ample 1,
Sl

+3

=X 675
X=—""=70 675
- ce, the actual means of X is in [raction, we should take deviag
g;:ﬁ;edinean to simplify the calculations. ons frop,
= 5
d =10 05
d? -11(,7)2 73-10(0-5)2 \
= n-1 9 =2-799
Applying t-test, _
P X-n 67-5-65 «/ﬁ—w
= S Sn= 2.799 X = 2.799 =2.82

Degrees of freedom () =n-1=10-1=9
Forv=9, t5 for two tailed test=2-262
the calculated value of ¢ is greater than the table vlaue, we reject the nul

Since,
conclude that mean price of the shares could not be

hypothesis and therefore,
equal to Rs. 65.

To compare the price of a certain commodity in two tow!
selected at random in each town. The following figures give

ns, ten shops were
the price found:

0 be the same in two towns.

ice of 490
Let us take the hypothesis that there is no difference in the average Pricé

Test whether the average price can be said

towns:ie, Hy:py=py and Hy s g #Hy (= Two'tailed test) —
X,-X %52 x2-X. o %

1-X, | (X,-X,) X2 1

3 9 *55 7 4

4 16 54 -2 P

-2 4 47 =2 9

5 2 - 2 %

-2 4 . 5 =5 %

L5 | 25 61 5

esi!
p of Hy-poth
1

Eample 28,

Slution,

et Small Sample Tests

1
56 =2
“ -14
60 2

£X, =580 0

m =10

-X.)2 =
5o |2 X)T 42X, -X)?
ny+ny -2
288+216  [504
“{wo+10-2 "V 15 =VB=52

Jﬂ_wj 10x10 2x2-236

Yy +ny - 529 \E)Tuf 59 085
Degrees of freedom=v=n; +n, -2=10+10-2=18

Forv=18, ty,5 =2:101

Since, the calculated value of ¢ is less than the table value, we accept the null
hypothesis and conclude that there is no significant difference in the mean price.

Applying i-test,

An L.Q. test was administrated to 5 officers before and after they were trained.
The results are given below :

Candidates : 1 1 1 v \'s
.Q. before training : 110 120 123 132 125
L LQ. after training: 120 118 125 136 121

Test whether there is any change in 1.Q. after the training programme. [For
v=4,tgq =4-6]

Let us take the hypothesis is that there is no change in 1Q. after
programme. i.e., Hy :d =0 or iy —pl=0andH1:d>00ruz-P1>0
(= One tailed test)

LQ. Before

the training




Tests of Hypothesis ~ Smay; Sind
Ple T,
sty

@’

othesis = Small Sample Tests
fH
Degrees of freedom=v=n, +ny

-2<
15, tg05 =2°131 9+8-2215

122
gﬂ:lsgﬂ For?= e g
n — since, the ca. culal }la ue of t is rs
% (@) hence, the difference in the ‘“eansis?k". than the table vy,
S=\— 1 Bnificant, alue, we reject 1y
n-1 o TWO types of drugs were used on 5 and 7 o and
= Je 3% A was imported and d i Patients f,
140-5(2% [140-20 _ [120 oo? Drug . rug B indigeng or reduci .
= J/——g_]—‘ =5 =V3 =V30=5477 using drugs for six months are as follgyg ; - ' decreases in %hl:‘x:-:;ll El(‘lu
er
ing I-test,
Applying p 245 . ——
=3 n =5——_477 =0-8 A Is there a significant difference in the effica
Forv=4,Ipg1 =46 1€ not, which drug should you buy, cacy of the two drugs 7
rorv=4,loo1 = =
T;:‘re calculgﬂ;d value of 1 is less than the table valu_c‘ We accept the null hypothesi (Forv=10, t g5 =2:223)
and hence there is no change in 1.Q. after the raining programme. s - Let us take the hypothesis that there is no significant 4
i i i : drugs, i.e, Hyipg = . icant diff i ;
Example 29. Two types of'bnllcncs are tested for lhelrvlength of life and the following dat two drugs, i.e _0 Bi=H;and H,: H1# 1y (= Two ‘aile;r‘ee::; in the efficacy of
are obtained : X X,=12 %2
L X -X9? ] x
Mean life in hours 10 -2 4 e
600 12 0 0 z
640 13 +1 1 2
1 -1
Is there a significant difference in two mean ? Value of ¢ for 15 degrees of 14 2 1 1
freedom at 5% level is 2-131. 4 15
Solution. Lel us lake the hypothesis that there is no significant difference in mean life of two 1
{baterios v H, dHn (= Two tailed test) 2
lypes of balleries i.c., Hg : jty =pip and Hy g #Ha = Two tailed tes IX; = 60 X X2 o
Given: m =9, X; =600, 5 =121 m =5 ( ng( ) szz’ ;;7 ti(xz -%)?
= 2 - &
e e Tl B, glT
% 1 -1) 52 +(n, ~1) 53 m o5 LSty 7
iy =2 S= I(X;-X)D2+E(X, -X,)? [0+ [E
_ [O=Dx121+@-D =144 ,968+1008 ¥ ny 41y 2 572 =Bz
9+8-2 15 Applying ¢-test,
1976 X, ~X,
=|55 =/BI7B=11-47 =2 sz . /———"‘"’
Applying I-test, ny+ny
= 12-11 [5x7
1X;-X nqn. B cmitlinsrill) okl
f=’Tz'. ey 2-324 547
152 1x1.708 1-
|600-640| ,[9x8 =X_§=1_?Ti=0.735
=§11‘47 X -é:—g Degrees of f 2-324 2
40 oros1g, ¢ reedom (o) =n, +n, ~2=5+7-2=10
s 82-28 gi 0=10,8 00 =2.908
=—=x2.057=——=7-17 Ince, 5 d
11.47 1147 Conclud‘;e caleulated value of  is less than the table viaue, we accept H“s o

that there is no significant difference in the efficacy of two drugs
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Example 31+

Solution.

Tests of Hypothesis — Smal g
. . - amp
there is no difference in the efﬁcacy of iy

le 7,
. sty
B is indigenous ! 1d buy indigenous drug B.

drug, we shou i Poned nf
he gain in weights (Ibs) of cows fed on two diets x

Gain Weight (Ibs)

drug
indigenous

Below are given L

and y,

Jevel, whether the two diets differ as regards thejr eff

d ect on
ght (Table value of for 15 degrees of freedom at 5%:2.13111;?“

null hypothesis that diet X z'md Y do not differ signific
ffect on increase in weight, i.e, Hp i1t =, and H, g

Test at 5% leve
increase in wel,

Let us take the antly i, .

regard to their el 1,
(=>Two tailed test)
M x | ;?{ -y | - %2 Y e
2% -2 4 24 -8 | e
32 +5 25 34 +2 4
30 +3 9 22 -10 10
32 +5 25 30 -2 4
24 -3 9 42 +10 100
14 -13 169 31 =1 1
32 +5 25 40 +8 64
30 -2 4
32 0 0
35 +3 9
X189 | S(X-X)=0 | 5(x-%)? | TY=320 |Z(¥-V)=0 £(y-1?
ny =7 =266 1y =10 =
- IX 189 - ZY 320
x_111_7-27’ _n2-10—32
5 ]z(x—;‘()z +Z(Y-Y)? ) [m=‘/@= AT056=6-40
1 mem-2 V7+10-2 V15

Applying t-test,

" X-Y [np, [27-32| [7x10
TS Ymp+n, T 640 *y7+10

B 10-1459
X209 =158
EEgree;s of freedom=v=n, +n, -2=7 +10-2=15
Sf)rht]:' ty.g5 for two tailed test=2-131 e, W 2
ince, the calculated value of t is less than the table Valu®s oy as
:LYPOH‘“‘S and conclude that diets X and ¥ do not differ SIE""
eir effects on increase in weight is concerned.

w

ccept

ul
the ™
o

Slution.

Sample Tests

random sample of 18 pairs BB ac s 125

3% orrelation coefficient of 0.4, g ‘hisav:[l:aﬁ?le norma] o )
population? e significany of - o showeg 5
: 3 correlation jq g,
Let us take the hypothesis that the vari; o
Hy:p=0 and

Applying t-test,

,,,mv“

ables are
e uncernzlnled in th
1 © population,

g
= two tailed test)

Degrees of freedom=v=n-2=18-2-1¢
Forv=16, ty5 for two tailed test=2.12
since, the claculated value of t is less thy,

i n th
the given value of r is not significant. e table value, we accept Hy and hence,
canple 33 A correlation coefficient of 0-63 is obtained from a sample of 29

paired of

observations. Is it significantly different from 0-57
We are given :n=20,r=0-72, p=0.8

Let us take the null hypothesis that the correlation in the population is 0.5 j..

Hy:p=05  and H;:
1:p20:5 two tail
Z—transformation or r Z—lransinm(azon zgl-:ﬂed test)
1+r
=1. = 1
Z1=1-1513 log = Z, =l'1513]°gl°1_:
1+-63 1+5
=1-1513 I — =1. s ]
0810 .63 =1-1513 log, 15

=1-1513 log 4-4
=1-1513 x-6435=0-741

=1.1513l0g 3
=1-1513x-4771=0-549

SE o S S
21-% " fn-3 (20-3 7

Applying Fisher’s Z—test

Z -Z 741 -0- 192
P i o 0549=0123=0_79‘
SEZ]_Z2 0-243 0-2

Tihe critical value of Z at 5% for two tailed test=1-96.
an’:ice, the calculated val)xe of | Z|is less !hanl~9§ (5°/?), wi
fromcg.’;flude that the given correlation coefficient is 10

¢ accept null hypothesis
t significantly different




Solution.

Example 35.

Solution.

ory €
In a laboratory Sum of squares of deviationg fro,
” » o N =

Tests of Hypothesis — Smay g,
aMple Ty
cperiment, two samples gave the following Tesults .

108

lity of sample variances at 5% level of significance,
st the equa

Te y .
is be that the two population variances are equal i
ull hypothesis %
.Letlhen Hn :U% =Uz
iven : &=
10, 2(X; -Xp)* =90
=12, (X, -X,)? =108
, E(X-Xp? 0 %o o
ST -1 C10-17 9
2
- 108
P e e e

Applying F-test,
where §? >s?

10
7982
=12-1= =2-90 .
Forv; =10-1=9andv, =12-1=11, Fys L
S'mcef the calculated value of F is less than t.he table value, w: ::;eagte. e i
hypothesis and conclude that the two populaflons have the sam

=1-018

the dealer
The profit of an automobile dealer varies from day to day('). ?;:l;:;'ils perday
believes that the per day profit averages at least Rs. 35:060 . FE200, 6. 3400
during the past week were reported to be Rs. 200q, Rs.f h ’dealer- Use at 05
Rs. 2500 and 3700. Would you agree with the belief of the
level of significance ?

3500
) is at least Rs-
Let us take the hypothesis that the average profit of the dealer is

iie, Hy :u2 3500 and H, : < 3500 : - loss than 3500]
[Since, the dealer belief would be false if the average rate is less
Itis one tailed test,

Sales X X =3300 d-(X -X)/100
(X -X)
2000 -1300
3000 - 300
5200 +1900
3400 +1000

EO
| ¥

othesis — Small Sample Tests

¢ HyP'

£X =19800
n=6

n-1 _Xc [here,(c:l(}ﬂ)]
o
=5 x10 = 00111355 1001115,
Applying t-test, =
X-p
|¢|=T.Jﬁ
13300-3500] _ 09
. B 489.-897
1m3:35  V6=qiz 55x249=

=044
=p= 1m3.
Degrees of freedom=v=n-1=6-1=5 35

Forv=5, ty,g5 for one tailed test=2.015
Since, the calculated value of ¢ is less

than the table value, we accept the null
hypothesis and conclude that the claim 1 ¥ o

of the dealer is justified.

IMPORTANT FORMULAE

Hest
1Tests of Hypothesis about population mean :

Z(X-X)2

) df=p-1
Test of Hypothesis about the diff betv
"Mependent samples ;

zd? —@)?2xn
n-1

= 712
5% . ny+ny =2

P
(n,-1) 52 +(1, -1) 53
B e o W e

ny+ny =2
d.f=n, +1y =2



5.

Fisher's Z-test

Tests of Hypothesis — Smail s
ample 7,
Ssts

ifference of the two population means with i
ndeny

pothesis about the d

Test of HY! - |
les :
sample: . % - Jﬁ
2 - a2 xn
zd? -(d)
5% n-1
where, :
df.=v=n-1 e
thesis about correlation coefficient :
Test of Hypo ¢ -
* t="—3 X n=
‘)1 -r
d.f.=v=n-2
where,

i rrelation coefficient (Hg : p=pg):
Test of Hypothesis about co g

r~4p
2=
s ¢ il fficients (Hg : p1 =p2): .
6. Testof Hypothesis about two ;(;rieéaplmn coe! 0:P1
Z|a———
LA
' i lation variances (Hg : 05 =p3):
8. Test of Hypothesis about two population 0:01
2
=5—' where, S% > S%
s

QUESTIONS

1. Define student’s t-test and explain some of its applications. o
i the means
2. Explain how t-test is used to test the significance of the difference between
two samples.
3. Explain briefly various application of the t-test. ) ficentin?
coel
4. Explain how f-test is used to test the significance of the sample correlation
sample drawn from a bivariate normal population. —

5. Discuss Fisher's Z-test for testing the significance of correlation coefficient-
6. Discuss the F-test for testing the equality of two sample variances-
7. Discuss the usefulness of F-test. e

' - I riances
8. Explain the procedure for testing h thesis regarding equaltiy of two Vi{ of s
9. g hypol 8! g eq (ficient in €3

Explain how would test the significance of the correlation co€
sample. °

BRBE

| ance of population variance. As a non-parametric test, it can

=Y
| N4
Chi-Sq“are Test

opuCTION 2 is an i

ciSquere test (x“-test) is an important test amongst several tests of signifi
:Ih;ed by the statisticians is. Chi-Square, symbolicall M
1A lof

' ! y written as y2 (Prono
e statistical measure used in the context of sampling analysis for te\:::: t}a:
a be usedas a test of goodness of
pplicable to a very large number of
ing heads :

nd as a test of attributes. Thus, the Chi-Square test is a
;;b]zminprad‘ice which can be d up under the foll
{1}y test as a test for population variance.

m;’-tes! as a non-parametric test.

Letus discuss them briefly

(D -test as a test for population variance : %2-test is often used to test the significance of
pulation variance i.e. we can use this test to judge if a random sample has been draw from a
umal population with mean (1) and with a specified variance (cﬁ).

i

ROCEDURE :

) Setup the nu1l hypothesis H, :qz =o§ and H; :62 >0}

) We compute 2 by using any one of the following formula:

x2= M ot ﬁ
) 2
Where 52 H
n
s % -
ns? =3(x - %2
D:;: degrees of freedom are worked out by using the following formula:
1) Qb S of freedom = v=n-1 i R
I “‘Eﬂf}e (2ble value of % 2 with reference to the degrees of freedom y
Ly It @ Eslred‘ level of significance. 5 oot the il hypolhesis Ho-
Ohery ated value of %2 > tabulated value of X+ W€ Teje
lse:_Wev accept HO .
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Chi-
o . hi s‘-l‘laxe T
130 s two tailed test, the proce.dure is slightl d'-ffZEl'Ent. Accepy ! ot
Note : 1’; Ca:ez e or calculated %% <x1-a/2 Y& Xie/2 <X <Xig/; ang TEjec? :“h
<Xa/2 . b
s 12 xza or calculated XZ k. X%'“/Z' "
(alculaledx > Xo/2

. 2 =
With variance of a normal pop ulation 6~ = 5.80 and the sum Of the g

ie2 i values from their mean is
Examp! the deviations of 15 sample : 150, compey . xg[
value. ; .,
Tution. Wearegiven:n:lS,u =580and Z(X - X)“ =150
jon.
p- The xz-value is calculated as :
%2 -
2 TER 10 e
2
o
le2: Asample of 10 units drawn from a normally dist;rib.uted population P,
- variance s2 = 25. Test the hyp is that the pop fance o? =36‘uhz
.= 0.01 level of significance.
2 =
Solution. Weare given: 1= 10, s2= 25,6 =36,0.=.01

Let us take the null hypothesis that the population variance is 36 i.e.
Hy:02=36 and  Hy:0%>36 (=>Right tailed tesf)
— o

The value of x % is calculated as follows:

Degrees of freedom=p=n-1=10-1=9
Forv=9,33, =217
Since, the calculated vlaue of x 2 is less than the table valu

and conclude that the population variance o2 =36

1
e of 11 We 2P

. 3 1 meat of
Example3: A random sample of size 20 from of normal population glyes a::-]:PP:pu]iﬁ““
42 and sample standard deviation of 6. Test the hypothesis thi fr

4 . ou 01
standard deviation is 9. Clearly state the alternative hypothesis ¥
and the level of significance adopted.

Solution. Weare given:n=20,X =42, s = 6 =52 = 36,5=9 =o2 =81

Let us take the null hypothesis that the population standard de
z By %5 and  Hy:0>9 (=$RightTalle
1"-value is calculated as :

viation 56/
d Test)

5quaT® Test

2_ns 131

_ 20x 36

=TE =88
Degrees of freedom=v=20-1-19
Forv=19,%%s =301

Since, the calculated vlaue ofx? is less th,

an i
and conclude that the population e, he table vayy,

. rd deviation js g,
Weights inkg 0{ IP students are given below ;

2
@ of ¢ b5, we accept Hy

Eyp]e_dz

38, 40, 45, 53,47, 3, 55, 48, 52;
]
Can we say that variance of the distributjo; i -
which the above sample of 10 students was d:-\a\:;v;: legh‘: ll)i o et o,
at 5% and 1% level of significance. (At 9 df, x3 ’—15.q y tzu ao’l“y cade
z o v %05 =16.92, 3 %, 21,67 at 10 d.f;
s =1831, X751 =23.21) o

Let us take the null hypothesis that
Hgio?=20  and
Applying x2- test
X X=q4
X

Solution. Population variance is 20, ie.

Ser
Hj:0%>20 (= Right tailed test)

x-%2

38

40

45

53

47

43
95
48

. 52
—— 49
=X =470
—_ n=10

2
X"-value is calculated as :

Degrees freedom=p=n-1=10-1 =9



Chi~sq“am Ty

=1692
=2167

2

Forv=2X05
2

Foro=9X01 .

0 he calculated value ufxZ is less than the table value at 59, and 1%,

Gince, the e accept null hypothesis and conclude that the Varian, evel o

i b
of 10 is drawn randomly from a certain populatigp,

A random sample of I - S Aeral :
Example 5 d deviations from the mea given sample js 5 suy
the square . he gy 50. 7,
/ ;:_pomezis that the variance of the population is 5. Use a=ggs | :::1"];:

significance.
2= 2 _ e
Solution. We are given :n=10, B(x-X)*=50,0" =5 Z(;MJ
Let us take the null hypothesis that the population variance is 5, i.e.
Hp:02=5 and H, 102 >5 (= RiShtTailed'reﬂ)
The xz~ value is calculated as :
, MX-X)?
% )
Putting the vlues, we have g
2.—=
x°=7 10
Degrees of freedom=v=n-1=10-1=9
Forv=9,%35=16-92
Since, the calculated value of 2 is less than table value, we accept the nul
hypothesis and conclude that the variance of the population is 5.
EXERCISE -1
1. A normal population has a standard deviation 6=2.50. A random sample of 12 values

selected from this population yields sample variance s =5.60. Computer the X*-valve.
[Ans. x?=107]

A sample of size =17 drawn from a normally distributed population shows 2 varian® -

s2 =25. Test !he hypothesis that the population variance 6° = 35 against the altemat®
0" > 35 using o= 005 level of significance. [Ans y2=12:14, Accept Hol
A random sample of size 10 from a normal population gives the following values*
65,7268,74,77,61, 63,69, 73, 71
T ) , 74,77, 61, 63, 69,73, .
est the hypothesis that the population variance is 32 [Ans. x2 =7.316,Ho accfpl

| s
hypS:mu\pesl?Ls othfa??h‘)bsewaﬁf’"s gave a variance of 0.009. Is this C°mpan$le "
e sample is from a normal population with variance 0.010° t Hol
[Ans.: iz ~18, AcceP

ed)

.,Squﬂf“ Test

i mpany producing TV tuners know:

o A o torily for 7 years, with a standarq ;e‘,lll;?‘ N the qygry
ion of b

3 scfactor]
sathac.n life times of 6, 8, 10, 7 Be iis prog
i ars, Shoy| b5 years, o Sﬂnrp'le :fc l5 n’.:'h
ers

resul ill continues to hav M
\ct still co! ave a standard deyiqr e
Pmdl deviationg o 1.75‘);:&3“?' be salisfied thay his
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ample of size 25 from a . [ =
A randor S Vihe population S0, s g UON gives th )
6 jypothesis that the Pop SD.is 1.  SBIE I, 19 b 35 g

=18-06, Accept Hy)

/2 testasa non-paramtric test:

~testis an im

i : Portant non-par. i

¥ | assumptions are r.\ecessa:y In respect of the type of PDP\llaliu: v:melnc. test and as such no

! eedom for U8 this test. As a non-parameric est, - egt can B € require only the degrees
15 a test of independence of attributes, used (i as a test of goodnesss

i xz,u;c as a test of goo'dncss of fit: Under the test of goodness of fit, we i

b cbserved values of :1 lg;.i\‘/en l;:henum/enm aresignificantly different f;nm t:’)’ tofind out how

2 there 15 goad compatibility ekWEEl"l. theory and experiment or the fit j e expected values

sodness of fit is alslo used for comparison of observed sample distribuli:,n‘s 80od. The term

Pmbability distributions (such as Binomial, Poisson, Normal). 32-test dete:‘q\ theh"XPEﬂ?d

\heoretical distributions (such as Binomial, Poisson), fit the empirical distrib l.nes .ow Jell

oblained from sample data) utions (ie. those

Procedure &

(1) Set up the null hypothesis that there is no significant difference betw
the expected (or theoretical) values i.. there is good comp?ﬁb?\liyel:;\t:vh:e?\b:;;ed amcll
experiment or the fit is good. ¥ an

(2) We compute the value of %2 by using the formula :

©-5?
2 _g| -
A

Wfﬁ{:, O = Observed frequency, E = Expected frequency
e above formula can also be written as :

offre€®
offit @)

‘th .
[Zli\{ 'lIs‘hthe total expected frequency and £20=ZE=N
fequenie ¢ 52¢0nd form of the formula is more conven
Cles Comes in ﬁacﬁOns'
egrees of freedom are worked out by using the ollowing formula:
ca_;:grees s edom are obtained by
f“bh‘acﬁn of Binomial, Poisson and Normal distributions, the degrees of fre 2::)\ e
~, ent o, "umber of independent constraints from the total f;c;qn:i:‘c“yeter-s i
Simg datg, my OPStraints in a given data depends Upon the number of P :

18 s indicated as under :

2 ted
t for computati in case the exp




Chi-Squag, 4 e Test
134 pr—— No. of = est ﬂ'i'squ gince, the calculated value of 42 jg |
Constraints Brees of thesis and conclude that de i SS than he gy, 135
a Total frequency (1) edom hyp© . leis Unbiaseq @ value, we acce
Binomial distbuton Total frequency (n) 4  following figures show the distribuyq Pt the nujp
Poisson distribution and arithmetic mean (m) 9”"71’1: froma telephone directory : ™S of digits Numbers ch,
o TS chos
| T T N R w
A 2 ! i
e o vl o3 s han ompred s e bl v 152 o g geney 08 50 L | s [ 2 T2 T4 T T
degrees of freedomat 5% and 1% level of aigeiinnct lrite calculated 1 ” exceeds the table Va‘;e“ Test at 5% level whether the digits may 1, mm@
ofg, wereject Hyand conclude that the fit is not good. If the calculated value ofy2 is less thap e the directory. (Given X%.ns for 9 d.f. :1}; € taken to occur equal), .
ble value, we accept Hy and conclude that the fit is good which means that the gj the . =16.919), ly f:gqumuy in
:;aeh:een u\é observed and expected frequencies is attributable to fluctuations of sampm.“;’ﬂgence & Let us take the hypothesis that the digits may be tak
ONS FOR USING THE  *-TEST ' ™ i the directory. On the basi ofthisthypathesis, the spupey <UL fequenty
CONDITI o 10,000x35,10,000x 55, 10,000 1 Pected frequencies are
5 2-test as a goodness of fit can be used only when (i) ni.e. total frequency is large ie.n > 50 1 1 0’ 10,000x T 1000 1
The sample observations are independent (iii) The constraints on the cell frequencies, if an, @ 10,000 x 0’ 10,000 x o 10.000x 1 1 ™ 10
Jinear (iv) no theoretical (or expected) frequency should be small ic. E < 5; if any E <5 wy' are i 0 10’ 10,000xﬁ, 10,000x -
pooling technique i. we add the small frequencies with the preceding or succeeding fre <5 € Use Applying X “-test: L0
obtain the requried sum >5 and adjust degrees of freedom (d.f.) accordingly. quency to ° = —
Example6: A dieis thrown IGUIlimes with the following results : 1,026 1,000 +_2? ‘06-7:7’ ©-B*E
No. turned up ¢ 1 2 3 4 1,107 1,000 0-676
e I - % : % L % 352 |I 6 —li‘ 997 1,000 * 130 7 11449 11499
[ 2% | 1m0 . 966 1,000 it 9 0009
Test the hypothesis that die is unbiased L 1,000 +75 e s
. i . 933 1 2 ] 625
Solution. Set up the null hypothesis that the die is unbiased. On the basis of the hypothesis, | 1,107 i 1’383 + f077 141439 e
the expected frequency of each number turned up=np=180x —=30. . 22 1,000 -8 7 10‘.::2
i gl e pc 1,000 -3 129 029
pplying x *~test : : 1,000 - 147 21,609 20609
0-B ©-B%" (0-B*IE g \ \2(0-52/E
5 25 © 0833 : =57-542
Y - 333 ' [0-p?]
+10 100 3 ) -
.8 64 2133 « ZEL E J=57'542 :
+2 4 0133 De,
4 16 0.533 ThE‘eeS of freedom () =10-1=9 : .
v s0-B =7,Z99 i = e table viaue of x2 for 9 d.f. at 5% level of significance = 16-919.
© -I:')z 7 .‘5‘“' the calculated value of y? is greater than the table value, we reject the
2 _y|——|=77 hypoth i X 8 1)
1o=E =5 <778~ % Othesis and conclude that the digits 2 not be taken to occur equaty
?:ETEES of freedom =y = 6-1=5 'r\ Pleg A pog Kok directory. ’
e tabulated value of ;2 g 5or A Sample analysi Lt 500 students were made. Itwas found
of%” at 5% level of significance for 5 d.f- = 1127 ;}:it 220 sty de):: ;ﬁ;"z‘i‘l‘e":t‘:%';:‘gt::i“ 4 a third class, 90 were placed in
i cond class and 20 got a first class. Are these figures commensurate with the

4 \
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Solution.

Example 9:

Solution.

i Chi.
SR St
eneral examination result which is in the ratio of 4 :3; I ey
Emegon'es respectively ? T the 'vatinlq
- (The table value of xz for 3 d.f. at 5% level of significance js 7.81),
hypothesis that the observed results are comm,
tion results which is in the ratio of 4:3:2: 7,

tudents who have failed = 1io %500 =200

Let us take the
general examinal

The expected no- of s

ensuxa.e -
With the

5 3
The expected no. of students who have obtained a Il class = 5 X515

The expected no. of students who have obtained a I class = 1& X500=1g
0 =

v = . 1
The expected no. of students who have obtained a I class = T 500=50

Applying xz—test :

z ©-5 | ©-8 |0,
Failed [0 +2 400 20
150 +20 400 2667
100 -10 100 100
50 -30 900 18
23.66)

2
x2=):[9:}55_]=23-667

Degrees of freedom(r) =4 -1= 3
The tabulated value of x % at 5% level of significance for3d.f.=781
Since, the calculated value of %2 is greater than the tabl
null hypothesis and conclude that the observed results are not comm
the general examination result.
In an experiment on peas breeding, Mendal obta
of seeds : 315 round and yellow, 101 wrinked and yellov.l,
32 wrinkled and green, According to his theory of heredity ﬂ‘:rh“ ol
be in proportion 9:3: 3: 1. Is there any evidence to doubt his the
of significance ? .
Let us take the hypothesis that there is no siginficant diffe -
and expected values. On the basis of this assumpation, the exp
shouldbe: _ g
9 3
556 x — = 312- 2 -104-25, 556 X —
16 75, 556 X 7 M

ensurate il

08 round and
Lox umbers shodd |
EALE

)
rence in the o
ected fred

1.3
=104-25, 556% 3¢

e value of le werejecte |

ined the following frequend® ‘

chi-59

Example 10 :

" Solution.

. -

uare Test

Round and Yellow

Wrinkled and Yellow

Round and green

Wrinkled and green

=x|O-F?]
E
Degrees of freedom=v=n-1=4_1=3
Forv=3, X305 =7.82

Since, the calculated vlaue of xz is less than the table val
ue,

hypothesis. Hence, there is no evidy
o france, ence to doubt the theory

we accept null
at 5% level of

The following table gives the number of aj i
air .
e ot rk i Hierweek, craft accidents that occured during
Days of the week| Sun. | Mon.
No. of accidents | 14 16

Tue. lWed_.-\'.ljhur.,\ Fri.. | Sat, | Toul |
s |2 || o |ulm|

Find whether the accid are ily distributed over the week:

(Given the table value of %3 o5 for 6 d.£. is 12.59)

Let us take the hypothesis that the accidents are uniformily distributed over the
week ie. they are independent of the day of the week. On the basis of this hypothesis,
we should expect 84/7 = 12 accidents on each day. Applying x*-test:

o) E ©0-p* (0-B*E
14 12
6 - 12
8 12
12 12
1 12
9 . 12
— 14 I C—
30=-84
o
R I—
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v i
138 0-B? . Inacity 1000 children were born Jag; 1%
2T ¢ — |-4165 e 400 females. Use chi-square test to :;:::( 3nd out of thegq 6o
15 ratio for the newly born children js 1 ; 1 S the genery| h)'Po&he;:r:hm:l;s and
& < i at ¢
Degrees of freedom=v=n1-1=7 -1=6 % ) Let us assume that the sex ratio for the newly born b e sex
. m children ;
Foro=6, 1505 =125 . golutio™ Given: N =100 p = probability of  maje hildrenis 1
 ihe calculated value of z* is less than the ta.b]e value, we accept g, o 1 . c =3 79= probability of 5
imce;hesis and conclude that the accidents are uniformily distributeq over child = 7 On the basis of the null hypothesis emgle
yPo . '
week. . . . ted no. of male child = 1 =
1: Thenu mberof automobile accidents per week in a certain city were ag follows, ‘ Expecte 3 %1000 =500
Example11: 12,8, 20, 2,14,10,15,6,9,4 i Expected no. of female child =1000-500 = 500
Are these frequencies in agreement with the belief that accident’s Numbery 2
were the same during these 10 week period. ’
" 2 ber of accidents per week ;
. take the this hypothesis be that 'the numl p eek in 5
Solution. if:t::‘ are equal during the 10 week period. ) ;
On the basis of this hypothesis, the expected of d per week Degrees of freedom =v=n-1=2-1=1
100 i Forx=1,x_205 =384
10 Since, the calculated value of %2 is
. ) i 2 grater than the table value of y 2 i
w = hypothesis and conclude that the sex ratio for the newl X »wereject the null
0-B ©-p? e newly bron children is not 1:
o E ( B/E I Test of Goodness of Fit of a Binomial Distrj L
z 7 = i of Fit of a Binomial Distribution :
2 1 £t
10 %4 0.4 | Bumple13: A set of 5 coins is tossed 3200 times and the number of h ds i
250 10 100 10-0 . time is noted. The result are given below : i PpeAsiag each
x o 5 e [Noofbeada] o T 3 | 3]
1 10 16 16 I—mﬂl“mul—ﬁﬂ_l_sm_l_mn__l_;m_{_;m_ll_sza
10 10 0 b Solui
15 10 IZ: . : 2 | on. Let us take the null hypothesis that the coins are unbiased i.e. PMH) =% On the
6 10 s . g :
2 5 1 01 i basis of null hypothesis, the expected number of heads in a toss of 5 coins is
. i 36 3-61 calculated by the use of binomial distribution as follows :
~ 2(0-2?6/5 | P@=nc, ¢ *.p* wherex=0,1,2,3,4,5
== i —_— 3 1
2 Givenin=5,N=3200, p=p(H) =7, 4=3
©-B 2
xz=z E =266 X fe(®=Nxnc_-P(X)
) . (1} (1
Degrees of freedom=v=n-1=10-1=9 22%"Cy (3) (E)
Forv=9,32 05 =16-92 - ctthend 1 & (ot
Since, the calculated value of %2 is greater than the table value, wé re;:c <o) 3200 % °Cy (E) ’ [5)
hypothesis and conclude that the accident conditions were not the et | 2 s, () - 1)2
over the 10 week period. 3200% °C 3 2
| T 2o \a) |




ApplyingX

Example 13.

Solution.

2. test:

©-p? s
400 ‘%
4900 - ;:g
10,000 o0
10,((’300 o0
0-00
2500 2500
©-p*
2
o-p%] -
12=z[( EE) ]=5s-s

Degrees of freedom=0=n-1=6-1=5

Forv=5, x%_os =11.07

Since,

following data :

the calculated value of xz is greater than the table value, we reject the null
hypathesis and conclude that the coins are biased.

A random sample of 100 families with four children e:

ach disclosed the

0o | 1

[z 3| oot

No. of Female Births |
No. of families I

5 25

Verify at o=0-05 if these data are inconsistent with the hypothesi

and female are equally likey.

Let us take the null hypothesis that the male a
probable i.e. p=g=1/2 with 0, 1; 2, 3, 4 female basis.
On the basis of null hypothesis,
by the use of binomial distribution. The pr
-4isgiven by :

Given:n=4,N=100,p=

1

1
2773

the expected number of families can be cfamily o

n-x ,x where,

Pm="C,q" *p

x
0

100x *Cy

fe@=N-P(
4

1

w | w | u ||

s that male

nd female births are e
alculaed
obability of x female birthina Sltig,

x=0;112/3'4'

2

g

£

L

5
Ty
&=
%

~l )

il T

ol—=

&=
<

=
|-...‘
L2
<

r 1 Z(0-B?/E=3.67
2_.1©0-B?

X =Zl E J=3.57
Degrees of freedom=v=n-1=5-1=4
Forv=5,%305 =9-49

Since, the calculated value of 12 is less than the table value ofy?, we accept the
null hypotheis and conclude that the data are consistent with the hypothesis that
male and fermale births are equally probable.

Test of Goodness of Fit of a Poisson Distribution :

The number of defects per unit in a sample of 330 units of a manfactured product
was found as follow: !

ofdefect:| o | 1 | 2 [ 3 [ a4 |

No of units : 214 92 2 3 1

Fita Poisson distribution to the data and test goodness of fit.
(Given &~ _.ga47)

Fitting of Poisson Distribution




Chi
If 145 ~Square o
X=m=——=—=0-439
N 330
istribution=m=0-439
n of the distribution m_ R
- PO= —ou7 [Fro;

<tribution, the expected frequencies are calculateq 54 M the hble]
By Poisson distribution, e

N.
fe(x)=N.P(x) =0

Computation of Expected Freq :
fe@=NxP [
X \
0 £(0) =330 xe7% = 330x0-6447 =21275
1 f(1)=f(0)-£1'—=212-75x0-439' =934
m -439 = 90,
2 F@=fW)-F=93:4x=2 20.5
m 439 e
3 f(3)=f(2)‘§=20-5xT 3-00
m 439 043
4 f(4)=f(3)~—z=3»0xT

5
After fitting Poisson distribution, we now apply x “ test of goodness of fit.

i i ignificant difference between
take the null hypothesis that there is no signifi 1 ce betw
(I;;:el:sved frequencies and the frequencies obtained by fitting Poisson distribution

Appling % 2_test, we have

2

Defects o E ©-p? ©-B°/E
0 214 m75 1.5625 0-0073
1 93.4 s 1-96 0-0210
2 207 205 .
3 3 | 3.0 | 23.83 | 00289

4 ) 033

——

less
In the above data, the frequencies of 3 and 4 defeclsw?:; defects @
frequencies for these defects have been pooled together
tomake the sum total more than 5 or 5 and E=23-83.

Appling the formula.

5

are Test

143
2 5| 0-52

x z[T =0-0295

Degrees of freedom=v=n-33 -221

[Since, after grouping only 3 classes are left, th,

Forv=1,X05=3-84 < , erefnren:al

Since, the calculated value of g2 is mu
null hypothesis and conclude that the

ch less than the
fitis good.

EXERCISE - 5
-

table value, we accept the

P

»

" The fbllowih

[Ans. 4% =1.2796, Accept
Test the hypothesis that die is unbiased. Use 5% los. ccept Ho|

200 digits were chosen at random from a set of tables.

follows : The frequencies of the digits wereas
ol :

Digits o l-1ifi2 | 3 Ta
Frequencies 18 19 23 21 16

5 6 7 8 9 | Total
25 2 20 21 15 | 200
Using %, 2_test to assess the correctness of the hypothesis that the digits were distributed in

equal numbers in the table from which they were drawn (The 5% value of x2 for9 d.f.is
16-92).

[Ans. x2 =4.30, Accept Hy]
A research investigator selected a random sample of 200 voters to find which political
party they would vote in the municipal elections. The results were observed as under :
Political Party | A [ B [ ¢ [ »
No. of voters | 40 [ L] [ 50 | 20 |
Verify ata=0-05 if the observed data provide sufficient evidence lzhat the four political
parties are equaly preferred. [Ans. " =4-30, Accept Hyl
Inan experiment on peas breeding, the following frequencies of feeds were obtained : 218
round and yellow; 7§wn'nkled o yellow; 90 round and green, 20 wrinkled g“% vy
Total 400. Theory products that the frequencies should be in the proportions 9:3:3: ;
Examine the difference between theory and experiment (Value ofxz at4and 3 degrees o
freedom are 9-448 and 7-815) at 5% level of significance.  [Ans. x* =4-338, Accept Hy]

2\; -&3\e°ry Predicts the proportion of beans in the four groups, A, B, C and D should be

- I an experiment among 1600 beans, the number in the; erlgrg\f;::s :me
%2313, 287 and 118. Does the experiment result support the theory ? Apply X

2
* =4729¢, Accept Hy]

ublic library during a
ab ivi ooks borrowed from a p
Particylay 8 b » les gives the number of b



hesis that the number of books borrowed doe? :ot deEend on the day of th

Test the hyp :);% Jevel of significance. ns.-x =-3-941’ 5o IE
week. Tes':azo families with 5 children each revealed the following distrbution | 70

7. Asurvey ol ; 2 ‘
No. of boys : 5 : 2 3 nn

No. of girls ¢ 0 2 2 s nm |
No. of families : 14 : . ' n
Is this result consistent with the hypothesis that male and female births arne =

[Ans. 52 =7-16. Accept HJ

?
pmbab]e i following results were obtained :
i d 160 times and the following
8. 4coins were tosse: : A <
No. of heads : 0 ik = 2 v :
No. of obseved 17 52

- : i i ind the expected frequencies of geﬁin 0,
tion that coins are unblqsed, find t e eting )
}Jgdgro!rh: ﬂ::lér:;;\lc;]tesl the goodness of fit. [Ans. x© =12.725, Reject Hy]

mber of pages with various number of'mispn'ms ls recorded
g }? }’xszgéogigsﬁf:;geﬁ:el, are thle) n%isprints distributed according to possion law :
) g

0 1 2 3 4 5 Total
- 616 70, 10 2 L 1 7

No. of misprints :

No. of pages with x
misprints :

[Ans. 32 =11-04, Reject Hy, Fit is not good]

10. The following mistakes per page were observed in a book : =
. 2 3 - 4 ol
No. of mistakes per page : . 0 1 =
-0
No. of units : 211 90. 19 5. - : POiss_un
st ing to
Does this information verify that the mistakes are distributed according to ¥ .

t Hyl
[Ans- X.z =0-07, Accept fo

istribution 2 [e0 — 0. .
distribution ? [¢ 0-644] 6,7,15,8,5 16

J S 12,
11. The number of car accidents in a metropolitan city was found as 20, 17,12,

fre
and 14 per month respectively. Use chi square test to check wheﬂ\de‘l; t:‘::e during the 10
in agreement with the belief that occurrence of accidents waus/ level forv=9is 16
months period. Test at 5% level of significance. (Take value at 5% le
[Ans. *=20:33

1 Rejecl Ho]

is uniform:
Test the hypothesis at the 0:05level, that the distribution of grade is U™

are Test

counting department _of abank 100 5
1. Inl_t:gz;_ Suppose the following results ha.

fol

' 15. Inacity the percentage of smokers was 90. A random sample of 100 pers
out of them universe 85 were found smokers, Use chi square test and
ratio significantly differs from the universe ratio for the city [Ans. x2

Given'*
Degree of Freedom :

On the basis of this information can it b
according to the poisson probability law ?
14, Asurvey of 200 families with 3 children sele

cted at random gave the following Tesults,
‘ 3
No. of families “ “

Test the hypothesis that male and female are equally likely at 5%

h [Ans, 2
counts are gel,
ve been obiyy, egfled atrandoy

=10, Raject Hyl
Mand examineq

™S are distributed
=1-450, Accept Hyl

[Ans, 42

level of significance,

[Ans. y%=24.1, Reject Hy|
0ns was taken and
ell whether sample
=2778, Accept-Hg]

16. The manager of a theatre complex with four theatres wanted to see whether there was a

mal

difference in popularity- of the four movies currently showing for saturday afternoon

tinees. The number of custmers for each inovie was recorded for one Satuday afternoon

with the following results : 63, 55, 75 and 77 customers viewed movies, 1, 2, 3 and 4
respectively. Complete the test to see whether there is a difference at the 5% level of

significance.

(i) 5 2
Tottwo at

() Set
are
(i)

[Ans. % =478, Reject Hy]

-test as a test of independence of attributes : y >-test enables us to examine M{hether or
B tributes are associated or independent of one another. For example, we may be interested
Nowing

eciding this

») 2 il i
Whether a new medicine is effective in controlling fever or not.x *-test will help us in
is issue,

. 1 Pm‘ed“l’& :

. ici trol of fever)
up the null h othesis that the two attributes (viz. new medicine and con
“‘dependentyvs}d& means that new medicine is not effective in controlling fever.

. ol
folor® Dasis of the null hypothesis, we calculate the expected frequencies by using the
Dllowmg formula ;
' ®R*©)
Expected frequency="—" i
(i) vahere' R =Row Total, ¢ = Column total, N = Total number of observations.
 ompute they-value by using the following formula:

, Jo-p?
e



C}\i-Squa,-e Teg

46 "
1 ‘¥ rows and ‘c’ columns, degrees of freed

(iv) Fora cont
oul by usin,
Degrees of freed

tingency (able which has
g the formula.
om=z:=(c—1)(r—1) , -
. 2 fx“ with reference to the d,
i lical value (or table value) o! * wit ede
© Obm;:el:;:;:llem and the desired level of significance.
i ll;‘lchi calculated value o[)(Z is less than the table value at a certain leve] o
(vi) iven degrees of freedom, we accept the null hypothesis and conclude th; ety
g:l‘ ?!?u(es are independent (i.e. the new medicine is not effective in controllin at
attr ed value x 2 is greater than its table value, we reject the -

But if the calculat : : !
ributes are associated (i.e. new e
and conclude that the two att ( e e

controlling fever).
ith a particular disease was selected,
. Asampleof 200 persons withap e Chg
Example 16 were given drug and others were not. The results were observed as

Om are WDYked

Brees of freEdcm\ foy
r

in

Of them,
follows, .

No. of Persons Given

Drug No Drug
55 65
Not Cured" 45 35
100 100

Test whether the drug has been effective in curing the disease.
Let the null hypothesis be that drug has not been effective in curing the disease.

Solution.
On the basis of this hypothesis, the expected frequencies are calculated as follow:
E 100x120 60
=200

The remaining frequencies can be found by subtractions from the column and row

totals.
The expected frequencies table would be as follows :
lf 60 60 120
40 40
L 100 100 | 20 - —

Applying x 2 test :

0 L E

35

60
45 40
65 60

40

Chi»‘?‘l“

e

are Test
Degrees ufzfreedom =v=(2-1)(2 D=1

" Forv=1, X005 =3-84
Since, the calculated value ofy. Yig le
hypothesis and conclude that the g,

u 4

S5 than the
Tug has not 1
The table given below shows the data g,

able valye of, 2
X", we accept th,
een effective incu ring IhlLj dis::s:“

le17: urin :
panp! 8 and epidem;
Attatked T ofcholera;
Inoculated
Not Inoculated
216
L2 - . -
test to det i "
Use' %, ex:mme whether. Inoculation is effective in "
attack of cholera (Given as 5% level of significance; the val p;e ey
B, +E0E Yalug of X5 for1d.f. =
solution. Let us take the hypothesis that inoculation is not effective i e
1 of chﬁa. On the basis of this hypothesis, thy | o reventing the attack
» the expected fr i .
. ) 216500 P ‘equencies are ;
1 50m
The remaining frequencies € i
b g q_. can be found out by subtractions from the column and
The expected frequecies table would be as follows:
54 . : 446
162 1338 1500
216 1784 2000
Applying z-tes( H
o E ©-B ©-B? 0-uE__|
31 54 -3 529 S
185 162 +23 529 3266
6 | e +2 529 18
L1315 1 -2 529 &
£(0-H? /E=14-646

11=2[ E ]—14464

Degrees of freedom=v=(r~1) (c-1)=(2-D(2-1=1
Forv=1’ 15.05 =3.84
Since, the calculated value of x2 is greater th:

YPothesis and conclude that inoculation i
cholera,

we reject the null

table value,
anthels he attack of

ffective in preventing !
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Example 18%

Solution.

S Tegt
” 3 dy the income of group of persons by the
Two investigators stu i . ro N
Following results were obtairted ‘ﬂem_'_‘ sampb_n&

Poor Middle class
160 | 3 |

Well-to-do

Investigator

A
B 140 120
Total 00 150

Show that the sampling technique of at least one of the invest;
suspected. Bator j

(Given the value ofx2os for2d.f.=5- 991)

q e the hypothesis that there is no suspicion about the s: .
Ic;f il?es t(::l; invesl}i,gators. On the basis of this hypothesis, the ex;mu'fi'j‘ imgne
: es
shall be : a0 {55
En=""500 - 2% Epp =55 =60
The remaining frequencies can be found out by subtractions from the column aid
row totals.
The table of expected frequencies is given below :
0 [ @ 0 200
[ 0 | 90 30 )
300 150 50 500
applying xz.-tesk
o E ©-B ©-B? (©-BYE
160 120 40 1600 13-333
140 180 -40 1600 8-888
30 ~ 60 -30 900 15-000
120 %0 30 900 10-000
10 20 -10 100 5-000
i) 30 +10 100 | 333

S}

_p2?
X =E[QE—D—J=55-554

Degrees of freedom =p=(r-1) (c—1) =(2-1)(3-1) =2
Forv=2,y3 5 =5.991
Since, the calculated value of x2is greater tha

hypothesis and conclude that the sampling technique o
investigators is suspected.

oct thert!
we reject
n the table values st one 0 the

at lea:

are Test
jlk producer’s uni .
;n‘Ple 19¢ i;:\:xs f}t’n‘ its prud::l‘?snd‘:;}:;e‘““est Whether the 0
individuals gives the following d:‘n?n income level: r/tf:::“ Pattern of cop.
: ©m sample of 509
Can you conclude that the prefe
levels? preference pattens are independent of income
(For v=4, x§.05 =9-49)
fon. Let us take the hypothesi
Solution. yp is that preference pattems are independent of income

levels. On the basis of this hypothesis
0 3
different rows and columns shall be ; e elpeind Prstiiten coresponding to
65x 280
Eyp 5w = 36-4
B 240x135 65x135
21="500 64-8 Ep= =17.55
500

36-40 | 109-20 | 280
17-55 | 5265 | 1
11-05 3315 85
65-00 195-00

40-80
L 240
Applying 3 2- test :
o

170

50

20

30

25

10

80

60
—5 |

L 4 -
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Example 20

Solution.

Chj~Squa,e e
Degrees of freedom =o=(-D(-)=E-1B-1=4

egr

2 =14-860

Forv=4,%005 i

- ce, the calculated value of %2 is greater than the table value, w,
:mczhesis and hence conclude that preference patterns are not

yP!
income levels. et sl i

f 200 boys, of whic were intelligent, ad edycyy,

Ix;l ::‘;;"?f' :},e unintelligent boys had” uneducated fathemm:?‘i ‘:i“lﬂ;;
v:,plpurt the hypothesis that educated fathers have intelligent boys,
51 -

(The value of xzfm' 1 degree of freedom at 5% level is 3.84),

© Teject the,
mdepgndem 5

Use sz,

The given data can be tabulated as follows :

. 4 Uned 7
Boys/Fathers %
Intelligent  ~ 40 z:
Unintelligent 40
tai 80 2 T |

Let us take the hypothesis that there is no association between the education of

fathers and intelligence of sons. : :
On the basis of this hypothesis, the expected frequencies shall be :

75 % 80
= =30
1177200 :

The remaining frequencies can be found be subtracting from the column and row
totals. ) '
The table of expected frequencies shall be as follows :
[ 3 45 S
L 50 75
[ 80 120 20
Applying xz—!est 3 X

o E (©-B?

40 30 100

40 50 100

35 45 100

85 75 100

2 =;[(O_‘E)_2 —8.888
E -
Degrees of freedom =p = (r ~1) (c - 1) =2 - D2 =1 =1
Forv=1, X(z].us =3.84
Since, the calculated valpe of 2 is greater than the
hypothesis and hence that educated fathers have inte

ul
e rejed the ™

table value,
Jligent boyS:

Test
. gquare
(J“'sq

. pample 2L

Solution.

-

ey

Alternative Formula for Finding the Valye _—
There is an alternative formula of Calculatin, ‘hx M2 (2x2) tapje
write the cell frequencies ang mar, 8 the valye o

151

2.
i . X ina@2xy)
8Nl totalsin cage o P ‘ible a)s fable If e

then the formula for calculaking the valye u,xz will
xi= N.(ad ~pc)2
="
(a+c) (b +d) (a+b) (c+d)

Note : The alternative formula is rarel:
applicable uniformaly in all cases but

be written a5 follows ;

Where, N=a+bscyq
y used in findin,
canbe used on||
In an anti-malaria campaign in a certain area,
persons out of a total population of 3248. Th

g the value ofx? asitis not
lyina2x Zmntingency table.

quinine was administrated to 812
€ number of fever cases js shown

below :
Treatment Fever No Fever Total
No quinine 220 216 2436
Total 240 3008 3248

Discuss the usefulness of quinine in checking malaria. (Given for v=1,
o s
X005 =3-84)

Let us take the null hypothesis that the quinine is not effetive in checking malaria.
Arrange the given dataina designated form, we have

Fever No Fever | Total \

Quinine a b a+h

J 20 792 812

* * No Quinine c d l c+d

« 220 016 243
Total a+c

240 | 7
For2x2 table, using the direct formula of computingy “, we have
N (ad-be)?

.
X =lavo) 0+d) (a+b) (c+)
Pum'ng the values, we have )
3248(20x2216-220x792)° o0 4o
(240) (3008) (812) (2436)
Degrees of freedom=v=(c-1) (r—1)=(2—1)(2—1)=1
Foryp =1, xé()s —384



YATES CORRECTI
F. Yates has suggeste

partict ' C "
rrection. ar),
known as Yates” C0 2 ly
: i urse reduces the value of 1. The rule for correction ; .
frequencies which of co tion is to increage i,

d frequencies . A " . ;
sl;s:g;:,i?ng crqsubirﬂdi"g 0-5 to them without disturbing the marginal totals. The ob, Seweddyusled

{hus corrected will b
values, E will be found.
Note:Ina2x2 lable,

Example 22:

Soluiton :

hen any cell fre 3
ularly, when any It involves the reduction of the deviation of observeq fro
m

Y

, Chi-square 5
d value of 3 is greater than the table valye, - est

Since, the calculate reater
lude that the quinine is usefulness in checkin

hypolhesis and conc
ONS IN A 2x2 TABLE
d correclions for continuity in xz value calculated in a
equency is less than 5. The correction suggested by Yates i 2x3 tabg
is poy ?

@ Teject
e
8 malarj, nul

which is less than 5 by 0-5 and than the remaining frequencies are
a

valy

e represented by O from which deviations of the corresponding ¢ 3
XPecteq

the method of pooling cannot be applied.

The result of a certain survey of 50 ordinary shops of small size is given b
0w

Shu%u in Total

Towns Villages
Run by Men 17 18 35
Run by Women 3 12 15
Total 20 30 50

Can it be said that shops run by women are relatively more in villages than in
towns. Usey, 2-test. (Table value ofx o5 for one degree of freedom at 5% levelof
significance is 3-84).

Let us take the null hypothesis that shops run by women are equal in number in
villages as well as in towns. On the basis of this hypothesis, the expected
frequencies will be as follows :

= 20x 35
1="5 :

The remaining frequencies can be found out by subtractions from the columnan®
row totals. ‘
The table of expected freqencies will be :

14 21 35

6 9 15

20 30 50 f that

. - . value 0/

Since, one of the observed frequency is less 5, we mcrei'f; ;::es’ correclm"s'

observed fI'Equency by 0-5 and adjust other frequencies usi

i . i ollow*
The adjusted observed frequencies after Yates' corrections will be as f

Test
d,j-SQ“are
With the above expected anq corr
will be obtained as :
Degrees of freedom=v=(c-1) (- N=@-1p
Forv:l,xg,us =3-84 -1
Since, the calculated value of 42 i
¥ X" is less than the tap)
hypol.heSl'S and concl\_xde that number of Sperentt e value, we accept Ohe_null
more in villages than in towns, ¥ Women are ot relativiely
Example 23 : In an experiment on the immunization
u : of goats from As i
results were obtained. Derive your inference on the efﬁ:a:;h;x;\:h:ainpow'“g
cine :
Diet of Anthrax
Inoculation with vaccine 2
Not inoculated 6
8 16 24
Solution.

Itis quite obvious from the above data that Yates' i

b s' correction shall be applied here.
Let us tak.e the null hypothisis that there is no relationship between Inoculation
with vaccine and death from anthrax.

Observed fr Observed freqy
2 with Yates' corrections
10 12
6 6 25 | 95 | 12
8 . 55 | 65 | 12
16 | 2 8 | 16 | 2

2 2 -8)?
P (25-4)2 L095-8) L6597, (65-8)
4 8 4 8
=0.56250 + 0.28125 + 056250 + 0.28125 = 1.6875
Degrees of freedom = = (¢~ 1) (-1 =(2-D 2-1=1
Forv=1, xzus —384
Since the calculated value of % is less

hyp?theSl's and conclude that thre is no ¢
Vaccine and death from anthrax i.e. inmuniza

than the table value, we accept the null
lationship between inoculation with
tion is not effective.



Example 24:

Solution.

Test of Equall

Testing of equality of

2
2_test of independence. X

popula!ian proportio
A social organisation
views of paren
education at t
each of the th

In favour
Against 30

Do the sample provide enough

parents in favour of
states ? Usea="01.

Let the null hypothesis be that the proportion of parents in favour of sex ed;
ucation

ty of Severa

ts from the st:
he school level.
ree states are

1 Population Proportions
two or more population poportions is an

_test is also used to examine the eqUa;xte
ns. The following examples clarify the procedure, OF oy

Chi-
~ ~-Square {Texy

nision of

ty two gp .

claiming to be the promoters of sex educaty
0}

as follows :

in schools is the same in the three states.
One the basis of this hy othesis, the expected f i
}é}s i 2 P requencies are calculated as follows:

Ey=

The remaining fre

a0 -0

Epp=

240
quencies can be found out by subtracting from the column and

ates of Punjab, Bihar and Hi m Soy
F aryana i Bht th
The views of 80 parents selected :[‘ t:::;““‘s se:
om

from

v evidence to the view that the .
£ introducing sex education in schools is the sa}:‘:}:\brﬁcn of
all three

row totals.
The expected frequencies would be as follows :
38-3 38-3 38-4 115
41.7 41.7 41-6 125
80 80 80 240
Applyingxz-test s
[¢] E
50 383
20 383
465 - 384
30 417
60 417 g
—35 41.6

_p2
x2=z[(o B }:z&ss

E

Degrees of freedom=v=(c-1) (r-1)=(3-1)(2-1) =2

Forv=2,330;01=9.21

* N
52 Test
Since, the calculated value of 2 is),
conclude that the proporti 1S less than (e 155
v school level are not t}fe sal,::si:fuil’ﬂrenls in m:ble ‘.'al“e ofx2, we rej
ol s Al 5 @ three sateq * of introducin, Ject Hy and
sample > d 130 fr g data gives the HpY ' & education at the
and 1. om the adult populatjo, evel in ry, om
M of the foyr :iﬁe:z"‘lﬂ!s of sizes 120,
AB,Canap, V200,150
Test the equality of pro; i
four cities. Use a.= 0.525.p erions of adults with high HDL
Cholestero]
solution: Let Py, P, P3 and Py represents the e
cholesterol in the cities A, B, C and D TUe proportions of adults i
Set up the hypothesis : Tespeively, s with bigh HoL
Null hypothesis : H
4 : :Py=P,=p, =
/C\ltemahve hypothesis : H;, : p: pzz pP;dP:,
ompute the expected fre o Bt gatedotl
i ‘quency f sl
(under the hypothesis of indepen)c;e:‘:cre;a-ICh observed frequency by the formula’
Expected Frequency:mowww
. Grand Total
;l;he obs'erved and the expected frequencies ar:e iven i
gures in brackets (), represent the cor Lkl ?ble Delow. The bold
) P g expected frequencies.
- Observed and Expected Frequencies
High H = . < ! l
gh HDL 53 5 D Total ‘
619 9 5 l . ’ =
Not High HDL 67 120 82 = |
M
o (684) (144) ‘ (85.5) ‘ (741) \ ‘\
: 120 w0 | s | ow | e |
._|(©0-p?
x2 =g ©-H
E
=(53—51.6)2 +(80—86)2 68-645)" (57-559)"
516 % " s | B9
(67-68.4)% (120-114)” @;ﬁi&ﬂi‘“ﬁ
o w2 ¢ - ®s M
De. 80 + 0.4186 + 0.1899 + 0.0216 +0.0287 + 03158 +0.1433 +0.0163=1.172
Thegree§?f freedom :v=(r-1) (,,-_1)=(2—1)(4-1)=3 "
2 critical value of chi square for 3 df. and level of significance 0.025 is
3(0.025) = 9.348. )
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Example 26.

Solution.

ChHSquare Tes; -

of test statistic is less than the critical (tabuy,

we fail to reject the null hypothesis at oated) val

Since, the compuled value
025 Jey el ue;

it is not significant. Hence,
significance-
Conclusion : Hy
conclude that ﬂ'\e
Jikely the same in &
i ives in Delhi, 22 of 220 h o
It is found that 35 of 250 housewives in .
anld 39 of 300 housewives in Chandigarh watch at least one talk S}Ioivu:‘],w“mbii
At the 0.05 Jevel of significance, test that there is no difference betwee, o day,
¢ housewives who watch talk shows in these cities. ™ the try

may be accepted at leve} of significance a.= 0,025

proportion of adults with high HDL cholestero] ]a:vd We gy
11 the four cities. el is mogy

proportions ©
Let Py, P, and P3 represent the true proportion of housewives who
show; in the cities of Delhi, Mumbai and Chandigarh, respectively. wa
Null hypothesis : Hy:Py=P,=P;3

Alternative hypothesis : Hy : Py, P, and Py are not all equal.

Expected frequencies : Compute the expected frequency for each of the g

frequencies by the formula (under the hypothesis of independence) :
(Row Total) (Columm Total)

Grand Total

The observed frequencies, along with the expected frquencies [(in the bold in
brackets ()] are given in the following Table.

Observed and Expected Frequencies

teh tal

Expected Frequency=

Delhi Mumbai Chandigarh Total
Watch  Talk 35 22 39 %
Show (31.2) (27.4) (37.4)
Do not Watch 215 198 261 674
Talk Show (218.8) (192.6) (262.6)
Total 250 220 300 P j

D= 2
12=:[( EE) ]

(35-312)% (22-274)% (39-374)% (215- 218.8)%

To312 274 374 218.8 ) sl
_192.6)2 (261-262

(1981929.6 ) +("255”

=0.4628 + 1.0642 + 0.0684 + 0,060 + 0.1514 + 0.0097 = 1.8225.

Degrees of freedom :v=(r~1) (c~1) =(2-1) (3-1) =2

The critical value of chi-square for 2 d.£. and 0.05 Jevel of significanc

Conclusion : Since, the calcluated value of test statistic a? 18258 t pr

tabulated value) 3 =5991, i i ot signilfcant. Thus, the 42 &9 ol Fole

enough evidence against the null hypothesis, which may be accepte a

+

ce is 5991
Jess than the
de

t
. gquare Tes
i

of significance. Hence, we con¢
talk shows is same in all the th

o1 OF HOMOGENITY

e test of homogenity is another extension of g

i he 2
ity are used to determine whether two or ¢ K -test of jpq
moger ion. Ins more ing ependence,
ot the sample population. i ‘eﬂdfof one Sample as we uge i o 2140 sy 1te Tests of
whave two oF more Samp es.are rom each Population, iy mdep&ndence Ples are drawn
0 The following example clarify the procedure of the le;t- Problem, we shaj

lude thy

he 157
Tee cities,

Portion of Wives who w;
€ pro ttion of wh h
f house ive
atcl

27 A e P has introduced
pample dent random sam, s W
ples of 100 ma], scheme for
their views about the new sche:\: S.and 20 females wh::il"y_'“- e
Yyielded the Eulluwil\g m““isn.\med o knon
Female
Total
Test the hypothesis at a=-01
=:01 that ¢
homogenous populations. e two samples have come from 2
Solution. Let us take the null hypothesis that the two sam

homogenous population. On the basis of the hypott ples have come from a
Yp

are calculated as : i e
60 x100
- _ 95x100
1=""050 27.3 Ejp = =432
The remaining fi i i
e i g frequencies can be found out by subtracting from the column and
The expected frequencies worked be as follows :
27:3 432 | 25 10
2.7 5.8 [ 355 | 120
60 o5 | 6 T
Applying y -test :
o E ©-n | ©-B (0-B'/E
25 273 23 5.29 0-1937
40 13.2 =343 1024 0-2370
35 295 55 L 1.361‘57
35 2.8 23 o T} 1976
55 ‘518 3:2 022
30 35.5 5.5 05 ‘o
(O—E)Z JE=2:6671




Chi-g,
158 Hare Tog,

2= z{(o':)z ]:2-6671

Degrees of f-reedom=11=(r-1) (c-D=(-D(2- 1)=1
Forv=1,x35 =384
Since, the calculated va

conclude that the tWo samp!

lue of 2 is less than the table value, we accept the nul]
les have come from homogenous populations.

EXERCISE - 3

1. Asurvey amongst women was conducted to study the family life. The observations are
. as
follows :

Family Life

Happy Not Happy Total

Educated 70 30 100
Non-Educated 60 40 100
I B ™ >

Test whether there is any association between familiy life and education.

(The table value ofx%_oS for1d.f.=3-84) [Ans. x% =2.198, Accept Hy|

2. Calculate the expected frquencies for the following data persuming the two attributes, viz,
condition of home and condition of child as independent.
Condition of Home I
Clean Dis
Condition of Child Clean 70 50
Fairly Cleart ' 80 ; 20
Dirty 35 45

Use chi-square test at 5% level of signifiance whether the two attributes are inden«:lalcl“-f ]
(Table values of chi-square at 5% for 2 d.f. is 5.991 and for 3 d.f. is 7.815 and f‘“_" H |
9.488) . [Ans. x2 =25-848, Rejeet o

. & P same
Two researchers adopted different sampling techniques while investigating f;‘:el. The

group of students to find the number of students falling in different intelligence

w

results are as follows :
Researcher No. of student:
Below Average
Average
X 137 164
Y 2 57
Total 169 21

hypothesi ang.”

————y

Squﬂfe Test

that the sa q .
ould you say 7 mpling techy;
o ? =3 42 i
signlﬁcantly different? (Forv. 3 %308 =7_82f<lllEs adopteq 5 159
© research,
Wheth o lAnsy2 S8 are
er there jg MY telaigngy ;, R0t difforeny)
ip

om the following data, find oyt
% prefenece for colour :

Ctween sex and

(Given forv= 2, X%.os =5-991)

2 Ans. 42 _

A sample of-400 students of under-grad (Ans. (2 <g.166, R

5 was taken to know their opinion abngt au'}l::\eo:‘d 400 staudens o " Reject Hy)
310 of the post-graduate students favoured the :if::\leges 290 of the up, di‘rag:l:dlz classes
the form of a table and test, at 5% level, that the opinigq ses.s 21- Present the eand
college; )15 independent of the level of classes of students (_ka;'ﬂmlg au:{momnus Status of
for 1d.f). -Aavlevaluey ® at5% level is 3,84

[Ans. 32 =2.66, Accept F}D]

6. Two treatments A and B were tried to
f plant disease, The following

T ot o control a certain type of
A:400 plants were examined and 80 were found infected
B:400 plants were examined and 70 were found infected.

Is the treatment B superior to treatment A ? )
(Given that 305 (1) = 3-84;4 2 45 (3)=7-82)
7. In an exp:

[Ans. xz =0-82, Accept Hy)
obtained :

eriment on immunization of cattle from tuberculosis, the following were

Affected Not Affected Total
Inoculated 4 20 %
No inoculated 6 50 5
80 l

Total 10 5 70

Calg 2 g
Aleulatey 2 and discuss the effect of vaccine in controlling suspectability to tuberculosis.
[Applyin

, g Yates’ correction] [Ans. x? =204, Accept Hol
e 2 . oy
Ollowing table gives the frequencies of firms on automation and productivity :

Productivi not increased m
500
1500

T | wo |

" L the
(Ch‘-square) test to determine whether productivity i mdePEnden(‘ of the
O (K05 at 1 d.f. = 3.84) [Ans. 42 =13-39, Reject Hol

USe XZ
Uomag
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Chi-Square Togy
L tment of cold. In an experiment carrieq
for the treal r out g,
A drug is said 10 be L,‘;s.ec{.l;lldz half of the persons were tr:alfe:%lwu_h the drug ang res?ﬁﬂ"
& ersons suffgrlngr :‘fcnect of tr t is described in the following table ; alf
with sugar pills Harmful No Effe
10 18
10 2%

Test the hypot
to sugar pills.

.2 .05=5.991
[Given forv=2, ~-X.05 05=5-9911]

i 11 i
hesis that in l‘he treatment of cold the drug is not at all effective ag COmpareg

[Ans: xz =212, Acce

PtHy)
i B for public office are takej
for two candidates A and c n, one eacy
10. Two sample Po“?d‘;i“(: l;f r(l’n'al and urban areas. The re§u1ls are given below. Examine
fr(})mhﬂf:l:’}:‘egn‘:lﬂre of area is related to voting preference in this election ?
vehelhe B Total
" A
didate
Amﬁ:all 620 380 1000
e . 550 450 : 10
Total 117 _____&10——.
G'venxz _3.841,5-991,7-82for 1, 2 and 3 d.f. respectively.
i 005 = T

[Ans. xz =10-32, Accept Hy)
ing the use of a vaccine. 15 persons
le each were selected for testing U : s
e wa g;;l:iplshzfd]i(s)gaz:ﬁ: of the inoculated persons in one group, while 2.:: contracted the
;ci’:e;:e in the other group. Test the efficacy of the vaccine using the x © test.
2
(Given ofv=1, 305 =3-89) [Ans. 32 =3-124, Accept Hql

tives

12. A company has head offices at three plsaces :tAd’ Btaéusv (e:n’- :‘e :(aarrfx?\l:d s‘a:}ipr}a qu 1tO u::(:\c:m‘l;er

' 12 posted at B, and of 15 posted a e
E?f}l:i: st\ﬁ%eorfing Ir;;-om hypertension. The sample results were found to be as given

A
Hypertension cases 4
Non-hp ion cases 6

R x hypert
K =0-01i ion of executives suffering from the
Verify at =001 if the proportion of ex [Ans. X

18 les of sizes BIVer Cipe
13. From the adult male population of four large cities, fa"d°m,f§$§d. Can we 53y that !

head offices are the same.

were laken and the number of married and single m;en Te
proportion of married men is same in all the four cities?

City - A B
Married 137 164
Single 2 57
Total 169 21 '

!

ension at three
2 _1.0975, Accept "0

ey

5q are Test

PROPERTY OF 32 161

the additive propert
. gquare possesses Property. If  nypy,
ggn!l)’ collected and a number of x 2valyes have b SAmples of
mdepen aij

S; ! ;
% Similap
them by the simple process of addition, This e:l" °‘_" ned there ‘.la,la have been
ce or otherwise of the problem in hand a5 instead ps IN getting 5 pe
An investigation was made in ¢|
effectiveness of inoculation duyrj;
were obtained :

Be ';:Epossible to

of .0 ¢ Detter

ight big ey O investigation (or on:ﬂs::‘;‘llet)lhe
s of a g ) i

N8 an epidmic of dmh::_gt ﬂf:lllew to test the

OWing resyltg

Find out the pooled %2 for all the eight cities of
al
5% level of significance. 1Y state and test your resy)g at

soution. Hy : fo = f. (Obsérved and expected distributions are the same)
Hj :fo # f, (Difference between observed and

expected distributions is sienf;
v a=-05  df=8y?=15507 o ssignificant

es A B C D E o
#? value| 2:32| 364 | 315 | 4.54 | 2.24 | 3.66 | 4.97 [6.72 Pooled % =31.14
d.f. 1 1 111 111l g .
INTERPRETATION

The table value of x 2 at 5% level of significance with 1 d.f. is 3-841 and 8 d.f. is 15-507. By the
ﬂllalysﬁs of each city separately, it is clear that the difference is not significant in the cities A, B, C, E
ind Fie. the null hypothesis is true where as the difference in cities D, G and H is significant and
the nul| hypothesis is not ture.

Bfl! the combined (or pooled) calculated %2 is 3114 which is greater than 15-507. Thus
:;;ib}l',“ed value is greater than the table value; hence the difference in the cities together is

cant. That is the null hypothesis is not true by considering all the cities together.

MISCELLANCEQUS SOLVED EXAMPLES

A controlled experiment was conducted to test the eff.eclivences‘sv o; 1:1 :exr'\:";olo
Under this experiment 300 patients were treated with U{;‘::u are presented
Were not treated with the drug. The results of the exper!

i f drug.
below. USi“S the Chi-square test, comment on the effectiveness of drug

Total
—Delails m
300
Treated with the new drug m“m
Not treated with the new drug m‘_ ha

S

F‘“ml’le 29:
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Solution-

Example 30:

Solution.

Chi-Square Tegy

thesis that the new drug is not effective. On, the bac:,
Let us Ia‘fe l[};‘e }gp:cled frequencies are calculated as follows : basis of thig
nypothesis, the P 00 = L %0004
En=sm ¢ BT s ~2adsoon.
The remaining frequencies can be found out by subtraction from the Colump yp,g

row totals. L )
The expected frequencies 1S given below :

Applying xz—test £

T ]
200 192
120 128
40 42
30 28
60 66
2
¢
X.Z = Z\:( B }:2-434

Degrees of freedom=0=(c-1) (r-1)=(3-1)(2-1)=2 »

Forv=2,%%5 =599

Since, the calculated value of x? is less than the table value, we accept the
hypothesis and conclude that the drug is effective.

Fit a Poisson Distribution and test the goodness of fit from the following data:

) 3 nm

No. of
No. of pages 211 90

er page 0 1

(Given &4 =0.6440)

(i) Fitting of Poisson Distribution
Mistake (X)
0

Pages (

1
2
3
4

- |

> square

Test

XemZE 143

=m=_

163
T3 E:.M

By Poisson distibution, the ex,
mistakes is given by : o frequency (Mumber) o

Pages Containing x
f(X)=N.P(x)=325xE"'“x%

a4, 1
=-6440 Computation of Expecteq l’x|

AlsoP(0)=e™" !
Tequencies

Computation of Expected Frequencies
X D=Nxp(y
0 f(m=315xe'“=375m47o
1
_ m

F)=f(0) xT=209-30x~44
2

f@=fxZ -1t

7o

\ .

S @)= @2 22254
4

f@=f@xTorgH

I

(b) Test of Goodness of Fit : Let us teke the i i

ypothesis that there is no diff
between the observed and expected frequencies. Since, the frequency a‘llmie :;::er
are less than 5, they would be combined with th

e adjacent frequency :

0 E ©-n | ©0-p? ©-BYE
211 2093 +17 2.89 0138

90 92.09 -2:09 4-368 0-0474

19 20.26 -1.26 1587 0078

5

0 329 +1.71 2.9 088

[ | z0-pE-1092

2 =z{‘——-°':)ﬂ]=1 052

Degrees of freedom (V) =n-2=4-2=2

- Xos for2 d.f. =5.99,

i 2
Since, the calculated value of 32 is less than the table of 2, we accept the null
hypothesis and conclude that the fitis good: N
Four coins are tossed 160 times and the following results WEre =
No. of heads
Observed frequenc

ained :




Solution.

Example 32:

Chi-Square Tex;

i i find the expected fr,
: on that coins are unbiased, he expected fre,

U"d.er ‘;‘ °1a§"§:z:zr;leads and test the goodness of h.t.
ting 0, 4, 4 °
getting on that the coins are undiased, the expected frequencies
will be given by the formula of binomial distribug;,

F)=NP(X)=N."cx .4 p

11
—P(M)=1->=7,n=4,N=160
Here, p=P(H)=1/2,4=P(M=1-5=3."

No. of Heads fe(X)=N xI’(X)o

qQuencieg of

On the assumpti

Of getting
0,1,2,3 and 4 heads

on ;

4

1) (1

g 160x4Co (5) (5]
3 1 =40

1y (1

! 160x °C; (E) (E)
2 2 =60

1\2 (1

2 4 - o -

160 4C, [2] [2)

1 1
3 160 x 1C3 (5) (
0 4

1\° (1
4 160 x *C4 [5) (E)

(b) Test of Goodness of Fit : Let us take the hypothesis _that there is no difference
between the observed frequencies and expected freqeucies.

. NI
W
n
'S
S

o E (0-B (0-B? ©-B*E ‘
17 10 7 L x4-2%
52 40 12 144 3.
54 e -6 36 0;0
31 40 -9 R ?600
6 10 -4 16 S &
50 _5)2 /E=1,z725‘

o 2 [-E2|_ 1005
Ty _£|:——E 12.7
Degrees of freedom (v) =n-1=5-1=4
Tabulated value of g5 for 4 d.f. =9-49.

ue,
Since, the calculated value of 32 is greater than the table v'al

hypothesis and hence conclude that the fit is poor. ’/ g offit:
. 0!
Given the following actual and theoretical frequencies, testthe § "
5
Actual Frequency . 25 .50 :z 90
Theoretical Frequen 36 54 4

\
we. reject e

-
' e Test
5™
Let us take the hypothesis that there is g 4¢ 165
jution theoretical frequencies. 10 difference act
50 3 “tual frequencies anq
Computation of 2 f
o
25
50
75
102
; ¥ =z[

. Dégrees of freedom (v) =n-1=4-1=3
Forv=3,%305 =7-815.

-Since, the calculated value of x? is less than the table value, we accept e
hypothesis and therefore conclude that the there is no difference in the actual
frequencies and theoretical frequencies i.e. the fitis good.

Eample 33. . In a certain sample of 2000 families, 1400 families are consumers of tea. Out of
3 - 1800 Hindu families, 1236 families consume tea. Use Chi-square test to test
whether there is any significant difference between the consumption of tea
! among Hindu and Non-Hindu families. Use 5% level of significance.
\ Solution,

The above data can be conveniently arranged in the following table as :

No. of families consuming tea

No. of families not consuming tea

I re i ieni i the
‘Let the null hypothesis be that there is no significant difference between
consumers of tg'ap among Hindu and Non-Hindu families or that the two attributes
(consmption of tea and community) are independent.
On the basis of this hypothesis, the expected frequencies are.

: 8001 1260

totals, g frequencies are found out by subtracting from the column and row

Ey=

The expected frequencies table would be as follows:

1260
540
1800
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X2 = z{(o_az}lsaas

Degrees of freedom=v=("=1) (c-)=-D2-D=1
Forv=1,X%)5=3'84 |

Since, the calculated value of xz is much greater than the table value of er e
reject the null hypothesis and conclude that the two communities diffe

significantly as regard to the consumption of tea among them.
IMPORTANT POINTS

Chi-square (¢?) test is used for : )
(i) Testing the Significance of Population Variance

by using the formula : " r 3
, (=92 N o
KisThgin ‘or 2 2

Degrees of freedomv=n-1
Now the calculated value of x2 > tabulated value of xz, we reject the null hyp

Otherwise, we accept Hy.
(ii) Testing the independence of attributes in a contingency table of orderrxc

cell with the following formula :

Trpeced freguency (F) = Total no. of observations

and finally we calculate

_zo-p?

- E
Degrees of freedom =(r - 1) (c-1) jgnificant

Now, if calculated value of'xz < tabulated value of xz at 5% level of sign’ c

(r=1)(c-1)d.£.,, we accept our hypothesis otherwise reject it and conciude

x?

= ]

12-test is used to test the signficiance of the population variance. The significance i tested

othesis Hy

y ibutes ar¢
In case of contingency table. we set up the hypothesis that the two até:l:u :fsea
independent and on the basis of this assumption, we calculate expected frequency

H ich it occurs
Total of row in which it occursx Total of column in which it

ce for

ord| ingly:

) Squ‘ﬂfe Test

X festing the goodness of fit.
(i) 2.qest is used in testing the hypotheis
P mgoretical distribution i.e., there ;

167
that the Observeq

i ignifi IS no diff, Sample digtrir, -
quene -g‘ﬁ:‘larg:}fmmce of the difference l:;a‘,ce between the :,‘“butmn agrees with,
are tested 22 ’ S0 ObServed ang gyeved 1 expecteq
Given that: Pected frequencies
0:  On 0y ~0Qy.
E:  Euo By By, ::)"
We calculate : 4 n
-p?
xz =3 l.(O\E)1
E
df.=k-1
Now if the calculated value of % < table ofx for(k “1,dg
and conclude accordingly. ), d.£, then we accepthehypotest
QUESTIONS

1. Describe the xz-lest of significance and state the various uses to whichit can’h
i an be put,
2. (a) Whatisy, 2_test of goodness of fit ? What Precautions are necessary while us'mgpmm 17
est ?

(b) What is Chi-square test of independence ? Under what conditions is i

! 3 . t applicable ?
3. Whatisy 2-test ? Give various uses ofy 2-test. What are the limiting values oh?z ?How will
you determine the degrees of freedom fory? -test?

4. Discuss the uses of x 2-test.

Discuss the precautions which should be kept in mind while using xz—lest.

BRE®
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F-Test and Analysis of Variance

INTRODUCT! IOI‘f bbreviated as ANOVA) is one of the most powerful techniques of

Analysis of Yanance (@ developed by R.A. Fisher. I{\lhally, this ,'fechmque was used in
statistical aﬂalysls.. It W;S tnow a days itis widely used in natural, social and }ahysxcal science,
agricultural expe_runen(gstulest whether the difference between th? means of three or more
This technique is use toor not. By using the technique pf analys'ls of var;ance,‘v;e can test
populations ls-s%mfl:?,:ﬁeties of seeds or fertilisers applied on different p ois;\i: t e:hn:, differ
“.’heﬁgnll}l‘; ;‘f,fff;“s regard their average yigldsihA :\va;e;ggeer 50:1: f;lrg\u rr::yo?s:i il salg.::el:
ZE? wheéhil‘ ﬂt:ereﬁiijiglA“nf;;;;: :lfﬁsze,?::cénkhuz enables us to test on the basis of sample
employed by i

hether the means of three or more population is significantly different or not.
observations wi

MEANING OF ANALYSIS OF VARIANCE

i i iation of the
Analysis of variance is a statistical technique with the help of which the total varial A

3 jous “sources” or “causes”
data s split up into various comppn_ents :}t:cehe [I:‘laﬂ)"lebes ;l:;l]):;e:n'do ‘;i‘;é"“wi“fi(;:l the samplef. B
o variqhonmgzﬁaxzyb:&::: E:}t\l: r;ax:ples and variance within samp(lles, ?I;t‘{’:l:n c:lf l‘?e:?i:ﬁ
xr?::fsﬁng the homogenity of several population means. In the \:\;(f)r r:n‘::e batween differen
,’Tl‘:e analysis of variance is essentially a procedure for (estmg.thefdl .emce e the separaiics of
groups of data for homogenity” To quote R.A. Fisher,”An.alysm o V;ll'le o other groups” Thus,
the variance ascrible to one group of causes from |h.e variance ascr O oo ang also variane®
the analysis of variance obtains a measure of the variance within the samp!

¥ ; means of tWof
between the samples and then test the significance of the difference between the mear
more populations.

ASSUMPTIONS OF ANALYSIS OF VARIANCE

The underlying assumptions for the study of analysis of variance are :

(1) Normal Population : All the population from which samples
normally distributed. )

. from
; tly drawt
(2) Independence of Samples : The samples are randomly and mdi%i?i::;\}’{es'

the population. That is, each of the sample is independent of the 0 les have bee 2
(3) Same Population Variance : The population from where the samples

5 W
should have equal variance (0} =03 =...=0?, say) where g is unkno

aré
have been drawn

' i Variance
lysis of
d Anal
t

will AND UTILITY OF ANALYSIS OF VARIANCE
. f the uses of analys; :

wing are some o analysis of varjance .
é”i‘d:‘t)of the significance between the means of geygpy sampl,
(i euse d to test the hypothesis whether the meahs g Sevg :Is s:'n\
t. am)
different 0T ROt i
the significance between the variance f
@ 3‘:;:’\; is ugel::l to test the significance of meod§w° Samples ; p.

are significantly
1 “Tatio in th "
mples fference between the variear?:: l();fs‘fwo:
B 3 .
of homogenity in case of two-way classification | ;
® ssalu;gd in analysis of variance of two-way classiﬁcati;;\ ;:g;‘_,:geiﬁ“lmf data can also pe
dassified into different parts on two bases, case the data are
4) Testof correlation and regression : The analysis of variangy
( of multiple correlation coefficient. The linearity of regressi
TECHNIQUE OF ANALYSIS OF VARIANCE v

The teéhnique of analysis of variance is studied under the follow'mg two headings

{A) One way Classification, and

(B) Two way Classification.

(A) One way Classification : In one-way classification, the data are classified on the basis of
e factor or criterion only. For example, the yields of several plots of land may be classified
wcording to different types of seeds, fertilisers, etc. In case of one-way classification, the analysis of
variance can be done by the following methods :

(1) Direct Method

€ anal,

sis i
ples ¥Sis of variance

€ IS used to test the sigpifi
Is also tested with jts help.

() Short-cutn Method

() Coding Method

{) Direct Method : Under direct method, the followingteps re followed: ;
. Null Hypothesis Hoipy=p, =, i.e., the means of the population from which the
|| sampleg

et
» have been taken are equal anxf there is no difference among thel'n. .
| @) Variance between the sra\:pleg : Compute the mean () of each sample. Fmd_‘hi“’“?aﬁ\
Mean (%) of all the sample means. Take deviations from ¥ i, compule ¥~ ; al:‘l o
Square these deviations (¥ — %)2. Find the sum of these squared deviations ancll wah ‘! wy;
ﬁ:dm"esl’(’nding degrees of freedom (k 1), where kis the number of samples. Thus,
the variance between the samples. Symbolically,
f squares of the deviations between samples (55B) !

-\2
=)\? % =%
=m (%-%, ) +m (1 -5) ---*‘"k_("x 7)
vy =k-1 .
Variance between samples =(MSB)=3 7

De,
. Brees of f‘reedom, \



F-Test and Analysis of Va

170 .
(i) Variance within samples : Take the deviations in each sample from the Tespective

means, ¥ X1, %2 -% _..and find their squares, (x1-%)%, (x _’?Z)Z-Divide u\esh\me

f deviations by relevant degree§ of (-ree_dom 03 =N -k, whe » of
;h“iebi,lgr:}s,szwaﬁons. Thus, we find the variance with samples, Symbou':l\l’yls the topy)
Sum of squares of the deviation within samples (SSW) el

P ) LR R A
Degrees of freedom, 7y =N-k -
Variance within the samples (MSW) Nk

. lysis of Variance Table : The results of the above calculations is
(iv) lc\;lllzg’ in alysis of variance or ANOVA table as follows :

ANOVA Table

Sum of squares Degrees of Mean sum of rat
___’4‘ freedom (d£) | squares (Mss) | ™t

Between 2y (% - %) (65B) k-1 S5B _ Mss MsB

Presented in 5 table

Sources of
Variation

Samples k-1 rs Msw
Within Samples| . 5(x - fk)z (55W) N-k l‘E\SJS_Wk - MSW
Total £ (x-5? (1SS) N1

(v) The calculated value of F is compared with the table value of F for (k—1, N~k) df.ata
specified level of significance. If the calculated value of F is less than the table value of F,
we accept the null hypothesis and conclude that all population means are equal, otherwise
they may be taken to be unequal.

The following examples illustrate the procedure involved under direct method : -

Example 1. Three varieties A, B and C of wheat are sown in four plots each and the following

yields per acre were obtained :

Plots Varieties

[

10

4 14
5 1

w
N

; ificant
Set up a table of analysis of variance and find out where t.here is “_s‘ 26,38
difference between the mean yields of these varieties. (Given Fos= 8
and3-88atd.£. (9, 2) (3, 9) and (2, 12) respectively).

3
Solution. eties are the st

Null hypothesis Hy : 1y =, = 5 .., mean yields of three vari

et

Grand Mean, or 3

4 Analysis of Variance
an

Computation

8

Variance between Samples

sum of squares of the deviations between samples (SSB)

Degrees of freedom,

SSB=m (F1-1)" 41, (5 )% 4y (5, -7

=5(10-10)2 +5(8-10)2 +5(12-10)2
=5x0+5x4+5x4=40

vy =k-1=3-1=2

Variance between samples (MSB) = S—SB = Q =

k1%

Variance within Samples

% -%) | -57 | % |to-5)] gp-52 |

Sum of
the
Squares of the deviations within samples (SSW)

Degrees Of freeq, om

1

=1 1 12 0 0
-3 9 9 -3 9
2 4 13 +3 9
T 1 12 +0 v 0
1 1 14 +2 4

(X, - %)

=12
SSW=Z(x; "—fl)2 +2(1 -5)7 +2(x3 -%3)
=30+16+14=60

/Uy =N-k=15-3=12.

w60

Variance with samples (MSW)=y ¢~ 12



" Analysis of Variance

F-Test and : an
an ANalYSis of Vg, e - ——_—
jon i ented in a table called ANOVA tap) 2 ree varieties 4, B ang ¢ of
) Lts of the above calculation s pres able as foy), le 2 1lowing yields per Wheat 173
Tigres ANOVA Table S Pl fo :t’ Peracre were cibhlined.“e SOWR in foye plots
lots each
f Sum of squares Degrees of Mean sum of and th
50“',“;0‘:‘ freedom (d.£) squares.(MSS)
Varial 1
Between Samples 5
60 (SSW) 3
4
[ tow | 5
= % level os significance is 3-88.Sj o g
Forv, =2, 0, =12, the table value of F at 5% ) Since, the co, h . .
value of Fl is grezater than the table value i.e., F > F,g5, we reject null hypothesis and ¢ong d:“ilzu“t? ] 1; ;ﬂez‘e“lnl‘:}e'“s;g‘;nﬁcam differen
the difference between the mean yields of 3 varieties is significant. t S g
(2) Short cut Method : The direct method is much calculative and time Consuming ang slation: N_ull hypothesis, Hy H1=Hy =py e, there i

moreover, the calculation becomes more complicated when the arithmetic mean is not in whole S 10 difference between the mean

eld of three varieties.
number. In such a case, short-cut method is used. It involves the following steps : A
(i) Find the sum of all sample observations and their squares: g
Sum of the sample values=ZX;, X5, ZX3, ... ZX X X2 T
Sum of the squares of sample values= ZIX,2 Y EX%, X § — }:X,f 8 P 7
(ii) Find the correction factor : To obtain the correction factor, divide the square of the total of 10 100 5
all values by the number of values i.e., i
T2 7 49 10
S‘. F.= ~ 14 19 9
where, C.E.= Correction factor, T? = Square of the total units of the samples 1 121 9
N=Total no. of units of the samples - X f5° EX} =530 | IXp=40 X3=3% | TG=60 | D27
(ii)) Find the total sum of squares, TSS : To find the total sum of squares subtract correction =5 np =5 is o 3 .
factor from the sum of the squares of all samples values i.e., T=EX, +X, +IX, =50 +40+ 60=150
3= =
T
—(xx2 2 2y = ! 2 2
) 155=(x} +3G +... KR~ Correction Factor, cp=L 80 o
(iv) Find the sum of squares between samples, SSB : To find the SSB, divide the sum of Lth‘r N 15
squares of each samples by their size and then find their sum. Subtract the correction fact® TSS = Total sum of squares
from this sum i.e., =(EX1z + EX% + EX%)—C.F.
SSBI%+M ex0*] 12 ‘ =530+ 336 +734-1500=100 5
l_ n fly yhaes m | N SSB = Sum of squares between samples

=i e : of
(v) Find the sum of squares within samples, SSW : It is obtained by deducting the sufh

MEx)? (2Xp)* +(£X3)ﬂ_c,r. '
squares between the samples from the total sum of squares i.c., = i 13 J

n ny

. ) SSW =TSS - S5B | janct
(vi) Analysis of Variance Table and Interpretation of Significance : Analysis of var l'(so)z (40)2 _—(50)z ]—1500
Not labll: and '“terPlfelaﬁon are the same as in case of direct method. ance e =l_ 5 75 5 J
e In case sample sizes are unequal, there is no change in the analysis of V272
5 Yy - =40
care must be taken while calculating degrees of freedom in sich cases. . =é -[2500+1600+ 3600]~1500=1540 1500

SSW = TSG—55B = 100-40=60-
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Forv; =2,72
value of F is greatg
conclude that the di

(3) Coding M
values is large. Coding
popularly used in practic
data by a constant quantity.
change if all the given values
common figure is either sub
figures are reduced in maj
altering the value of F. An:

Sources of
Variation
p

Between samples

short-cut method. '
The following examples illustrate the coding method :

=12, the table v
r than the tab)

Sum of squares

100

alue of F at 5% level of significance is 3-88. Since the ¢,
le value i.e., F>Fyqs5, we reject the null hypothesis
fference between the mean yields of three varieties is significant.
ethod : The short-cut method becomes te_dious whgn the magnitude of
method simplified the calculations mvnlve_d in the short-cut mel
tice. Coding refers to the addition, subtraction, multiplication or division 7
As the F-statistic in the analysis of variance is a ratio, its value does fiot
are coded i.e., either multiplied or divided by a common factor orifa .
tracted or added. to each of the given values. By this metho, d, big
itude by subtraction or division and the work in simplified withoyt
alysis of variance table and interpretation are the same as in case of

F-Test and Analysig
of Va
ance

ANOVA Table

Degrees of Mean sum of
freedom (d.f.) square (MSS)

al(lﬂaled
and }\Ex\ce,

the given
thod ang j

le3 The following table gives the yields of four varieties of wheat grown in 2 plots:
) Plots Varieties
A B C D
1 200 230 250 300
2 190 270 300 270
3 240 150 145 180
Is there any significant difference in the production of these varieties ?
s i ignifi i ceinthe
Solution. Null hypothesis, Hy : jt; =Hp =H 3 =Ml i.e., thereisno significant differen

mean yield of four varieties. 1o value ol
In order to simplify the calculation, subtract 200 from each sample

dividing the difference by 10.
Coded Data
D
B c ¥
2 2 X. x2 X4
X X3 X X3 3 3 10
10
0 0 3 9 5 25 , |
-1 1 7 49 10 100 ) 4
.25 =
4 16 -5 25 -5-5 ,3,01 %, =15 s =18).
X =3 |3X =17 |3X, =5 |zX} =83 [EX3 =9-5| X3 e-=
m=3 Ny =3 n3=3 |=155:25

gy

i Anal)’SiS of Variance

gt

Eample 4,

iolu(i,,n_

T=x

X1+2x2+2x“ <3
Correction Factor, ceT2 (32‘5)24 *5+9.5+15=32 5
N = "—=gs. ’

TSS = Total sum of s 12 =8.0p
S[EX2 4 py2 | ares

=[ZX} +IX3 “'Ex§+2x11
- =[17+83+155‘25+1531_; ~CE
= 5um of squares peyyg 8:02= 330,03

175

en the
Jexp? ax,y T
—LT+\Z)*@X3)Z (X))
n, ny t \"4 j-C‘F‘
2
=[<1ﬁ+(9-s>2 152)
37373 *TJ~88-02=28-39
SSW=SS'I‘—SSB=320-23-28v39:291~84
ANOVA Table
s‘;,:r,;:;o:f Degrees of Mean sum of
freedom (d.£) square (Msg) m
| Between samples | I
| witinsamples | 2014 | 5 | e i
Total

For vy =8, v, =3, the table value of F at 5%
calculated value of F is less than the table

hypothesis and conclude that there is no si
four varieties.

level 9{ significance is 4-07. Since the
v?l.ue ie,F <Fy05, We accept the null
ignificant difference in the mean yield of

The following figures relate to producting in kg of three varieties 4, Band C of
wheat sown in 12 plots :

A 14 16 18
B 1 13 15 2
C 18 16 19 19 2
Is there any significant difference in the production of these varieties ?
Null Hypothesis, Hy:py=py=pj ie, there is no difference in the production of
three varieties, ] i
In order to simplify the calculations, the given data are coded by subtracting 12
om each figure. The deviations and their squares are a5 follows :

Coded Data

c
3 2 X3 X3
X, Xz o
2 4 i 16
4 16 1 !
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F-Test and N
176 Analysi of Vo  and Analysis of Variance
9 - Tes!
7 F g 5
following data gives the retail pr;
100 7 L] 5 The 0 i four cities : ail prices of
dom in four cities : of a ¢ . 1
1y 8 2 = city " in some shoj 7
£X%-144 X, -3 64 - 5 Ps selec
ny =5 x2 <2 5
T=2X;+ZX, +ZX53=12+16+32=¢p c
T2 _(60)° =
C.F.=—='—12_=300 l 2
Carry out the analysis of variang " ?
TSS = Total sum of squares r;cre); of the commodities in fourcceil‘izs'ESt the significance of the di 2%
=[=x2 +3X3 +ZX3]-C.F. P or (3, 12) degrees of freedom, Fyoc = 3.49 ifference between he
=56.+144+214-300=84 L. oy of freedom, Faos =3-86
= 1 " of wheat . Ans. F=
SSB = I_Sum of2 squares l;etween s:mp]es 8 per acre were obtained : Were sown in four ploys ea[chl:,;‘ﬂﬂ]z'fgﬁ; Reject Ho]
= (ZXy) +(2xz) . (ZX3) 1 c - Plots of Land ' Hing ields
e =
i [12? 192 (7]
' w 13 7 s B
=48+64+204-8-300=16-8 ]
SSW = TSS — SSB Set up a table of analysis of variance and find §
—84-16-8=67- betwaen the mean yield of thrce vareties (Giuen preiter et s significant diff
84-16-8=67-20 (3,9 and (2, 10) resi;ectively). ee varieties (Given Fyq; =425, 3 Band 4101 40,9,
ANOVA Table 4. A'test was given to 5 studenis chosen at random from L TTL <o, Acept Fy |
Source of Sume.of Degrees of Mean sum F-Statistic universities in Haryana. Their scores were found as f"nﬂ“-’S: S Vi
Variation squares | freedom (d.£) (MSS) University Scores 1
Between Samples- 16-8 2 84 F= 84 s f; 90 70 Py = =
Within samples 67-20 9 7.467 & - 70 20 50 0 =0 4\
Total 84 11 v = 1 Détform gl L_60 50 60 70 60
3 1 i 5 analysis of variance and show if there i ignifi i
P 5 .961.Since, e ) show if there is any significant difference between th
Forv; =2,v, =9, the .table value of F at 5% level of significance 1 4 21‘111‘5“:)&/,zss scores of students in the three universities. [Given F v);,zlueg at5%=3-89] ¢
calculated value of F is less than the table value of F. We accept the nu {;Paﬂeﬁ& 5 The . [Ans. F=3-33, Accept Hyl
and conclude that there is no difference in the mean productivity of three salzsﬂﬁ‘f"“g figures relate to the number of units sold in five different areas by four
. o
EXERCISE -1 s of seed: % Area Number of units
1. The following table gives the yields on 15 sample plots under three varleh - A
Seeds Plots Py Py ” 2 gg
5 20 21 | 3 88
5 18 20 i 4 8
4 S3 25 28 Is 7
: ; there 5 g; ifi R -  these salesmen ?
Is the difference between varieties significant. [Ans. i ignificant difference in the efficiency of thes
For (2, 12) degrees of freedom, Fyg5 ='3-88. ’ o
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le 11.
Hint : See Examp’
Table values of Fy os[;orv

F-Test and Analygig of v
5 arj

1 =3,2,=16is3:24.

ns. F=10-61>Fo5, Reject Hg ie., there is a signig
in the efficiency of the f::“:_

6. The Amrit Vanaspa
salesmen A,
elling al
October,
calls.
Following are th

ili measured by the avera
%BZ #wre have been 14 sales calls — A made 5 calls, B made 4

ti Company of Rajpura (Punjab) wishes t
B and C tend to make sales of the same size or whether the
ge size of their sales. During

0 test whethe

e weekly sales record of the three salesmen :

300
300
400

Perform the analysis of variance and draw your conclusions.
[Given Fy5 (2,11)=3-98; o5 (2,13) = 3.82]

7. Yields of 3 varieties of wheat in 3 blocks are given below :

T

< ooMen
Y diffe g 10
the lagt %
callsang ¢

[Ans. F=1.83, ACCeptH |
0

1 2
200 230
190 270
240 150

Is the difference between varieties significant ? Ans
8. The following figures relate to the production in Kg of three varieties A, B and C on wheat

sown in 12 plots :
A 122 128 124

B 114 116 118
. € 130 128 124
(Use Coding Method)

Is there any significant difference in the production of

9. Apply F-test on the following data :

126
114 106

3
300
270
180

[Ans. F=3-84, Accept Hyl

three varieties ?, )
[Ans. F=16-90>Fy05

X Xy
25 31
30 39
36 38
38 42
31 35

160 185

(P.lints : See Example 15)
Given (F;, 12,5 percent = 3.89)

[Ans. F=749

Reject Hyl

Reject Hol

P
eck of
"ades

500 o0
400 ~
609 50

d Analysis of Variance :

gest 2" the significance of the varigy;
T ot o
prices observed in Rs. were as folloyws “ * shops wer ds\gs:nt ity in three pring;
Bombay 16 2 random i eﬂd\pcrill!)]'chﬂ
Kolkata 1
Delhi 4

Do the data indicate that the prices in the three cij;
ies are g

T gnificantly g
i f |
11, To assess }t‘he s|gmflcan::hof Possible variation gy ; ns. in'leﬂl?
petween the grammar schools of a cif N 2 performanee i 010 Accept H 1
random from the senior fifth form of é:chcor;\mon test was gi:ne;e N2 certain tegt 3
variance of the data and comment upon the re:ul:e four schools, Ca:yst:?len's take at
J analysj;
School ysis of
A 8
B 7
€ 5
D 10

Given': Fogs =295

1Ans. F=5.10, Reject Hy
(B) ANALYSIS OF VARIANCE IN TWO-WAY CLASSIFICATY '

ON
In two-way classification, the data are classifi i

production of a manufacturing concern can ;:::.f&?ffﬁﬁifiifomm‘:; Fnﬁlexamplef -

Acompany can analyse its sales according to salesmen and seasons. In two-wa w‘e ?fsim’cmes‘

following procedure is adopted in the analysis of variance : & nss callon[ the
(i) Coding method can be used to simplify the calculation. ;
(ii) Find the correction factor by using the formula:

2
Correction Factor (C.F.)= TW

Where, T = Grand

- _ (i) Find total

otal of square,

total of all the values in all the samples, N = Total number of items.
sum of squares (TSS) : It is obtained by subtracting the correction factor from
d values of the sample i.e.,

1 -
_ TSS=[£X2 + 2X2 +3X] +2X} +... XK=y Vo
() Fing

g divideq bthe sum of squares between columns (SSC) : The total :) each column is squared

is obtaineﬁ ‘ile number of'items in the column. The correction faclof is subtracted from it nr.\d

sscas(Z
Whemlzxz‘ ==, N

¢ =total of squared values in each column; 1 = number of items in each column.
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' (SSR) : The total of each .
" of squares between rows 0 row is
@ ft:nc:h T::;‘:er of items in respective TOWS. The correction factor is Sllbh-a;gx :d ang
f'}’a‘,dﬁ? lh}lll s, arrived row and SSR is obtained, i.¢., Om th
0 2 r

SSR=Z z_x,’_) ﬁ
“\m ) N
Where, £x2 =Total of squared values in each row; 7, = number of items in each roy,
224 ;
£ the residual (SSE) : The sum of the
;) Find the sum of the squares 0! squares of th,
i ob(t‘:i)ne:i by deducting the SSC and SSR from TSS. Thus e
* SSE = TSS - S5C -SSR
the number of degrees of freedom by using the formula :
eedom between columns =(c—1)
om between rows=(r - 1)
No. of degrees of freedom for residual=(c~1) (r=1)
Total no. of degrees of freedom=N-1lorecr-1
(viii) ANOVA Table : In a two-way classification,
prepared in the following way :
ANOVA Table (Two-way Classification)

TeSidual

(vii) Find
No. of degrees of fr
No. of degrees of freed:

the analysis of variance (ANOVA) table j

Source of |;sum of-square Degrees of Mean Sum of squares m’
variation |/ freedom (MSS) §
SSC (c-1) SSC +(c-1) = MSC poMSC
MSE
SSR (r-1 SSR +(r —1) = MSR ;=MS_5
MSE
Residual SSE (c=1)(r-1) SSE +(c—1) x(r =1) = MSE
Total TSS (N -1 or(cr=1)
and if the

(ix) Interpretation : The calculated value of F is compared with the table value of F
calculated value of F is greater than the table value at a specified level of significance, the null
hypothesis is rejected and concluded that the difference is significant otherwise vice versa.
units of a commodity producedbY

Example5.  The following data represent the number of
3 different workers using 3 different machines :
Machine / Workers A B £
x 16 64 o
Y 56 72 5
z _w 56 g
Test (i) Whether the mean productivity is the same for the differ;l::c:‘;ly-
types (ii) whether the three workers differ with regard to mean pro
Solution. Let us take the hypothesis that : ’
(i) The mean productivi i + o is the same:
ti chines 15 ;
productivity for three different ma " oductivity

(ii) Three workers do not differ with respect to their mean P

F_Tesl

of Variance

and Analy i

Machine
Workers

T=2X; +ZX, +IX,; =84+192+

T2 (400)? 2+14=40p

TS~ 42 426

=[3536 +12416.+552]
-17777.
=21472-17777.78=3694.97 "
=[(34)2 (192)% (12421

3

—

3 +~3 J~17777.7s (C.F)

1
=3 [7056 + 36864 +15376] - 17777 78
=19765-33-17777.78=1987 .55

F1202 (1892 (962
_1 {1207 (921
SSR—[ 3 Frg +TJ—17777.73(C.F_)

1
=3 [14400 + 33856 +9216]-1777778

=19157 - 33 -1777778=1379-55
SSE = TSS -SSC -SSR

=3694-22-1987-55-1379-55 = 32712
Degrees of freedom are
TSS=N-1=9-1=8
SSC=c-1=3-1=2
SSR=r-1=3-1=2
SSE=(c-1)(r-1)=2x2=4

ANOVA Table

Sou_rcg of . Sum of | Degrees of
Variation square
Between columns
1987-
(Machines) =
Between Row.
S 137955
(Workers)
Residual /Error 327-12
3694-22
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lnIerprelaticn

For Machines
(i) Forvy =2:72
Iculated value 0!

=4, the table value of Fyg5 =694
f F is greater than the critical value of F, the null 1,

miecsti;ice;;czame ‘mean productivity is not the same for three different machines, YPothesis
Workers
r (ii) Forog =2 and v, =4, the table value of Fy g5 =6-94-
Since the calculated value of F is greater than the critical value of F, the null Yo
esis i

Hence the workers differ with regard to mean productivity.

rejected.
The following table gives the number of refrigerators sold by 4 salesm,

nple 6. )
Bamp three seasorn winter and monsoon : en in
Season 1
B C 5
Summer 62 32 &
Winter 48 52 5
Monsoon 46 48 "
Is there a significant difference in the sales made by the four salesmen?
Is there a significant difference in the sale made during different seasons ?
Solution. (i) Let us take the null hypothesis that the mean sales made by the four salesmenis

the same.

(ii) The sales do not differ with regard to seasons.
In order to simplify calculations, the given data is coded by subtracting 50 from
each observation. The data in the coded form are given below :

Season Coded Data
— Codec
X1 | X2 | X5
S +12 | +12 | =18
w -4 -2 +2
M -8 -4 -2
Column 0 +6 -18
Total
T=0+6-18+12=0
2 02
=T -0 o
N 12

Tss=xx2 +3x2 +3x +2X] -C.F.
=224+164 + 332+120-O=840
2 2 2
ssC= M_+@_+S‘_1tl+@. _0 (CF)
3 3 3 3

=0+12+108+48-0=168

AnalySiS of Variance
 and
£

c SSE = Tss -
Degrees qf freedom are : TS5-ssc ~168-18
TSS=N-1=12-1.1; A
SSC=(c- 4-1)=3
SSR=(r-])=(3_l)=2
555:(“1)("-1)=3x2=6
The ANOVA table is shown as :

e T __ ANOVA Table
Source of Sum of F
variation | squares | frged“ of
Between Columns 168 —eedom |
(Salesmen) 3

Between Rows 128
(Seasons) 2

Residual/Error |. 544 6

Total 840 =

Interpretation

(i) For Salesmen : The calculated value of F=1-619

gable value of F for (6, 3) d.f.=8-94

ince the calculated value of F is I
il  Fis less than the table value of F at 5% level of significance, the
funrszll:sme:s is accepted and it can be concluded that there is no difference in the sales of the

'([:)b for seasons : The calculated value of F=1-4167
s Et\;‘alue for (2,6) d.f. Fyg5 =5-14

ce g

il hypothssﬁl'mlated value of F is less than the table value of F at 5% level of significance, the
Oncemneq is accepted and it can be concluded that all seasons are similar so far as sales is

Bample 7,

ples of a powder, each
Their assessments are

;ou' observers determine the moisture content of sam
an taking a sample from each of six consignments.
8lven below :

Observers

B W N e




Solution-

F-Test and Analysig of v
a5

data and discuss whether there is any significang

i ents or between observers.
gn:; (5,15)=290,
=3.29, Foos

Analysis the dif &nnu

Let us take the hypothesis that : )
(a) There isno significant difference between consignments.

(b) There is no significant difference between observers.

In order to simplify the calculations, the given data are coded b

i Y subtract;
from each figure. The deviations and their squares are as follows acting 19

— _fr(;:'] - S, u:res of Coded Daty
|46 x7|x3|x?
1 0 1 0 1
0 3 4 1 1
ol 4 [1|o0o]o
1 o122 |alo|1
1 |T=19| 10 |.10 | 3
Total

12 (19*

TSS=[10+10+3+21+6+1]—15r04 (C.F.)=E}|5~96
42 2 1)2 2 2 ()2
=l|:(—4%—+£%'+(—1—)—+%)—+(—%—+%J—15-04(C.F.)=9-71

(0 @ @ (2?]

o ey —— 4 ——|-15-04(C.F. =13-13
SSRL6+6+6+6J (C.F.)
SSE = TSS - SSC - SSR =35.96-9-71-13-13=13-12

The ANOVA table is shown as :

ANOVA Table

Source of variation Sum of | Degrees of Mean Sum Dsf)
square freédom squares (MS!
Between columns 9.71 6-1=5
(Between i .
Between Rows (Between| 13-13 4-1=3 13-13 _4.38
Observers) 3
Residual /Error 1312 | 23-8=15 | B12_o
15
Total 35-96 —

Analysis of Variance

ion

cetat n Consignments : The calculateq val B
e of FOf (5, 15) d.fat % Lo = 0 * 0 F =223
. ce, the calculated value of F is less than

ted and itcan be concluded that there js ::c;;ilf‘;é:: ks %
accegn Between Observers : The calculated valye of I-‘-sce e
Table value of F for (3,15) d.£ at 5% Los.= 3.59 )
the calculated value of F is

los, the
“"“Signmex:::_“ hypothesis js

ince, 3 greater
hy §$§5i5 is rejected and it can be concluded ::::‘ﬂ'\}::?: lseigvﬂailélE of F at 59, Los., the
observers: ant. difference het'ween“tllt[o:
pamples.  Pexform atwo way ANOVA on the data givep pey,
Plots of Land elow:

P

o

R

. a1
(Use coding method subtracting 40 from the given numbers)

Solution. Let us take the null hypothesis that there is n

0 significant difference in the

treatment and plots of land. By subtracting 40 from the given numbers, the

deviations and their squares are given below :

Plots Coded Data 1l_lowl Squares of Coded Data j
otal
X, X, | X3 | X4 x} | x2 x§‘x}_l
P 5 0 -2 -3 0 5 0 4 9
Q 3 1 5 | -2 7 | 9|1 ||
R =g D N O N I O
Column| 7 0 4 -4 | T=7| 3 2 » "
Total
T=7+0+4-4=0
T 72 %
=—=—=—=4-083
CF N 12 12

TSS = 35+2+30+14-4:083 (CF)
=81-4-083=76:917

o @ @ 69 wmen
SSC| T+—3_+T+ 3 J

=22:917.



e "E'qu

sis of Variance
F-Test and Analysis'of Varian and Analy:
Ce

¢
F1%
a two-way OVA on .
186 02 @2 ©° o perform AN thedat gy e, -
O D7 D 4.083=8-167 2 ..
SSR="3 74 " 4 s of Land

5SE =TSS - S5C~ SSR=76-917 —22.917 —8-167 =45.333
ANOVA Table

£
Source of variation

. ding method subtracting 40 f; i
‘ Columns (Using O 8 40 from given
(;eﬂhy;TTremment) . Given for (3, 6) d.f. FO5 =476 rmber)

and for (2, 6) d.f. F-05=5-14.

[Ans:F ;
. : g:ttx::: kIill\e column = 1.31p, s ac
3, The price of a certain commodity was ascertained jn E:ChRn:vs S, Huf?s mg’}ﬁc]l;
in four quarters of a year. The prices are given below, Are ?heu\e o
J Variatig s

different towns and in different season significant ? oS in prices between
— ] ke
Quarters
lnterprelaﬁon dvalue of F=1 . T
(i) Between Treatment : The calculate lva ue e l s " : :
£ F for (3, 6) d.f. at 5% l.0.5.=4" o -
. Ta:;’e :;I:S:ted value of Fis less than the table value of F, the null hypothesis is accepted. . 1 & o :(; P
; iemc[;,e r:is no significant difference between the treatments. EE . 1 45 35 4 50
en(ii; Between Plots of land : The calculated value of F=1-87 v . g .
Table value of F for (6,2) df.at5%Los.=19-3 B . & A
Since, the calculated value of F is less than the table valufi of F, the null hypothesis is accepted. [Ans : F Between the column = 4-89, F between Season's =5-00 In both the cases,
e ignifi i tween plots of land. ; ‘ b e
Hence, there is no significant difference between p 4. The following table gives the number of units of production. per day tume3 :u:ell;c}zdu]x
EXERCISE — 2 different types of machines.
Emol
‘ ir sales in thiee - il Type of Machines ]
i A, A,, Ay and A, and observes their s: . l ]
1. Acompay appalnh 4 slee et i are given ahead : M, M, Ma My
seasons : Summer, Winter and Monsoon. The figures (in lakhs) are gt : s n
E 3 P
Seasons Ey 36 20
B 46 47
Usin,

& analysis of variance (i the hypothesis that the mean production is the same for

:he four machines, and (i‘;) t<eztlfli:a h;poylgesis that the employees donot differ with :ss?s;t
0 mean production. [Ans : F Between Machines= 9.27, F Between Employees = dl
5 In both the cases,AHo is rejected]

o . . l Th? followmg data represent the number of a commodity produced by 3 different workers
\sing 3 different ma dF:ines .

Workers

N ; 5
Carry out Two-way Analysis of Variance. sons =1
[Ans : F Between Salesmen = 1 I-n335, F Between s;; is acceP‘ed]

both the cases 0
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F-Test and Analys;
VSIS of vy
Hang,

. an productivity is the same for diff'er-ent -
T';‘séﬁ(z;;v}-}?:}}::ere?«‘rz;:rs dil}fer with respect to mean productivity.
r/’xns . F Between Machines =

is rejected i
cases, Hyis rejec! fur]man‘-'e of three detergents and three different water tem

* pes,
9.38, Hyis rejected, F Between Workers = 1q. iy,
+in by,

. < A 5 e
}Iglzr;‘ji:{gli‘ve}ug;ess readings were obtained with specially designed Equipn}:;\:t:“m' the
D t A D B Dat:
Cold water 55 67
52 68
Hot water 46 58
Perform a two way analysis of variance using 5% level of significance (Given Fys =6. 2

[Hint : See Example 1)

5 olumn = 9-845, Hyis rejected. F Between Rows = 9.
[Ans : F Between Ct o ok, F Bctver Hozsact:p?:}i
You are given the following data:
Workers Aachine Type
A B C

1 4“ 35 48 8

2 48 40 50 "

3 37 38 40 s

4 45 34 5 o

5 40 44 50 0

Discuss whether there is a significant difference in mean productivity between machine
types or.workers. [Ans : F (Between columns) = 7-85; F (between rows) = 374,
in both cases Hyis rejected]
The following table gives the number of refrigerators sold by 4 salesmen in three months,

May, June and Jul;
Month . 1
A B C “
May 50 40 48
June 46 48 50
July 39 44 40

Is there a significant difference in the sales made by the four salesmen ? )
Is there a significant difference in the sales made during different months ? In both c&s&
[Ans : F Between columns = 1.018; F Between Rows = 3-33. o i accel’t;g‘]l
. deter
The following data represent the sales (Rs. 1000) per month of three brands of2
related among three cities :

!

Cities D A D tB
1 12 48
I 2 54
Il 9 ©

|
Qand Analysis of Variance
.Tes .
f Test whether the (i) mean sales of the three
detergent in each city are'equal, brangg — 18
[Ans : F Between Branids <9.9p between ¢ 2nd (i) the megn sales of
es <10.3, 1,
both
I\IIISCELLANC'EOUS SOLVED - cases, Hy i e
ple9: To test the significance of the yyiq AMPLEg
am inci; ities » ions 3
Ex thrze PflflclPI; cn_ues : Bombay, Kolkata ":‘fdlhe Tetail priceg ofaco _
random in each city and prices Observeq i i four shaps yye ool
Bombay 1 1N rupee; ere chosen a¢
Kolkata 14
Delhi 4 .
Do the data indicate the Prices in the three cifies are significan
’ iitlydt
Solution : Hp :1tq =M =p3.ie, the mean pricesin the three citj antly different?
In order to simipify the calculation, Cities are the same,

subtract 10 from each

deviations and their Squares are as follow : observation. The
Coded Data
Bomba
X 7 Kolkats Delhi
1 1 X, x3 X, X
6 3% 4 16 “_ . T
-2 4 0 0 0 i
2 4 0 0 -2 \
4 16 -4 16 _2 4
IX1=10 | £X}=60 | X;=0 | sx}-3 |X,=-10| sxl-u
T=2X; +X, +IX3 =10+0-10=0
T2 (0
R et
N 12
TSS = Total sum of squares
=[2X2 +2X2 +3X3]-CF.
=[60+32+44]-0
=136 21
2
B exy? @xp? #X5) e
o my )

Tag? @ €921 0
|

SSW = SST - SSB
=136-50=86
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Example10:

Solution :

F-Test and Analys;
S of Vari,,
Nce

The various sum of squares (5.5.) along with the degrees of freedom @y
L) are

nin the following table

show
ANOVA Table
> £ Sum of square | Degrees of | Mean Sum of =
i::‘:l?u‘;\ S.5.) freedom squares (MSS) F-Radio
Between Cit 50 3-1=2 25 B
Within cit 86 9 9.556 9.55¢ = 2616
Tolal 136 12-1=11

Forvy =2and vz = 9, the table value of F at 5% 1. 0.5. = 4-261
Since the calculated value of Fis less than the table value of F the null hypothesis;;
accepted. We thus conclude that the mean prices in the three cities is ‘:;

significantly different.
were chosen from three uncorrelated normal population

Three samples, each of size 5, ; r
thesis that the population means are equal at 5%

with equal variances. Test the hyp

level.
[ Sumper | : Sopies ]
14

1
15
1
1 16 ;

for three saxnplgs

Let us take the hypothesis that the population means are equal

ie Hpipg=p2 =KH3
In order to simplify the calcuation, surtract 10 fro
deviations and their squares are as follows :

Coded Data

m each observation: The

S
i Sample 1
X, x}
0 0
2 4
- 1
6 36,
3 9
£X; =10 X} =50

Eram,
ple 11 ; :
.1 The following figures related to the number of unils of a product sold in five

r and Analysis of Variance
f:zx +ZX.
11.2 z;2x3=10+0+2 "
R e
=Total sum of Squares
=[zx? +EXG ko p
=[50+16+94]~60 B
=I_160-60=100
£X)2
sop =) X7 @K, &2 |
2 et J-cr
~ \F.

2
ot 0
5 75 75 8
=[20+0+80]-60
=100-60=40
SSW =TSS-SSB

™ B =100-40=60

e varlous sum of squares (SS)
shown in the following table: il

ANOVA Table

g with the degrees of freedom (d.£) are

Source of Sum of &
quare | Degrees of | M i
variation (S.8) freedom 5 :::‘elsu(:d‘;;) Fladio
Between City 40 3-1a 20 w20
T — . F===
Within city _ 60 15-3=12 5 -5 !
Total | ' "100 14

‘S’?f v; =2and v =12, the table value of F at5% . os. = 3-05
. rl{\ct-z the calculated value of F is more than the table value, the null hypothesis is
e‘;]s:;ed. Hence the population means of the three samples do not seem to be

different areas by four salesmen.

Area - Number of units

e N



192

Solution:

F-Test and Analysis of Variag
ce

ence in the efficiency of these salesmen ?

- nificant differ
significant ¢/ =3, vy =16i53-24)

(Given that Table value of Fgs forvy
ake the hypothesis {hat there is no significant difference in the —
Jesmen ie. py =H2 =H3 = Ha-

Is therea

Letust
of the four sa

der to simplify the calculation, subtract 80 from each observation, o
:inevc;;rions and their squares are as follows :
Coded Data
T P
E |
nlalmlxlx g
L 20l
20 400 15 25 T =
0 900 10 100 _5 k.
5 625 20 400 2 j
35 1225 25 625 s a
10 100 0 0 18 o
£X , =120|£X 2 =3250| =X 3 =70 2 ~13505X 4 = 20[2x2 - 49

T=2X, +EX, +IX3 +2X, =10+120+70-20=180
T2 (180)°

C F'=—I\_I=_20_=1620
155 =[2X2 + X} ++ X3 +2X5 1-C.F.
= [118 + 3250 + 1350 +418] - 1620
=5136-1620=3516

[EX)? (2X))* (2X3)? =x)?]
| —

—C.F.
58 n3 ny J

ny ny

2 2 2 (5021
la0? (20 +(70) +( 20) J~1620

5 5 5 5

=[20+2880+980 + 80] -1620
=3960-1620=2340
SSW=TSS-SSB
=3516-2340=1176 @
The various sum of squares (S.S.) along with the degrees of freedom T
shown in the following table :

ot

Eample 12.

Solution :

Bample 1 -

Analysis of Variance

Forv; = 3and v, =16, the table v,
ue of
Since, the calculated value of Fis greatef ;“i% Los.=3.94
is rejected. Hence there is a significant diff the table value, the ) , )
salesmen. erence in the efficiency fYﬁloetl}ss.s
our
Comp the f gi plete ANOVA tae,
Source of |Sum of square| De,
jati e of
Variation S. e of [Mean n of squara] ey
Within | 14 | 5 F=?
Total = =
We getv, =v-v;=9-2=7
ss
7 =MSB = SSB=MSBxp,=5x2=10
TSS =SSB +SSW =10 +14 =24
ssw=14, Mmsw=V 1 _,
v 7
pMsB 5
TMsW 2
COMPLETE TABLE
Soufce of Sum of square | Degree of | Mean sum of Fetest
Variation (S.S) Freedom squares (MSS
Between 10 2 5 ;=%=2A5
Within 14 7 o2
Total 2 9 | = remen |
Ac . D and observes their sales in
'Pany app four A, B, Cand D and obse b
;::r:: seasons in summer, winter and monsoon. The figure (in lakhs) are g1V
e following tables : £
Seasons Salesmen >
A 8 3
o = & 2w
Winter 28 29 :; 2 d
Monsnun 26 28
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Solution :

F-Test i
est and Analysis of va"iancé

an differ significantly in their performance ? (or Carry o
ut an

Do the salesm:

Analysis of Variance).

e data are classified according to two criteria : (i) salesmen

o way classification. > and ()
i i difference in th 3

Let us take the null hypothesis that there is no e e performa

salesmen. This hypothesis means that there is no difference between thl::: a;)f the

salesmen and off seasons. es of

In order to simplify the calculation, we subtract 30 from each Sbekryiiod X

e

deveations and their squares are as follows :

The abov
seasons. [t is a tw

Coded Data Squares of Coded Data
R 2 2
Seasons| X1 X, X3 X4 T:t‘:\ X1.| X2 X}/ X_}
6 6 | -9 | s 8 3% | 3% | 81| 5
2 | 4 1 2 0 4 1 1 4
= =3 -1 -1 -8 16 4 1 1
0 3 -9 6 T=0 56 41 83 30
T=0+3-9+6=0
2 (0? i
CR=p=T5 0
TSS=[£X? +2X3 +X3 +IX}]-C.F.
' =56+41+83+30-0=210
(0> 3® 92 ©*]
S I T T CF
SSC [ gt gt 3 J E

=0+3+27+12-0=42
[®2 ©% ©*1 - )
sora] &, O O Fa16+0+16-0=32
3 T ;
SSE = TSS — SSC - SSR = 210 - 42 -32 = 136
ANOVA Table

Source of Sum of Degree of | Méan sum of
Variation square (S.S) squares (MSS)
Between Columns 42 4

(Salesmen)

Betwen Rows 32 : Farse”
(Seasons)

Residual /Error 136 3x2=6

Total 210 1 _

lysis of Variance

st ond A7
tion
In“’?’l;olr salemen : The calculated value of 1.6 15
0 e value Of Ffor (6, 3) . atsv Lo _ oo,
1 fF i
gince the Calcul?;:%: ;ilflfzr:n]t:slzlless than the table vaye
ude that the sa esmen do not differ g; s We accept the il
2 (i) Forsalemen ® The calculated value of F=1.4y Sdcantly, hypothesis ang
Table value of F for (6,2) d.f. at5% 1.0, =5.15
. Iculated value of F is less than
since the caictt ok < the table b
cde hat there is not significant difference in the Sea‘_:dnl::; ;vfemaccep( the mull hypogreg
e as sales 5 1S and
pample 14 To studyﬂf‘he ?ei'ifor'.’“ﬂcf of three detergents and - oemed
rahx.res, e following ‘whiteness’ readin three different Water ¢
designed equipment : 85 Were obtained gy e "f";l"
ecial
' Water Temperature '
/ Coled Water
Warm Water
Hot Water
58
Perform a two-wa i i .
i " N Y analysis of variance, using 5 percent level of significance.
ution 3 &
o us take the null hpothesis that there Is no significant difference in the

performance of three detergents due to water temperature and vice versa,

In order to simplify calculatins, let us sub ]
r ) tract 50 fr fati
and their squares ae as follows : =

Coded Data Squares of Coded Data
Water b ¢ Row 3
T ] X, X3 Total x} X3 x3
Cold. 7 5 17 29 49 5| ®
Warm -1 2 18 19 1 4 &1
Hot 4 -4 8 8 16 16 L
Column 10 ; T=5 66 5 b

Total * °

T=EX, +EX, +5X5 =10+ 3+43=56
) 2
T2 (56
C.F. =—=——( 9) =348-4

TSS=[£X? +3XZ +2X3]-CF.
=[66+45+677]- 348-4
=788 - 348-44=439-44

[ag? Jjﬁ,f‘iﬁf_c.ﬂ
R 3J

3334 34616-33- 8- 4= 2
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2 2]
=——-+Qi—)—+(—8—;—J—C.F. \

[29)%
3 \
~280-33+120-33 +21-33 - 348-44=73.55
SSE =TSS - SSC -SSR
=439-56— 304~22—73~55=61 79

ANOVA Table

Source of Sum of square _Ijegree of | Mean stim of
Variation (S.5) Freedom | squares (MSS)
304-22 2 152:110 | 152119 °
- L T 155 8
Between Rows 7355 2 36-775 £ 36775
(Temperatures) . "k =14
Residual /Error 61-79 4 15.445
Total 439-56 8

Interpetation
(i) For Detergents : The calculated value of F=9-85

Table value of F for (2, 4) d.f. at5% L.o.s. = 6-94 e
Since the calculated value of F is greater than the table value, we reject the null hypothesis and
conclude that there is significant different in the three varieties of deregents.
(ii) For Temperature : The calculated value of F =2-38
Table value of F for (2, 4) d.f. at 5% L.o.s. = 6-94
Since the calculated value of F is less than the table value, we accept the null hypothesis and
conclude that temperature do not make a significant difference.

Example15:  Apply F-test on the following data
X3 25 30 36 38
X, 31 39 38 2
Xs 2 30 28 25
Given (Fy, 1, 5 percent=3-89)
Solution : Null hypothesis, Hy : pq =p, =p 5 i there is no significant difference in ¢

mean of three samples.

In order to simplify the calculation, subtact 30 from each sample values:

™

prest and
]

Correction Factor,

=x2=126 | zx,-
= 2=35
L\J_"zi

Anal)’Sis of Variance

ple 2

T=3IX; +3X, +IX5 =10+35-15-3
crI2_(0?
F=00 o
N 15
TSS = Tomls“mdsquam
=X} +2X3 +2X3]-C F.
=[126 + 315+ 69]- 60=450
SSB = Sum of squares between the samples

=F(>:x,)2 LX) +():x3)11_

| m ny
[10? @92 (157]
=75 Y5 +_5‘J—60=[20+245+45]-§0=150
SSW = TSS - SSB=450-250=200
ANOVA Table
i,ouf“. of  [Sum of squares| Degree of
arlation Freedom (d.£) | squares (MSS)
Between
Samples \\?50 2
Betwee, oo
Sampien 200 12
Total 450 1
f:lr 1=2,v, =12, the table value of Fat 5% level of _5187“("“"’95 i3 a;f‘;fmﬁ
pocWated value of F is greater than the table value 12 E< Fops'u‘:’en’f’ T of three
syp;tlhes' and conclus that there s significant difference 1L 0¢
€
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F-Test and Analysis of Varj
ance

QUESTIONS

analysis of variance technique‘? Explail:\ its basic assumptions and uses,
(a) Discuss the assumptions of Analysis of Variance test (or techniques)
(b) Distinguish between one-way and two-way ANOVA technique.
Discuss the technique of analysis of variance with an illustration for one-way classifeay:
Describe the technique of ANOVA for two-way classification. Cation,
What do you understand by analysis of variance? Explain the assumptions in an
of variance. ; analyg;
What is analysis of variance pr
within the samples-
What are the objectives,
What is analysis of variance

Explain the meaning and si
how a test is performed.

What is

oblem? Comment on the variance between the sampl,
es ang

assumptions and uses of analysis of variance?
? Mention its applications.
gnificance of ANOVA. How is an ANOVA table set up and

BEE®

d @) Point

]

: 4= LC 4>

~ Statistical Eggjy, afi
lon Theory

IN-[—Ro]:)UCTION :

- Very often, we will need to make an estimat,
istic, For exangll‘e, suppose we are to find Oliteth:f the population

i tra Uni il

e lgf:tlsm and Herice 'JV’KEIS“”' Kurukshetra, per day, I s gifg
,ulmednstumk is found out This sample lly done s, a sample faken andﬂ:ll\l {0find out the average of
Cola 3 . 5 sample mean is then ys; € average amount t
fact, we';s‘n::ate ‘;hne‘ }:?pulafh&)\n average on the basis oefds:ni?:;,l,‘: average of the pO;nm:é:r?;:
deals w') i m:\ i}s; & L i e unknown population parameters (;g;{ The theory o stimation
vaj:lanc(? 1 corresponding sample statistics (such as I as population meah and
estimation in a procedure of estimating the unk sample mean and variance). Statistical
comespondiong sample statistics. . Population p from the

SOME IMPORTANT TERMS

?f]%i‘?“’”““‘e’ terms are used in the study of statistical estimation :
i lmatr{rs and Estimates : Generally for the purpose of estimatin lati
use various' sample statist P g2 population parameter
median M, sample ‘P b ics. Those sample statistics (such as sample mean X, sample
param, Eters, (suchp Vananc-e 6%, etc.) which are used to estimate the unknown population
atual value take; a; population mean p, population variance g, etc,) are called estimators and the
beestimateq t: y.the estimators are called estimates. {0 (read as theta) denotes the parameters
, the ;i - S ~ .
the P°pulgﬁo>n Parax;x::st eﬂ;sle'xmator will be denoted by (read as theta hat). Thus, Bis an estimator of
w:;;'f‘“e and Interval Estimate : An estimate of the population parameter can be
nt Esti |
poPula]:'l-s:mate : A single value of a statistic that is used to estimate the “ﬂh“","c‘ﬁ
We use f, N parameter is called a point estimate. For example; the sample mean X whid
2 isa or_ estimating the po;;ulation mean pisa poime_sh‘mamr of p.Smulﬂl'lyé the Shmsilec
The . POt estimator of o7, where the value of 57 is computed fr}olm B mt}l:e ‘::;:‘;gin‘k
" estimate is a single point on the real number scale and hence
(i) g 22OF:

stat

one in tyyg,
() po;

te) e b al
valﬂ?gl Estimate : An interval estimate refers to e probable r2r" ttl\m“r]a‘;;c:r? sarlfed
fidyciy 2 PAlameter is expected to Lie. The (0 & reme imits ofSUTE T2 These are
deterp: z; confidence lz(ull:’\its and thé range is called a “’“hﬂg";f\ Ee basi.s of sample

on the basis of sample studies of 2 F}?ll;uel;;zﬁmeld students staying in 2

Stugjeg
S Wi
hen we estimate that the average mo"
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= is between Rs. 1000 and Rs. 2000, 1t_w1_ll be_a case of interval est;;

gerftg ﬂ?i (t)eoloI ng 2‘600 will be the two estreme limits wi thin which the acmahlx]::;f
c:fg!‘;le students would lie.

PERTIES OF A GOOD ESTIMATOR

than one estimators of a population parameter. For example, the o :

ted either by sample mean (X) or by sample median (M) or by samP};:Iahon

opulation variance (%) may be estimated either by the sample vy

(52) sample S.D- (s), sample mean deviation, etc. Therefore, it becomes necessary to determ“‘an-ance

2 =

or out of a number of available estimators. A good estimator is one which is 35
f the parameter as possible. A good estimator possess the follo‘c,}.?,:
8

and th
endifurg

PRO!

There can be more
mean (i) may be estimal
(2), etc. Similarly, the p

good estimat
to the true value of th
characteristics or properties:

(1) Unbiasedness

(2) Consistency

(3) Efficiency

(4) Sufficiency

Let us consider them in detail : . : )

(1) Unbiased : An estil 0 is said be unbiased estimator of the. POPuiaﬁoﬁ
parameter0if the mean of the sampling distribution of the estimator 0is equal to the correspon, ding

population parameter . Symbolically,

ns =0
. N 0
In terms of mathematical expectation, 8is an unbiased estimator of 8 if the expected value of the
estimator is equal to the parameter being estimated. Symbolically,
E@©)=0

mean X is an unbiased estimate of the population mean j becaise the

Example 1. Sample ne:
mean of the sampling distribution of the means px or E(X) is equal to the
pouplation mean p. Symbolically,

Mg =i or EX)=p

Example2.  Sample variance s? is a biased estimate of the population variance o? because
the mean of the sampling distribution of variance is not equal to the population
variance. Symbolically,

2 2 2 2
pg #0° or E(s“)#o
However, the modified sample variance (3?) is unbiased estimate of the
population variance o2 b
n
E(?)=c? §2=——xs$
(5%) =0 where, §°=1"7%

Example 3. . . ortion ?

ample 3. Sample proportion p is an unbiased estimate of the P°P“'.°"°'.'s"::fa1 o the

because.lhe mean of the sampling distribution of proportion !
population proportion. Symbolically,

Hp =P or E(P)=P

A

- e

kistical pstimation filieasy
518 .
o Consistert Estimator : An estimators g
tion P arameter as the sample size increas econsislﬁntif : 201
optl? :mator of the populati €S- In othe, the estimay,
4 nsis'e"' estima P! -lon Parameter g, ;¢ th 08ds, an o PProaches e
- s Jarger and larger. Symbohfauy' e Probabjjy, tatd ator B is saiq ¢, e
L PO-6-1 as 5 es0is 1 a5y
¥ . n-
Note: A consrstez.\F estimator neeq not tobe trbisieq ©
A sufficient condition for the consistency of an estipy
o ator j
WEG 0 s that
(ii)vﬂ(e)4035n4w
: Sample mean X is a i 5
panple ! expeql:Jted value of ‘hcﬂnsmem estimator of the populag;
variance of the sam;ls:ﬁple wpean ameid\esP:}?e ;;Thm‘mubeuuse the
& .
sufficiently increased. Symba.:;i:f;fm“h“ 2610 as fhe Sizeh:l; m:m and the
WEX)—>p ¥ sample is
(ii) Var (X) = T—%Oasn—»oo
Example 2 : dian is also i "
of the population mean because :

1
HEM) - p
(ii) Var (M) > 0asn—
“(Je)dEfﬁuent Eftx@ator : Efficiency is a relative term. Efficiency of an estimator is generall

efined by con:parmg it with another estimator. Let us to take two unbiased sﬁmatorségmmdé !
e : o _ { A0
eestimator 8, is called an efficient estimator of  if the variance of 61 is less than the variance of
sz.Symbolically,

) © Var@p)<Var@,)
The . 1 2
0,01 s called an efficient estimator.

E’m“l’le: 5
tor of the popul mean

sampling
tribution

Sample mean X is an unbiased and efficient
far true mean) than the sample median M because the variance of the
distribution of the means is less than the variance of the sampling dis
of the medians.
The relative efficiency of the two unbiased estimatorsis givenbelow:

2

» -

o 2 n o
We know that, Var(X)=6'n—rva'(M)=_2"—n_

Efficiency =

Var (X)=0-64Var(M)
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Therefore, sample mean X is 64% more efficiency than the sample mediap,

Hence, the sample mean is more efficient estimator of the population -

compared to sample median. ) e

(4) Sufficient Estimator : The last pro?erty tljat agood eshmat.m: shoull% possess is su

. torbis said tobea ‘sufficient estimator’ of a parameter8if it contains all the informg

An estima le regarding the parameter. In other words, a sufficient estimator uj; ationg
g“f l}r\:];ia(:rr:g that the given sample can furnish about the population. Sample means X is salis;:

a szfﬁcient estimator of the population mean. 5%

4. APPLICATION OF POINT ESTIMATION

The applications relating to point estimation are studied under two headings :

(1) Point Estimation in case of Single Sampling

(2) Point Estimation in case of Repeated Sampli\ng.

(1) Point Estimation in case of Single Sampling : When a single independent random sam I
is drawn from a unknown population, the point estimate of the population parameter canpb:
illustrated by the following examples :

Ciency

Example1. A sampleof10 ts of the diamet of a sphere gave a mean X =4.33
inches and a standard deviation =-06 inches. Determine the unbiased and
efficient estimates of (a) the true mean (i.e., population mean) and (b) the true
variance (i.e,, population variance). "
Solution. We are given :n=10,X =438, 5=-06
(a) The unbiased and efficient estimate of_ the true mean p is given by :
X=4-38
(b) The unbiased and efficient estimate of the true variance o?is:
¢ a2 " 2
§h=mys
Putting the values, we get
10
22
= .06=1- .06=-066
5 10_1x 06=1-11x0-06="0
Thus, p=4-38,67 =0-666
Example2.  The following five observations constitute a random sample from an unknoWh
population : .
6-33, 6-37, 6-36, 6-32and 6-37 centimeters. anee.
Find out unbiased and efficient of (a) true mean, and (b) true varid
: ) . . an) IS
Solution. (2) The unbiased and efficient estimate of the true mean (ie., population e
given by the value of
)_(_3_6-33+e.37+6.36+6~3z+6=37 375 g5
Tn 5 5 Jation
" . . popy
(b) The unbiased and efficient estimate of the true variance (ies PP
variance) is :

- - q‘
stical pstimation Theory -
5ta
Euml’lz 8-
Determine unbiased and effjc 2
population variance. *Sifant estimates of (q) Populati
0N mean
Solution. -

Calculation of Mean and Varian
ce

Weight | No. of Students | M.v.
V.(m) | A=g7 | g=
® dmn i d'=d/3 f ﬂ'l

60-62 5 0| o o T——
63-65 18 6 . | Plw o
" | e
66-68 42 67 0 0 0 1:
67:_:1 a m AES IR A
74 8 el +6 +2 +16 n
n=100 fi'=15 |g? =97
@) The i i i i i
fra)lue: unbiased and efficient estimate of the population mean is given by the
= Ifd'
X=A +% xi

=57+% x3=67+(0-45)=67-45
(b) The unbiased and efficient estimate of the population variance s:

- LI
=—5
n-1

z=£f£_[£f‘;')1xi2

n n

§

Where, s
Jo (B s
| 100" \100

. _ g25|<9=85275
. =[0.97.\02751><
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2 2 190 g 575-8.6136
Now, ST Tha1 99 .
2-8-6136
=67-45,6" =8
‘.l'huS: B in Case of Repeated Sampling : When large number of random samples
(2) Point Eshmil’lmf‘r;m the population with or wnthout'replacemelnt, .Lhen the point estimatee
of same sizuj aéi:‘;::me‘e, can be illustrated by the following examples :
of the popu'a! lation consists of five values: 3,4, 56 a.nd 7. List all possible samples ¢
Exampled.  APOP ithout replacement from this population and calculate the mean % of
s‘::hss:z‘plz Verify that sample mean X is an unbiased estimate of ‘the
P 3
population mean. .
" . i : , 7. The total number of i
consists of the five values:3,4,5,6,7. ! possible
Solution. ::‘g]‘z ui?h:;z‘e 3 without replacement are 5:3 =10 which are shown in the
following table :
S: le Values Sample Mean (X)
S"’“‘(’Le Ne: P @)
i 3,4,5 l3easg-2_,
3 3
2 @46 13(3+4+6)=%=4.33
3 @47 13(3+4+7)=%=4~e7
4 3,5,6) 13(3+5+6)=%=4~67
5 3,57 liassen=Sas0
3 3
6 3,67 13(3+6+7)=%=5-33
7 4, 5, 6) 13(44,54.6):%:5-00
8 4,57 1(4+5+7)=_%=5'33
17
9 @67 Lurern=5=56
3
10 5,6,7)
Total k=10
£X 50
Mean of Sampling Distribution of Means = X =% =10 =5.
3+4+5+6+7
Populatibn Mean=p=————5
5
i 4 i £ the population meat ¥
Since, Kz =K, sample mean X is an unbiased estimate of the pop! wall
Example 5. 3, Dré

Consider a hypothetical population comprising three values : 1,2

. ) d vartanc®
possible samples of size 2 with replacement. Calculate the'mean Xan

ab®

golutio™

I

ol gstimation Theory
{il

2 f h samp] i
s for each sample. Examipe wh
and efficient for the correspong ether y

. ® W0 sta -
- g tistics (% and 52
The population consists of three v, e s )m“nbiuld
samples of size 2 with replacemen; ﬂl:?'\;"ll - Sy o
it 85 L Th ny
Sample | Sample | Sample Mean : ~9Wl"mha"°Eiv'x:lblfl’ o s
No. Values X) g flmplp Varianc, -
el Modifieq
P T e sumple Vl:ixncz
1L @1 L 5
(14721 ! =
2(1+)=1¢ 21041 g o o !J
2| @2 ) s | 1 s -
3 2101584 500
s | ay |1 I
2 F=20 | Ly o
. ! 2®0=15 | L e
3 (-152=0.55 o3
5 2,2 l(2+ 2)=2 !
A e I e T o
6 @23 (1 :
2C2+2)=25 02932 gt0s | 0
AR B T3 ) x :
23020 | 0= 2 aerng e
8. G2 (1 -
3(3+2)=25 3132540250105 "
o 3, 3) 1 :
L 23*=30 | J(3-324(3- 30 “
[zt | k=3 [ a%em -~
L
h . X
(a) Mean of Sampling Distribution of Means = - =—-=E=2 - Here, K=No. of
BE=7 9 ’
samples.
14243
Population Mean p= =
Since, B% =H, sample mean X is an unbiased estimate of the population mean .

Is
(®) Mean of the Sampling Distribution of Variance=p o == ~=

, (-27+2-226-2* 2
=——’3?‘ 3
5 3 ulation
Ko #a2, sample variance s? is not an unbiased estimate of the pop
Variance (g2),

Population Variance &
Since,

22" 2 will be unbiased
But the modified sample variance defined as 5" =77

timate of the population variance o because
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B2 =0 :
2 dified sample variation is an unbiased estimate of th
- =g*, the mo e
Since, IJS-Z ; N
population variance.

Show that the sample mean (X) is an unbiased estimate of the population e
ow

Example 6. or

Solution.

is drawn from a i
" dom sample X1, X3, X3, -+, X5 18 2 population.
An t}:n:.eel:xe\“ie;:ﬂlj: that the expected value of the sample mean X equals th,
wil

population mean p. N
A random sampling is one where each sample has an equal chance of being
seI:cked. We draw a random sample of size ‘n’. 3
Then,
FM-I Where x is the sample observation.
E(@) =EL n ] 1
=l -[E(x.1)+E(xz)+...E(x,,)]
" s 1 :
Now the expected values of x; (a member of the population) is population mean .
1 () =E(xy) = EGx) =1
== +...+p] [-E(xq) ) %
E@=; [p+p i
T - [+BC=Cy +Cy +.:.Cy=nCl
n

Thus, simple mean X is an unbiased estimate of population mean.

EXERCISE -1 4 1
: 8.3,10-6,9-7, 8-8,10-2an
le of masses were determined to be 8-3, < of (a) the
D ey D i it o 4
population mean and (b) the population variance, and () compare (¢ 3579 555 g
deviation and estimated population S.D. [Ans.. (@ 9: (b)_ inches : 45, 47,50, 5% 48
A random samples of 9 individuals has the following h:’i’r%};i “o\fu(\a) true mean: O} 95
47, 49,53 and 51. Find the unbiased and efficient es [Ans. (3) 49-11 (b)
variance.
A population consists of four numbers : 3, 4, 2, 5. List all tl]::tst
two which can be drawn without replacement and verify o e
to the mean of sample means. +tinct samples 9!° ¢
. ¢ tinct S n
A population consists of three numbers : 2, 5 and 8. List all P“s?::;;‘: lsCalculalE the :‘]?:ion
two which can be drawn without replacement from this poptt he poP

it i timate O
for each sample. Verify that sample mean ¥ is an unl{xased es :
mean. ¥

. le:
ible distinct sampe
sll1e population meatt

is!ical Estimation Theory

gt Jation consists of five p,

A poPY wn wil 852,83,

5 Lhich Canzbe_d" ; ;(_"‘;h TePlacement 0% 68,17, 1 e 207
qariances” =5 [X1=X0%+(x, ~X)?1for each samP?pu]aﬁon' %?c:?llet SaMples of g
B 5 a e )
ar‘*—“;“bmsed for the corresponding Populatig par: " " e mean g
ofX7? : i Meters, w.. .
£ 10 television tub tis
6 ASIEES deviation of 10 ph ouced oY Aoy g i,

;OPulaliO" mean and (b) population Varianc:nblased and efe(g;e:.: “nlifeof 1001, d

3 esti L ang

[Ans,  Samaes of
K120 p g2 @

=11
CE INTERy,, :

be expect,
EI)’fmme)irs S

" TERVAL ESTIMATION (OR CONFIpEy,

Apoint estimator, however, good it may be,
i paramemr and in some cases ma'y qiffer wid
B s e i L :
y me‘dalt‘i)oi:fw nlrvo cor\ls)tanttl az;iztlﬁkt\y tl\aT:l; [;neuwd of i"“Ervcz:lw ;p'npué::m parnee s
‘::21:3;? of signi ficance. The interval T, ,] Wllhmlv::;kiz f(;r givmvalneon]=1'5°m1s|s in the
epected tolie s known as confidence interval ang the limits, anq fou e
cnfidence limits and 1-o is called the confidence metﬁclimt & 80 determined g
pecsionofthe estimate. For example, o=0-05 (o .01y ges s (;P;‘%%ms UPOn the desieg
Procedure for Setting up Confidence Interval (or Interval Esfimg, Fﬂnﬁdmce limits.
Population Parameter tion) or Linits for 4
The following steps enable us to compute the confidence interva]
population parameter 6 in terms of the sample statistic ¢ :
(1) Compute or take the appropriate sample statistic £,

(2) Obtain-the S.E. (¢), the standard error of the sample statistic £

(3) Select the corifidence level and corresponding to that specified level of confid
down the critical value of the stah'sﬁcp £ ; i e U
Applications of Interval Estimation (or Confidence Interval)

; The applications relating to interval estimation (or confidence interval) are studied under the
ollowmg heads : .

(4) Interva] Estimation for Large Samples (1>30)

;:) Inteva] Estimation for Small Samples (1 <30)
tus discygs ‘them . d

or confidence limits for the

">§:)), :}? e‘e.""l Estimation (or Confidence Interval) for Large 5;“‘?‘“5: 23l large sample
(11] Con:“erval estimation is further studied under the following k_‘“ £
@ nff:llence Interval or Limits for Population Mean )
B) ¢ ence Interval o Limits for Population Proportion fon
4p el “nce Interval or Limits for Population SlandAard Dev;a o
b 0] anﬁdm; ‘Nation of 5 Proper Sample Size for Estimating hi:l ,;>30) +Fhe determination of
e, Midence :‘cte Interval or Linits for Population Mean Fc(:’se " arge sample (1> 30) requies
ot Normg, Z{Val. orlimits for the population mean kif
Istribution.

f
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mits for pare given by:

i Ii
o (1 -a) 100% Conffence
@a %702 .S&Ei
or X£Zo/2 Jg where, o is known.
- s .
or XtZas2 Jg when o is not known. [For large sample, oo
(i) (1-a) 100% conf:'_t"lence int;rval fol;p is given:y 5
X-Zy/2 7;'<p<X+Zc/2 T
& s = s .
or X-Zq/2 ﬁ<l¢<x+zu/z " where, ¢ is not known.
In particular, 95% confidence limits for pare:
- o
X+1-96 E [For large sample, 5=s]
Similary, 99% confidence limits for p are

= o
X+2:58 i
Procedure: The construction of confidence interval for population mean p involves the
following steps: _ . :
(i) ComputeX or take X
(i) Compute th: SEgz by using the
— =—, whe is kn s
()SEg % , whencis known.
s
®)SEx="
Select the desired confidence level and corresponding to that level of
that value of Z, /- -
(iv) Substituting the value ofX,S.Ez

following formula :

when o is not known.
(iii) f confidence, we find
and Z,,, in the above stated formula.

Note :
1. Ifthe population S.D. is not known, the sample S.D. (s) is used for large samples.
2. The values of Z,/, (for large samples) corresponding to various level of confidence ar¢

given below :
Confidence Level | 90% 95% 96% 98% 99% | Without any referem‘el to
(1-a) 100% the confidence Jevel
Z-Value £1.64 | +1.96 | £2.06 | +2:33 | £2:58 £3
area under the

For other confidence level, the values of Z,,/, can be found from the tables of

normal curve given at the end of the book.
. Note : Where no reference to the confidence interval is given,
value corresponds to 99-73% level of confidence.

then we always Za/2~ a.The

At

g
1he foll

o &

golutio™

Eample 8,

Solution,

1 Esﬁmatio

n Theory
. les ill
owing examples illustrate the Procedyre for
A randomzsample of 100 observag Settip, W cong; 209
variance s~ = 400. Compute 959, , 1015 yielgs . idence iy
nd 999, (““ﬁde:gle Mean ¥ 1o
€interya] fop " Smp

or the po, ple
Pulation

s fory ;

mean.

We are given:n= 100, X =150 a2
ST 00554

SEg =

g?l’“

Fe
- eh , [For large sample, g <
At 95% confidence level, the valye ofZ
At 99% confidence level, the value of 7
(a) 95% confidence Interval or Limits E: /rzu :2.53
are’;

X+1.96
SEy

o/2 =1-96

Putting the values, we get
150+£1.96x2=150+392=1
*3.92=153,
Thus, 146.08<p<15392 i
(b) 99% confidence interval or Limits forpare:
F£258.5Eg )
=150+2-58x2
=150+5-16
=155-160r144-84
Thus, 144-84 < <155-16
A random sample of 900 workers i
/ ers i
:n)ches with a standard deﬁaﬁon:;ass'::l[lf:.ml shonedansengebeght ol
a) Establish a 95% confidence interval esti i
e i e erval estimate of the mean height of all the
(b) Establish a 99% confidence interval estimate of the mean height of all the
workers at the steel plant.

We are given :n=900,X =67,5=5

SE®=—=—2_=016

AbgEn Vi %00
At 950/" confidence level, the value of Z, /2 = 1.96
9% confidence level, the value of Zg /» =25

-(@) 95% confidence interval forp is:
X +1.96,SEx

[For large sample, s =0]

/ e
Puthng the values, we get
; 67+1:96%(0-167)
K 327 =67
- =67+0-327
us, 66-673 < <673

3710 66-673
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% fidence interval for pare:
e X +2-58.5.Ex
ing the values, we get
Pulling tht R
=67+0-43
=67-43 10 66-57
Thus, 66-57 <p<67-43
Upon collecting a sample of 100 from a population with known
deSil;lion of Rs. 50, the mean is found to be Rs. 500. standarg

(i) Find 90% confidence interval for the population mean.
(ji) Find 98% confidence interval for the population mean.

We are given :11= 100, X =500, =50 -
g
SEx=7;=7i00 > [Here, ois known]
At 90% confidence level, the value of Z,, /, =1-64
AL 98% confidence level, the value of Z, /5 =2-33.
(a) 90% confidence interval for p is:
X+1-64.SEx
Putting the values, we get
=500+1-64-(5)
=500+8-2
=508-210491-8
Thus, 491-8<pu<508-2
(b) 98% confidence interval for p is
X+2-33.5E5
Putting the values, we get
=500+2-33-(5)
=500+11-65
=511-65 to 488-35

Thus, 488-35<p <511-65
Confidence Interval or Limits for population mean when sample is d
1 In this case (1 —a) 100% confidence

g from a finite populatil
or limits are given by :

rawn without
interval

- o [N-n js known

XtZ,), T 1 whenois

o2 .5 N-n is not known:
or Xizalrﬁ' T\J_——_f wheno

=Finite Population Correction Factor

. ation Theory
Smisﬂ'“l o

A random San!ple 0f 100 artjcleg sel .

the average diameter of the arg; i lecteq f"’mab 21

Find 95% confidence limits fo, ; l::s =0.354 ., tchof

avy

Z value with 95% confidence jg 1.9g €rage of thig baig, ofrz !
00

1e 10-
B“"‘P
2 sty 2000 articleg g,
ndard dwialionujvs'h“
. o =004g,

We are given : N=2000,n=10p,¥ - 035 cles. [Given

tion
s E.=S. [N
X“hNT

_0-048 2000705

=—

X
VI00 "\ 20051
UL NI

10 *V1g99
=0-0048% 035035,
"+ confic =0-00468
At 95% confidence level, the valye of
. Zy/p=1.
95% confidence limits for pare : el
X +1.96.S.E-
Putting the values, we get ~
=U-35411-96x(0-00463)
=0-354+0-009173
. =0-34481t00-3632
A manager wants an estimate of average sal
: es of sall in hi
random sample of 121 out of 600 sal : is seln::tesd :sn:‘ - c‘nm.plfny- :
tobe Rs. 760. If the populati dard deviation s Rs. 150, oriiess
99% level of confidence. What is the interval estimate iorpopﬂagon mean n?
We are given : N=600, n=121, X =760, 6=150 :
SEg=Z. o
>5X "Jn |N-1
150 [600-121
=iz | eo-1
) =122
;\1099% confidence level, Z, ,, =2-58
9% confidence limits for Jare given by:
Bk . X +2:58-SEx
Utting the values, we get

'ands=0‘m

[For Iargesamp]e‘c:s]

=0-0048x0.9793

EBample 11.

Solution,

[Here, ois given]

[Here, s given]

o 58x12:2
=760+2 210148

_760+31-48 =728-
Thus, 852<cu<I- 48 -
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EXERCISE - 2

of 144 observations yields sample mean X =160 and sartiple vap:
95% confidence interval for population mean. Variane,
s [Ans. 158.37 «

H<161.
dom sample of 64 farms are found to have a mean area of 45 h 03]

:rg‘;\ﬂaigalir;viaﬁon olf:’lz. What are the 95% and 99% confidence limits for meec::::wx
[Ans. (a ) 47-94, 42.06 (b) 48.87 area ?
m sample of 100 farms are found to have a mean area of 250 hectares 41.63
standard deviation of 50. Compute 99% confidence interval of the mean area, H:“‘;Vlth a
the width of the confidence interval change if the size of the sample were increaseq to 4‘(1]ues
[Ans. (a) 237 -1 <p <2629 (b) reduced to ha‘:?

[Hint : The width of the confidence interval is inversely celat

. . with the size of the samafd
Upon collecting a sample of 200 from a population with known standard deviation of: 5‘;3]

A random sample
52 =100.Compute a

From a rando

the:mean is found to be 76- 3.
(i) Find 90% confidence interval for the mean.
(i) Find 98% confidence interval for the mean.

[Ans. (i) 75-695 < <76-905 (ii) 75-441 <pu<77.159)
A simple random sample of size 100 has mean 15, the population variance being 25. Find
an interval estimate of the population mean with confidence level of (i) 99% and (ii) 95%. If
the population variance is not given, then what should be done to find out the required

interval estimates.
n

[Ans. (i) 14-02 <p <15-98, (ii) 13-71 <p <16-29; o2 =52 = 2]
s n—-

A sample of size 64 was drawn from a population consisting of 128 units. The sample mean

of the measurements of a certain characteristics was found to be 28. Set up a 9%

confidence limits for the population mean, if it is known that the population. S.D. for the

characteristic is 4.
[Hints : SEX=%~ For 96% , Z=2:05]

[Ans. 28-7267 and 27-272)

(2) Confidence Interval or Limits for Population Proportio;
distribution associated with proportions is the binomial distribu
be used as an approximation provided the sample is large (i.e., 7>

n P : Though the sampling
tion, the normal distribution can
(when

30) and both np and 1§25

nis the size of the sample, p is the proportion of success and =1-p)-
(1) (1-a) 100% Confidence limits for P are given by :

P£Zy;5 -SE(P)

PEZosaY when P is known.
P*Zqss - % when P is not knowr

Jical ESHM? s T
s
gtal?

_4) 100% confidence interva] for p; .
@0 o Fisgiveny,

P 213

P=Zoyn. §<P<P+z
ticular, 95% confidence limits fo, p /2 '@

Inp? are:
p+1.96. P4
n

gimilarlys 99% confidence limits for p 5, ,
p+2.58 ‘/p:"

procedure : The construction of config
olves the following steps :
Ls ) Compute p or take p.
(i) Compute the SE. () by using the following formy,
a:

SE.(p)= PTQ

S.E.(p) =JP;-‘I

(iii) Select the desired confidence level and corresponding
g

n
ence limits o ;
T Interva] fo, Population
Proportion

When Pis kngyy,

when Pis not known,
0 that level, we fing the value of

/2"
(iv) Substituting the values of p, S.E. (p) and Zy /3,10 the above i
’ formula,

Note :
1. Ifthe population proportion (P) is n
el P! (P) s not known, then sample proportion (p) is used for large
2 When no reference to the confi is gi 9
confidence lone, idence level is given, then a.Iways take Z‘l /2 =3 for 99-73%

Bample12.  Out of 1,200
. tosses of a coin, it gave 480 heads and 720 tails. Find the 95 -
confidence interval for the ﬁeags. B
Soluti :
ton, We are given : 1=1200, X=Total heads (np) =480

p=Sample proportion heads =15,/ =0+4
Also, the population proportion of heads=P=0-50
- Q=1-P=1-0:50=0-50
[For large sample, p=F]

YV 1200

For 95% confidence level, the value of Zy/ =19

95% confidence interval for Pis given by
pl1-96 SE,

Pu“i"‘g the values, we get
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Example 13-

Solution.

Example 14.

Solution.
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eory

=0-4+1-96x0-0144

=0-372100-428
0-372<P<0-428

0 households in a city revealed that 500 of these haq
a

A random sample of 100 1 in
Gita. Find 95% and 99% confidence limits for the proportion of hOUSEhulds -
s in

the city with Gita.

Thus,

We are given : 11 =1000, x=No. of households having Gita = 500

For 95% confidence level, the value of Z, /5 =1:96
For 99% confidence level, the value of Z, /, =258
(a) 95% confidence limits for P are given by :
p+1-96S.Ex
Putting the values, we get
=0-50+1-96x0-0158
=0-50£0-031
=0-531to 0-469
(b) 99% confidence limits for P are given by :
p+2:58xS.Ex
Putting the values, we get
=0-50+2-58 x0-0158
=0-50£0-040
=0-054t0 0-46
A random sample of 600 pineapples was taken from a large consignment and 75
of them were found to be bad. Estimate the proportion of bad apples in the
consignment and obtain the standard error of the estimate. Assign the limits
within which the p tage of bad pineapples in the i ent lies.

We are given : n=600 x=No. of bad pineapples =75

Sample proportion, p=—-=0-125=12:5%
ple proportion, p=/~=0-125=12-5%
g=1-0-125=0-875

7 [0-125%0-875
S-E-(P)=\[%=1/—‘—600 =0-013

Since, the level of confidence is not specified, we assume itas 99-73%
For, 93-73% confidence level, the value of Z /5 = 3.
99-73% confidence limits for P are given by

- gical pstimation ARy
it
| pt3
| Putting the values, we get x SF‘X 2
15
{ :0.12513,(0_013
= 8125 + 0.039
| . =0-164 +¢.
Hence, the required Percentage Jjeg ?,86
cgnﬁden.ce Interval or Limits forp etween 16.49, i
draz‘r; thhput replacement frop, a"g'-l.laﬁon Pro nrﬁ:m
confidence interval or limits are give enn:; Populatio , I:l: h‘i';hen the sample ;5
: aas
prz_,. [P W 0 Topy,
a/2 T f—
n YN
where, Finite Population Correction Py
= ictor
Note : If N is sufficientl: 2
5 y large
population correction factor magy bfig(:::l;;fed 10 the sample size , e
fample15.  Out of 20,000 customers ledger . e e
test the accuracy of o Beraccounts,a sample o gy
test the accuracy of posting and balancing where gy o' "2 lkento
ssign limits within which the number of d I 45 mistakes were foyng,
95% level. efective cases can be expected at
. al
Solution. We are given : n=600, N =20,000, x=No. o
45 000, x=No. of mistakes n the sample ledger accounts =

Sample proportion

y , 4=1-p=1-0-075-0-925
ince, N is sufficientl: large as compared to the samplesize n, the finite: population
n
-1

correction factor may be ignored. Hence, assuming it as a sample from

finite (large) population, the standard error of p s given by

SE. (p)=‘/”;7"

,0-075x0~925

For 959, L =0-011 (appfox)
oun, e confidence level, the value of Zg/3 =1 %
> confidence limits for population P are given by:
p+1:96SE3

=4/0-0001156

Puttj Values, we gel 96x0
G l(h.ng the valug , get 0
¥ .075%1- )

—0.075£0:02 =(0-03, 0-097)
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of defective cases in a lot of 20,000 are expected to lie betw,
0,000 x 0-097 i.e., 1060 and 1940. een;
pulation correction factor is not ignored then;

Hence, the number
20,000 x 0-053 and 2
Note : If the finite po]
95% confidence limits for P are:

pqg [N-n
pil-%-‘/:- N-1

0-075x0-925  [20,000=
=0~075i1-96J————x 20,000 - 600
600 20,000-1

=0-075+1-96x0-0108

=0-075+0-021168

=(0-0538, 0.096168)
Hence, the require_d number of defective cases in the lot lies between 29 00
(0-0538, 0-096168) i.e., 1076 and 1924 . A

EXERCISE -3

A random sample 300 households in a city revealed that 123 of these houses had Gita, Find

a 95 percent confidence interval for the proportion of hoseholds in the city with Gita.
. [Ans. 0-355 <P <0.465]

A random sampie of 500 houses in a city disclosed that 125 of these houses had colour T.V,

) sets. Find a 98 percent confidence interval for the proportion of houses in the city with

colour T.V. sets. (Table value of Z for 98% confidence level is 2- 33).
[Ans. 0-205<P <0-295]
Ina market survey for the introduction of a new product given in a town, a sample of 400
persons was drawn. When they were approached for sale, 80 of them purchased the
product. Find a 95% confidence limits for the purchase of persons who would buy the
product in the town. [Ans. 0-1608, 0-2392]
Ina large consignment of oranges, a random sample of 100 organs revealed that 5 oranges
were bad. Set up 96% confidence limits for the proportion of defective oranges in the
whole consignment. [Ans. 0-005 <P <0-0%]
A sample of 500 screws is taken from a large consignment and 65 are found to be defective.
Estimate the percentage of defectives in the consignment and assi| limits within which
the percentage lies. [Ans. (a) 0-085 <P <0-175 (b) 8:5% to 17'5"/;]
In a random sample of 1000 civil servants, the proportion of those having favourable
reaction to the newly introduced income tax structure was observed tobe 0-45. Consrﬂlcb‘l:
95 percent confidence interval of the proportions of all civil servants having favour®
section. LN [Ans. 0-419 <d P ;128
A random sample of 700 units from a large consi ent showed that 200 were ad f
Find (i) 95 percent and (ii) 99 percent cgnﬁdencgenfinmits for the proportion o 3‘5‘3%%‘;
i, [Ans. (i) 0-253 <P <0-319 (ii) 0-242<P<X Gy
Out of 10,000 customers ledger accounts, a sample of 400 accounts was .selet.:le@[;o‘},mm
ar;? accuracy of posting and balancing. It contained 40 mistakes. ASSIST Timil
which the number of defective cases could be expected at 95 percent level. . 12901
[Ans. (a) 0-071<P <0:129 ®)7

ical Esﬁmation Theory
5
i Interval or Limj|
confidence - or Limits for p )
& fidence interval or limits for POpulatioy 2tion Sty
the con ormal distribution. onsp o . darg Des;
se :’5?1 _ ) 100% confidence limits forgan , Case o g
ive,
s:tzulz »S.F.s nby
or 52,y '%Zn
B Wheng;
- g ko,
G _a) 100% confidence interva] forgis oo,
§=Zq )y~ o
a/2 m<c<s+z i
articular, 95% confidence limits /2 7
by forcare:

5+1.96.—
v

gt

similarly, 99% confidence limits for g are [Forlarge R

$+2.54—_
Van
Procedure : The construction of confidence |

(i) Compute s or take s
(i) Compute S.E. (s) by using the following formula :

mils for g involves the following steps

or SE.(s)=—
(iii) Select the desired confid =
B lence level and corresponding to that confidence level, the value of
. (lv; Substituting the values of s, Z> and nt in the above stated formula.
m|
Ple16. A random sample of 50 observations gave a value of its standard deviation
;qu.al ‘fo 24-5. Construct a 95% confidence interval for population standard
eviation .
Solution,
We are given :n=50,s=24.5
s 45
SE.0- 75 =72
FO: 95% confidence level, the values of Z,/, =19
95% confidence interval forais given by:
- s+1.96-S.Es
g the values we get
=24.5+1-96x2+45
~24.5+4-802
=29-032t019-6%

Thus, 19-698 <0 <29-302
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EXERCISE - 4

i i iation of 25. Set up the limils for thy
le of 100 items gives a standard _devnahon of p or the po :
1 Q::Erdedeviaﬁon at 95% level of confidence. | [Ans. 21]‘)55?‘;?-![(’“
A sample of 100 items gives a standard deviation of 4700. Set up the limils'fu 46]
3 population standard deviation at 99% confidence level of confidence. I the
[Ans. 50324, 4367 &

per Sample Size for Estimating p or P:
d the confidence intervals based on the assumption that the sam
Kknown. In most of the practical situation, generally, sample size is not known. The mej thple
ample size is studied under two headings : od
timating a Population Mean
timating a Population Proportion

(a) Sample Size for Estimating a Population Mean : In order to determine the sample size for
estimating a population mean, the following three factors must be known :

(i) the desired confidence level and the corresponding values of Z.

(ii) the permissible sampling error E.

(iii) the standard deviation o or an estimate of & (i.e.,5)

After having known the above mentioned factors, the sample size 1 is given by :

(Z.o)z
"=E
Note :

1. The values of Z and Eare predetermined.

2. The population S.D. (c) may be actual or estimated.

anufacturer wishes to use a random sample to estimate the average

The sampling error should not be more than one milligram above
nce level. The population

hould the company use in

@ Determination of a Proj
So far we have calculate
size nis
of determining a proper s
(a) Sample Size for Es
(b) Sample Size for Es

A cigarette m:
nicotin content.
or below the true mean, with 99 percent confide:

standard deviation is 4 milligram. What sample size s
order to satisfy these requirements ?
We are given : E=1, Z,, / =2-58 for 9% confidence level and c=4.

Sample size formula is :

Example 17.

Solution.
z2.6%
EZ

n=

Substituting the values, we get
2.58)% (4)°
,,=(__1)2L_=106-50 or 107
ir
Hence, the required sample size #=107 which the company should use o
requirements to be fulfilled.

I Q

mation Theory

'7[ 5

5misticﬁl Esti
(}1:) Samplle sjzeffor Fstimmn
e sample siz i -
| :nust bel;now: : or eshmahngngp:‘}s;?‘iOn Prop, 2,
{ ” i ot
(i) the desired level of configep, " p“’Porh'm: 13‘,, 1N orer . v
| (ii) the permissible sampling eand g ® llowing temine
‘ (iiii) the actual or estimateq tgm:r:r E "QpnﬂdMg Valye of fctrs
2 . N T "
The sample size 1 is given by: OPortion ¢ Succes . otz
. ,
o ,.:%
ote :
Wher
1. The values of Z and E are predet, BQs1-p
erm:
2. The value of the population prop‘:‘;lne:.
. A firm wish : o P may b
pample 18. percent levelesft:oieé:[:‘:“ihwﬂh a Maximym a)lll e Simate]
e e the pro, N Owab]
How large a sample will be 'eql:i Portion of cuns“m";:‘"ﬂr 9f0-05.anq 5 g5
preliminary sales reports ingic red in order g ma . PPt produc
firm’s product ? @ that 25 percent of all:hs:m n st
consum,
Solution. We are given : E=0-05, P=(. 25 .
level. $Q=1-02520.75, 7.3
Sample size formula is o S0 conience
72
ne X
n . EZ
Substituting the values, we get
n_(2»33)1 .
0092 0-25(075)
54289 10179
=0.005 (0-1875):@:407460!408

Hence, the required sample size n=408.

EXERCISE - 5

L Af y
m w, - .

98%, the l;}rlgs to estimate with an error of not more than 0-03and a level of confidence of
Teports indj, Portion of consumers that prefers its brand of houschold detergent. Sales
Tequisite cate that about 0-20 of all consumers prefer the firm’s brand. What s the
Mr. w:,flmft’]e size ? [Ans. n=965]
show S to determine the average time to complete 2 certain job. The past records
X “‘ay}l‘: g;/pulaﬁ?n standard dewaéﬁn is 10 days. [';elemiﬂe the sa‘n}:ple silz: so that Mr.
% confident that the sample average remins£262)% of theave [i:'s )
ard deviation is 005

In m
®asurj
s Tin, : . 7
€congs, oo eaction time, a psychologist mmaiﬁwm,:m?:mr tobe 95% confident
An:

that the - How Iar,
e e a sample of measurements Mus! . n=96]
CITOr of hig esﬁmapte ‘will not be exceeded 001 seconds. [Ans.

~

:
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5 INTERVAL ESTMATION OR CONFIDENCE INTERVAL FOR SMALL SAMPLES (¢ 3,
The determination © ntervals in case of small sized sample (15 30) g studieq
undflrjfg: :::S:ﬁslmerval or Limits for Population Mean p
(2) Confidence Interval or Limits for Populatio.n Variance 62
(1) Confidence Interval or Lim.its for P(_:pulahqn Mean (11;30) H %en the. samples sjgq ;
small .., 1< 30) and o (the population S.D.) is unknown thg dgsuelcl confidence interva] or ﬁnﬁ:
for pgpulalion mean p can be found by making use of t-distribution. In case of smal] samp],

{-values are used in place of Z-values. . &
(i) (1 o) 100% confidence limits for population Mean p are given by :
)2
et or§= -1 2
n-1 =ynas

f confidence i

Kty where, i=modified sample SD. =

(if) (1 -) 100% confidence interval for p is given by:

o

Xtty2 '%‘"J(—ﬂa/z .
In particular, 95% confidence limits fur“u are given by
X o005 —J%
Similarly, 99% confidence limits for p are given by
X £tg.005 %
Procedure : The construction of the confidence interval or limits in case of small sample (1< 30)

involves the following steps :
(i) Compute X or take X.
(if) Compute modified sample S.D. using the following formula.

z(X-X)?
n-1

ny
n

when s is given.

§=[—:s

or
n-1

(iii) Compute the degree of freedom (d.f) using the formula :

df.=v=n-1 gty
(iv) Select the desired confidence level and corresponding to that specified level of confidence
and for given degrees of freedom, we note the value of thet,» from the t-table.
(v) Substituting the values of X, §and t, / in the above stated formula.

ard deviation of 3: Obtain

Example19. A random sample of size 16 has 50 as mean with stand
98 percent confidence limits of the mean of the population.
Solution. We are given :n=16,X =50, s = 3=>52 =9

f
!
|
|

P alistic

gample 20-

Solution.

ol Estim? tion Theory

F n
i S
5= 16 2
165793095 4

Degrees of freedom=p=p-; -
~1=15

For a 98% confidence leve]
L 0=0.0254
that

) 1.0
Using t-table the value of toy for 15 dfey 2770

98% confidence limits for Hare g
ven by

X Ftg, -

Sl

Putting the values, we get "

=502. 60,3098

=50£2.015
=52:015t0 47
.985
A random sample of 16 i
and the sum fp . llEms. ne i i
of squares of deviations franitey Population s\luwed;m! £
an of 53

0, . T s i
and 99% confidence limits for the mean of the ;‘:;:] is h_equal 10150, Obtain 959,
y — al
We are given: n=16,X =53, % (X~X)? =159 -

T(X-X)2
5o FED
n-1
_ [ ’150
= _16—1= E=J1—0=3~162

Degrees of freedom=v=n-1=16-1=15

For a 95% confidence level, a=0-05 so lhaku—=0'—05=0-015
2

For 299% confidence level, =0-01 so !hat%=9.7‘=°‘ms

The table value of tgp5 for15d.£.=2-131
The table vale of t 05 for 15 d.f.=2-947
(2) 95% confidence limits for population mean pare:

. Rityos
utting the values, we get
3162

53281 7
3162

=53£2131x 5

—53+1-684
_51.3161054-684
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Example 22.

Solution.

Statistical Estimation ThEnry

51316 <p<54-684

I confidence limits for population mean p are

us,
(b) 99% P n
X £to.005 " 7
i , we get o
Putting the values, Wi »
=53+2-947 *fe
162
4
=53+2-947 x0-7905
=53+2-33
=50-67 and 55- 33
50-67 <p <55-33.

3
=53+2.947 x

Thus,

. had the followi: ghts in i n 6-33, 6.37,
AsamP;; of Zua'd;; l‘::li:Ids o:l the \u\biaseci= and efficient estimates of (a) trye
6-36, 6-32 and 6-37.

heich

d (b) the variance. Also find 95% confidence interval for true mean (i, °
mean an

opulation mean). : o '
:’) Unbiased and efficient estimate of the true mean (i.e., population ngéan) is
a
given by :

X 6-33+6-37+6-36+6-32+6-37
= 5 _ "k
(b) Unbiased and efficient estimate of the true variance (i.e., population variance is

given by :

=6-35cm

n o, =%

—

22
T n-1

2
2 4 (6-32—6-35)2 +(6-37 —6-35)
(6~33—6~35)2+(6»37—6~35)2+(6'36‘61'35) +(6:32-6-39)
= BE

=0-00055 cm? -
§=4/0-00055=0-023 cm. _ .

Part B : We are given : n=5,X =6-35,5=0-023

Degresaffreedom=v=n—l=5—-1=4 N 0.05_0'025

For a 95% confidence level a.=0-05, so that E = =

The table value of 0-025 for 4 d.f.=2-776. - i

95% confidence limits for population mean p are given by

X £tg05-

Sl

Putting the values, we get

Smtisli‘al B

-

I

@

@ Configen,
n- ‘Uflﬁdence in
detrbutioy, He

18

" average nicotine of 25 millj

A random sample of size 9 has 49 ag m,

[
. Arandom sample of 10 families had the follg

- Asample of 6 pers

~9)100% cop

timation Theory

Thus,

A sample of 9 cigarettes of a certain brand o ob
: milligrams ang  gpang. o
99 percent confidence interval for the tru
of cigarettes. .
A random sample of 15' ladies from
expendirure on cosemetics is Rs. 120
ercent confidence interval for the try,
the ladies in Chandigarh.

dard dey; o Ncotine Content,
e average nicoa;.l" O 2.8y tShowed g
. A
Vi i o
. ard deviat; '8ir mongh],
€ monthly average exw‘él"hff::“ - Construct g5

ean. Thy [Ans, -0l<pciay.
mean is 52. Obtain 95% and 99% confidency lmf,;“;;‘r‘t’l‘]:};‘:s of devaton e

[Ans. (3) 47., v
A sample of 10 measurements of the djametef-az)f a $<"<5°'9ﬁ (b) 4614 <p<51.9q)

standard deviation 5=0-06 inches. Find (x) 95% o @ij&j‘mﬁm and
actual diameter. Ans. (2) 4-425 tg 4.335 g;c: " Ef:’gi‘a
WIng percentage expenses on food :68, 60,75,
99% confidence limits for the population mean,
. [Ans. () 7072 t0 553 () 73.23 ana 52.17]

Asurvey of 17 agricultural labourers reveals an income of Rs. 40 per week with a standard
deviation of Rs. 8. Find out the limits of mean weekly wages in the population with a
confidence of 95%. (Givent=2-131for 16 df). [Ans. 3574 <p<44.26]
ons in an office revealed.an average daily smoking of 10, 12,8,9, 16,5
cigarettes. Determine unbiased and efficient estimates of (a) the true mean and (b) the true
variance. Also find 95% confidence interval for the true mean.

[Ans. (a) X =10 (b) =14 (0 6:2<p<13:08]

70,73, 69,59, 60, 49 and 44. Obtain 95% and

. inati
ce Interval or Limits for Population Vamznte W_“‘"‘ * <M)'T:w§ '('5:';_:';,3:
terval or limits for population variance o requites the vse of 1
re)LZ~Values are used in place f-values. , b
fidence interval for population varianced \ isgiven by

a2 (n-1§

(n-1)$ e

n Hi-al2 .
art: . ianced” 15
Patticylay, 95% confidence interval for the P"Pmaho; Yamm '

22 n-1)s

X097
X005
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i i 2.
it i he population variance & is
imil % fidence interval for ;
Gimilarly, 99% con e S )
<0 <y
X0005 X099
Procedure : The construction of the confidence interval for the variance 2 irvclves g8

folloving s odified sample variance (é)2 by using the formula

(i) Calculatem el
2t TR
= _n—ls - on-1

ired confidence level and corresponding to that szpeniﬁed level of confiden,
S 2 =
fficient X g5 and Xi_a/2 from the % 2-table for

i t the des
o lue of the confidence coe

we note the val

certain degrees of freedom

Construct the confidence interval for o2 by putting the values of § P XZJ: and le_ w2 inthe

(iif)
above stated formula.

A random sample of size 15 selected from a normal population has a standard

Example 22. . i
deviation s=2-5. Constructa 95 percent confidence interval for variance % and
standard deviationc.
Solution. Weafeﬁivm:“=15's=2'5:>sz=6.25

2_| " |2
% —[n—le

15
57 x625=6:6%

For a 95% confidence level,a=0-05s0 that%=0‘025 and 1-a=1-0-025=0-975.

Degrees of freedom () =n—1=15-1=14
The table value of x 35 for 14 d.f.=26-1
The table value Oflgog75 for14d.f.=5-63
(a) 95% confidence interval forc? is
m-15> , @-D§
B T
X025 X975
Putting the values, we get
(15-1)x6-696 , (15-1)x 6-696
%61 ° < 56
or 3.59<0? <16-65
(b) 95% confidence interval forois :

V359 <o<+/16-65
& 1-89<0<4-08 .

| -~ ) Esh'mal:ion Theory
Lt :
| A sample of 5 indivi
e P 43.6,63-2and 38, cg:si::ll:t had e g
| 63-3+637 +63 %5% Configeng 8 hegiys ; -
" 3,
tio™ il 5 =63. r atiop ' 537,
P L, E-X)? * e,
e

n-1

.3 63-52)% +(63-7 +63.5)2
=(63 ) +((33A6_63'52)2

2652,
_ .04844-0.0324_”).0%1
+D'1°24+0‘0784
_0-268 4
=7 =00%7
95% confidence interval forg? jg
(n-15? ’
7 —<o? 08
Xo0s xgws

Degrees of freedom () =n-1=5-1=4
The table value of 15,075 for4df.=11.14
The table value of 15,0975 forddf.=-484
95% confidence interval forg? is
(5-1)x(-067)
JTEVINN
028 2 0248

2 B-D(den
484

14 ™
= 0-0240 <0 <0537

EXERCISE -7

1A PR

s :;x.\;j 0(1:11 sample of size 12 selected from a normal population has a standard deviation

dei onstruct 95 percent confidence interval for (3 variance a” and () standard

A randcncl [Ans. () 3.15<02 <18:08 (b) 177 <0 <4-25]

s=7, C°ln sample of size 25 selected from normal population has 2 standa‘rd. deviation
"-onstruct 95% confidence interval for (o) variance 2, (b) standard deviationd.

[Ans. (2) 31.12<0? <879 () 5.578<0<999 ]

o enditure on
- i i {hat their monthly expency
os Sample of 15 lad locality shows
h‘:\“’e:lcfs s Rs. 120 Withaa ;?a:?é:rgoc::vig:ion%f R, 40. Construct 99 percent conlidence
Or (a) variance 62 and (b) standard deviationo: —
[Ans. (2) 66.8<0? <80 770
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QUESTIONS
1 - et Bt -
" tistical estimation ? sthng_uns etween poin| estimation and j
= z}i':a:is(urimDessclribe the desirable properties of a good estimator. Int,
2 Discuss the important properties of a good estimator. Show that th
e

at is an estimator ? c n
x ::rhnple mean is a good estimate of population mean.

3. Differentiate between :
(a) Estimator and Estimate
(b) Statistic and Parameter

€rva]

(c) Point and Interval Esti 3
4. Explain the (i) consistency (i) Unbiasedness (iii) Efficiency and (iv) Sufficiency Properti
of an estimator. o

d and efficient estimates of (a) true mean and (b) true variance.
OR ’
Define efficiency and unbiasedness of an estimator.
6. Define unbiased and consistency properties of an estimator.
i cept of confidence interval or interval estimation. i
" fe?ﬁha;uf;‘eacc%r;tﬁg;nce interval for the population pau'amet:‘r'iJ Outline the procedureos
8. Explain the procedure for setting up a confidence interval for (a) population mean (b)
population proportions and (c) population variance.
9. Define the following terms and given an example of each::

5. Define unbiase

(i) Unbiased statistic (ii) Consistent statistic
(iii) Efficient statistic (iv) Sufficient statistic
10. Show that the sample mean (X) is an unbiased esti of the population mean (p).

11. Explain why a random sample of size 25 is to be preferred to a random sample of 20 to
estimate population mean.

RHE

@\
Non- h 4

. Pa,
S st
[N'IKODUCTION N

ling tests, discussed so far, are kn,

j:m[i, nsgthat the concerned sample has:::na:bl;j"::je:c tests becayge

soneor more parameters. For example, the use of Eeqt too:apupmaﬁmmmmbne

osamples are drawn from normal population wigh vy st the Hg y=p leq“::“a e

Fest- requires 0 test Hy :0'% =c% assumes that e :ﬂﬂnce(ul =6§).Similaﬂy’me “:};
pulation with equal variance etc. The validity of the resy] amples are obtained frop, normal

" " Is of a i
he appropriateness of, these assumptions. Thus, yj Parametric test g,
’ these assumps epends upon
ptions

parametric tests are no longer applicable. In such cases, it is essentiltosn. are not met, the
MEANING OF NON-PARAMETRIC TESTS Sy i,
Non-parametric tests do not require any ions about the
p out the

ofpopulation. By non-parametric tests we me: £ about thy
an those statistial tests which dd e
; not depend either

upon the shape of, the distribution or u; A

n t pe of. the, .or upon the parameters of the i

::;::1:‘1?;0 rwl/:z:)ance, heitc. The assumption as to the normality or symme pogx?ym;fnll;:n' Shuln:;:d

s Nonpar a:ev[:i fh the sa.mples. have been drawn is not required for these non-g:gameh?i:
c tests are sometimes referred to as distribution free tests. In addition to this,

hese non-par; i i
o Parametric test do not require measurements so strong as that requires by parametric.

DIFFER] b .
ENCE BETWEEN PARAMETRIC AND NON-PARAMETRIC TESTS

tests, D
o -ﬁ;:ﬂ?ud} assumption is taken about the population. It is because of this that
@ P ametrj etric tests are known as “distribution free tests”. )
C"mpn‘se(c: tests comprise of f-test, Z-test and F-test whereas non-parametric,
8 square test, Sign test, Median test, Wilcoxon signed rank s, efc.
. d the varizbl i tsted for

Case of 3
drawine & Parametric test a normal hypothesis is set up an¢ ¥ i)
'8 inferences, In case of non-paramyeph'ic tets, nverse (0pposie P! i

4
DVANT AGES i
So OR USES OF NON-PARAMETRIC TESTS

me ad

1) Va-nlages . B

¥ Non, (or uses) of non-parametrc teisare m;num:e:ie:fxli?ew any assumption to be
o not A 1

Mad etric tests are distributi ie., the
@ e abg s dre distribution free i they € oo
) Cenergyy 2t Population following normal or any othe; ?;:}lf:‘ f;:sample sizesaresmall.

0) In et
:?‘Efmtests, \ptions of normal population is taken whereas innon-parametric

tests

¥:they are simple to understand and easy 10 2P

-
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228 ) ' ‘
Most nor parameh'ic tests donot require lengthy and laboroius arithmetical mmp"“aﬁon,
By Mo e ime-consuming.
¢ less time- . .
@ ;"dn h::rc:;;mc tests make fewer nd less restative assumptions than do the Pk
. ic

/tests- . i
(5) There is no alternative to using a n

nominal scale-

Non-parametric
® papufaﬁons without m:
TYPES OF NON-PARAMETRIC TESTS

There are many types of non-parametric tests. The important among them are :

(1) Chi-square Test (discussed earlier in %2 Chapter)

(2) Sign Test

(3) Wilcoxon Signed Rank Test

(4) Mann-whitney U-Test

(5) Kruskal-Wallis Test

(6) Wald-Wolfowitz Runs Test .

(7) Other Non-parametric Tests (Rank Correlation, Median and Kolmogorov-Smirnov tests)

Non-Parametric Tesls o

on-parametric test if the data are available in ordip, al
or

tests are useful to handle data made up of samples from ol
aking assumptions. ral

Wilcoxon Kruskal-
Signed
Rank Test

Wallis Test

Let us discuss them in detail I
(1) Sign Test : The sign test is the simplest type of all the non-parametric tests. Its name comes
from the fact that it is based on the direction or the plus or ‘minus signs of observations in a sample
and not on their numerical magnitudes. s

Types of Sign Test \
‘The sign test can be of two types :
(a) One-sample sign test, and
(b) Paired-sample sign test
@o ple sign test : In ple sign test, we set up the null hypothesis that
signs are the values of a random variables having the binomial distribution with P=3 it

1

iand-
+1al'\

.
Hy .p—Eonha!p;p,o

P.roce.du.re + This test involves the following steps : ‘ than
@ fl‘\“ d the +and - sign for the given distribution. Put a plus (+) sign fora value greater rto 0
e mean value (i1 1), a minus (-) sign for a value smaller than the mean value and aZ€!

o :;r avalue equal to the mean value. ‘
ii) Denote the tc i i i

B gn: l:y h Se,‘toka] number of signs (ignoring zeros) by n and
(iii) Obtain the critical value i

by using the following fo(fr)nﬁla‘fss frequent signs (§) preferably a

the number of less frequent

5% level of significan®

Tests
rametric
o’
v ) S
or s 2 ~0%4
the value of ‘S’ with o n 29

. compare the the crit n
) S:l ue of K (i€ $>K) then the ny]| hy}::;]:’.l“? 6.1t e

rejected: 5 atcepieg. o

. The problem relating to one

rer : The P*o —
b';llailif)’ istribufion V;Ihhen the sample size isl’f;ﬁ:est aan

po et signs P9 Y the S4m of the probabisyy Y Smal 1,

Ue of g ;
N S gre;
also pe esis is

olveq
4 Y Using B
JesS 5 X i _1 of § of 1<25), wepo g Bingy -
l{onn“"' nc, '~ *,p” withp=7 Then, we compare S et S uging lhef?i:op“?bahﬂily :;nl;]a:
ignifi o Mial distriy
eXPeC'ed valueat e levgl of significance ie,atgs ety Valug of Stibution
meﬂ,]ated probability P(§) is <0-05, null hypoghess 0-05 for gng 1 Probaily
;,ypozhesis is accepted. 1S IS rejecteq and iftza;aﬂe‘i et I e
ducti >0.05,
punple ;«rric;:kl:;‘t’e :: aD;;Ea-gmﬁ of alarge undertak;, e null
foundtobe2,4,5,1, ;i, 3 ezl;m;'::; of Workers i::?e"::y Paid 10¥isits 1, -
i eyt 8 5 a
claim r;f the production supervisor ﬂ:tsg:cnvely. Using the sig:,:: duly was
report late for duty. Use 5% level of sjpn; N average, not more yerty the
. H,: . ignificance, than 3 workers
Solution: Let Hy : p<3against Hy : p> 3at 5% leve] of significan
- \ce.

Determination of Signs w.r.

-
x T sy

Total No. of Signs = n =9
(ignoring 0's)

& -

4

5° : . No.of Plus Signs =5
1 E No.of Minus igns =4
s * No.ofZero=1

3 0

2

1

7
i3 e g X
From the above table, we get
;otal no. of signs (ignoring zeros) =n=9
umb.er of less frequent signs = § =4

The critcal value (K) of less frequent signs (9 at 5% level is given by :

= -1
=% -0-98 Jﬁ=9—2--0-9845=4-2~94=1~ua
than the critical value of K(1 -06)
that thesample datasupport the

?ix\ce number of less frequent signs S(4) is mOr
c.la.\" S>K, the null hypothesis is accepted- [tmeans
1M of the production supervisor:

i . bility Distribution.
Aliter: We can solve the above problem using ability

Binomial Prob
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Example 2.

Solution:

Non-Paramehic Tedks

1 =
We aregi\'en,n=9,p='2' ,a=0-05,5=4

The pmbabilily of 4 or fewer success is given by :

plssu:m(%)5(%)4+°Cs(%)6(%)3+’621(%17(%)2
(3) e (5)'(

9

o=
~—

() +(a) )
=126(§) +84 2 +36 2 +9 2
1
1
—. —=—===05

=2 [126+84+36+9+1] 512-2 0
From the above, itis found that P (S)>a[o=-05]
This suggests that the null hypothesis is accepted. It means that the sample daty
support the claim of the production manager.
Suppose playing four rounds of golf at the city club 11 professionals totalleq
280, 282, 290, 273, 283, 283, 275, 284, 282, 279 and 281. Use the sign test at 5% leve]
of significance to test the null hypothesis that professional golfers average
1= 284 for four rounds against the alternative u<284.
Let Hq:p=284against Hy : <284 at 5% level of significance.
Determination of signs w.r.t. p=284
282 | 290 | 273 281
-+ | - -

275

284
0

282

279

283\283

From the above table, we get

No. of Plus signs = 1; No. of Minus signs =9, No. of Zero = 1

Total no. of signs (ignoring zero) =n =10

Number of less frequent signs () =5=1

The critical value (K) of less frequent signs (5) at 5% level is given by

K=¥—o-9s1/'= = _0-98/10=45-3-099=1-40

Since § is less than critical value of K (1-40) i.e., S<K, the null hypothesis is rejec;ed-

It means that professional golfers average is less than 284 for fcu.r‘muntjls of 805
Aliter : We can solve the problem by using Binomial Probability Distribution-
We have, n=10, p-% ,a=0-05,5=1

N
The probability of one or fewer successes withn=10and p=7 i givenby

9 1 ) 10 2L 0
pssi-c, (3) (3)'+ e (5) ()
1 01 n
=10 —— 4 ——=——=0-0107 app-
10 J024 * 1023 ~1028 0" 0107 2PP

| tric Tests
rame
on.]"a

From the above, itis foynq th;
The null hypothesis is rejeﬂ:; PIE =0,

s ﬂ‘a"‘5234 four for rounds of goITeans that 1
ired sample Sign Test : The ; g Profegg, [0 <.
o) P2 aired data such as data relaﬁngg::) ‘tehs‘ has v, N2l golforg: ave,-agen

. ery im
olin jon policy; € collectigr - POMtant gy, . .
‘"W; anew colleczz" Pir ch)’; resplonses Of mother 1, dechon of an c‘ PPlication ;.
et plems, each pair Of sample values s rop,), o daightgr o 0Nt recgyy) & Problems
nd, a minus sign if the first v}, ced wj OWards iq, e

eal e PE10%€ ang

4 O E uej apligg 0 X
o ::; lse‘l'hen we proceed in the same mann:z‘:‘flller than n’ieus S if e f“:mii Size lc Iy
e z Inone-gap, Oragerys U IS gregy
th i ple TOif th
ganple > g.iec‘oliescltgi:x:e:ft ::s:;;f fhtere 15 differeny, - etwovaly
. unt recej etwy
Use the 0-05 significance 1evel'1¢lvable before ang :;(::‘:e Rumber of st
< e s
30 W collection poli
After :

solution. Let us take the hypothesis that there i ﬂﬂm

i iev i 15 no signj 1
themew; FOUECtlon Pollcy in the accounts l'ecegéﬁ,mnt ifference before ang after
N

\

Detemlinatinn of the signs
Before (X) 30 |28 |34 |35 ole]zls
After 132129 133 |3 | 37| a3 | |

Signs(X-¥) | = | - [+ [+

851587 ]5]y %
T35
=da] |-
From the above table, we get 3
No. of Plus signs = 6; No. of Minus signs =8, No. of Zeros = 1
Total no. of signs (ignoring zero)=n=14

The no. of less frequent signs (+)=5=6

The critical val;xe (K) of less frequent signs (5) at 5% level is given by
n— -1
=577 0:98 Yi=———0-98 /1=65-3.666=2:83

+ -] -

-l+]o

gi.m:e S >K, the null hypothesis is accepted. This means that there is nosignificant
ifference before and after the new collection policy in accounts receivable.

 MPORTANT TYPICAL EXAMPLE

Ample g, Y :
A physical instructor claims thata particular exercise if done conm'muusly for7
::is, reduced weight by 3-5 kg. Five overweightgirls did the exercise for 7 days

th

eir weights were observed as under: ﬂﬂ

Girls :
claim ata=0-05that the exercise reduces

Weight before exercise :
Weight after exercise :

Makip, 5

8 use of the sign test, verify the
B : ign test,

he weight by at least3-5kg.




Solution:

Non-Parametric Tests

Denoting the mean weight before and after exercise by py and p, respectively, y,,
» We

have the following,
Ho i1y ~hp =3-5againstHyiky —Hy <3:5,0=0-05

Determination of Signs w.r.t.3.5

Girls X Y D=(X-Y) |Signs(D ~3.5)
1 7 66 4 =
2 72 70 2 L
3 75 72 3 o
4 71 66 5 +
5 78 72 6 &

From the above table, we get
No. of Plus signs = 3; No. of Minus signs =2

The total no. of signs orn=>5
Number of less frequent signs=5=2 The cri

isgivenby :

tical value (K) of less frequent signs; ()

n-1 5-1
=— 098 JE=—2——0~98J5‘=2-2-19=—0.19

is accepted. It means that the sample data support the claim that

Since S>K, Hy
ly done for 7 days reduces the weight by at least 3-5kg.

the exercise if continuous!

LARGE SAMPLE AND SIGN TEST

When the sample s
binomial distribution to

Then we get the critical value of Z at the desired level of significance.
_ Ifthe calculated value of Z happens to be less than the critical value,
hypothesis. If the case is reverse, then we reject the null hypothesis.

Example 5.

_ Solution:

ize is fairly large (i.e., n>25), we use the normal approximation to the
carry out the sign test. The value of ‘Z’ can be computed as :
S—np

Z=——
Jnp@-p)

then we accept the null

Given below are the data relating to the daily milking from a cow for 30 days:

18-6 [ 16-6 | 23-2 | 21
20-4 | 22-8 | 24-6 | 22:8

23 | 20-8
Milk in Litres | 19 | 23-2

" average daily milking from the cow is 22-4 litres a5 a

19-2 | 20-4 | 22-2 | 24-6

esis at 5% level of significanc
gainst the a

18-6 [ 17-4

e that the
Iternative

Using sign test to test the null hypoth

hypothesis that it is less than 22-4 litres.
We have, Hy : p=22-4, H, : p <22-4, =005 (=>left tailed test)

Determination of the signs w.r.t. 22-4

sts

;ramem.c Te

yor?

From the above, we get
No. of Plus signs = 11, N
& * 11, No. of Minye .
Total no. of signs (‘ST\Oring zErc‘)"_ﬂs signs < 1 N
The no. of less frequent signs (4 :n:zg 0. 0f Zros -
Since t!_le si_ze of samples js qUi—tSﬂl
approximation to the Binomi,| diseh'il' ¢ (n
S
np(1-p)

Substituting the value in the above, y,
» We get

11-29(1
Ze ¥ U-us .

T
29 x% (] _%J J14~5\x0.5=m=_],3

The critical value of Z at 5% Jeve|
/o level f .
Since the calculated value of Z <H\2‘£::iﬂed test=—1.¢45
This suggests that the null hypothesis js valueof Z e accept Hy,
milking from cow is 224 litres, accepted. It means that the average gy
() Wilcoxon's Signed-Rank Test Y

This is another non-parametric test which h;
based on the ranking of the sample of observaticmass b'een et
beof two types : ¥

() One-sample signed rank test.

(b) Paired-sample signed rank test.
MH(;)y‘:(::;z:i‘;n;:a?ﬂelsamwelsigned-Ran.k Test : In a one sample signed-rank test, we test the
dgifonce H=pq against an appropriate alternative hypothesis at a desired level of

z;océdm + This test involves the following steps :

4 Ail;.:ulate the difference d=x— pu with algebraic signs.

i ’gf‘r‘o"a“ks (ignoring the signs) to the difference in the increasing order of magnitude
e m low to high) ignoring zero differences. In case of ties (ie., when two or more

- el? are the same), assign ranks to such pairs by averaging their rank pasitions.

3 a-a the ranks against the + ve difference in the + ve rank column (R ) and al he ranks
Bainst the - ve differenices in the - ve rank column (R”)

(iv
('v)) ﬁi‘suf total number of ranks,
25, then calculate the value of the test statisticgiven
Ver s Jess, ¥

(vi) Th,
e
itl:\rf;?d the critical value of T from the Wilcoxon o
erence to the values of n and (i.e, significance €'% al
equal to its .cnhﬂl" ue,

| hypothesis:

e, ny.
isuteg, 2 e ety is
a dlose

We have, 7=

developed by Sir Wilcoxon, This et i
€ sign test, Wilcoxon's ﬂg\e?mnd\j:tﬁmﬁ

byT=ER+ or IR™ ranks which

's T-table given at the end of the book

Wi
i ject the null
then rejec
l")'lu':lf\cezl'mlale“l value of T is less than or
1S. In the reverse case, accept the nu!

4



pa;ametﬂ'c Tests : T
Non-Pa i o
" rametric Tegyg o Let us take hypothesis Hy:
. X o tion* pefore and after a n Cere jg
a ger of a large g rand Ppaid 10 visj golv eW collect; > o dj
Example 6. ;‘;:k}:i'?:i:,c::ntn(h. The number of workers reported lalelfor duty v:;:‘;:‘:" the And  Hj:Thereisa diffel.el:n Policy i '“:fence be een &
be:2,4,51632 1, 7 and 8 respectively. Using Wilcoxon’s sigm:d-ram:‘ dto Determin.s: Ce bEtw;,enlh Acoupgg Tecej the Number ¢
B o the claim of the production supervisor that on anaverage, not more th, test _ Deferminatign g g, o, e days
workers report late for duty. Use 5% level of significance. an3 X ¥ d=X _y] 4 Bned Ranks
Solution: Let us take the hypothesis that Hj : p= 3 against Hy:p>3 . | — 1| Rﬂ(:k‘, ® I
X d=x-3| ld| Ranks (+ ignored) Signed Ranke | 3 32 -2 2 % Signed Ragjey
R et 8 | 2 - : p \,,\5.‘\‘?1
I R |
; a1 1 2 e o B o1 | 3 kR
N 1 1 2 2 _ 35 32 3 9 3 - 3
& 2 2 5 5 - ‘ 40 37 " 9 3 -
" =7 " 5 _ . | 2 43 -1 3 9 8 “ s
6 3 3 7 7 _ } 33 40 _7 . 3 S -
3 0 0 - = - | 38 41 -3 . 1 :
2 -1 1 2 = 2 34 37 _3 9 u
1 -2 2 5 7 5 5 i 3 o
7 4 4 8 8 - 28 27 ! .
8 5 5 9 9%, =il 2 4 ' -
= = = - 6
Total n=9 ER* =3.1 : SR =14 25 30 _5 g
From the above table, it must be seen that total number of ranks =n=9 (i.e., <25). - 4 38 3 3
Since 1< 25, the test statistic is given by : i 36 36 =
T =smaller of the two sums of the signed-ranks = 14. 4 e Total =
Looking at Wilcoxon's T table at 5% level for one tailed test at n=9, we get the
critical value of T or Tygs =8. /it Ui From the above table, i
e, it
Since the calculated value of T (14) is greater than its critical value (8); the null Since 1<25, the test stlat?s\:i‘zti:e e !:a t the total number of ranks=n=14(n<25).
hypothesis is accepted. It means that the sample data support the claim made by T= given by i
the production manager. ks : P Lookin N =smaller of two sums of the signed ranked = 36
 (ii) Two Sample Signed Rank Test (or Paired-Sample Signed Rank Test) : The Wilcoxon’s citical %:It Wilcoxon' B T table at 5% level for a two tailed test at n=14, we get the
signed rank test has important applications in problem involving paired data. Such a test s widely j Sin. ue of =21

used by the research scholars in their study of two related samples or matches pairs of ordinary ce the calculated value of T is greater than its critical value, null hypothesis is

data viz, outputs of two similar machines, responses gathered before and after a treatment, et :lCCePted. It means that there is no significance difference between the number of

nr]here we can find both the direction and magnitude of difference between the matched values.In ays ljefore and after a new collection policy.
ese Pdm_blems, we find the difference between each pair of values with algebraic signs. Then We

proceed in the same manner as in the case of one sample signed rank test. F‘“"lple 3 IMPORTANT TYPICAL EXAMPLE )

Example 7. Use Wilcoxon's signed-rank test to see if there is a difference bl!!wteil‘t::‘: E : physical inﬁructor claims that a particular exercise i{ don m“ﬁfmius 1; ?:75
number of days until the collection of an account receivable before and ys reduces weight by 15 kg. Five overweight girls did the exercise for 7 day!
new collection policy. Use the 0-05 level of significance. and their weights were observed as under:

33 |38 |34 (45 Girls : * n
Weight before exercise : ﬁ

52 (7 [ 43 [ a0 [ a1 o7 [ aa |
: Weight after exercise :

- .
/
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oxon’s Signed-rank test verify the claim at a =0.05 that th
he

aking use of Wile
::ercliss reduces weight by at least3- 5kg.
d after

Denoting the mean weight before an

We have the following
Hy P —Ha =3-5against Hy 1}ty =M <3.5,a0=0-05

d=D-3-5||d| | Ranks (R) | __Signed R

by iy and p, respecti

Solution: R/

(£ ignored) R* R
0-5 0-5 1.5 1.5 =
-15 1-5 35 - 3.5
-05 0-5 1.5 = 15
15 1-5 35 3.5 _
2.5 25 5 5 "
n'=5 IR*=10| 3R~ =5

From the above table, it must be seen that the total number of ranks n=5 (i.e., < 2)
Sincen<25, the test statistic is given by :

T =smaller of the two sums of the signed ranks =5
Looking at Wilcoxon’s table at 5% level of significance for a one tailed test atn=5
we get the critical value of T or Ty g5 =1-
Since the calculated value of T (5) is greater than its critical value (1); the null
hypothesis is accepted. It means that the sample data supports the claim that the
exercise if continuously done for 7 days reduces weight by at least 3-5kg.

EXERCISE -1

1. A teacher claims that by imparting coaching for one month we can make the student worth
securing at least 50 marks. A random sample of 10 students reveals the following scores in

the examination. Test the hypothesis that the claim is accepted.
Sudets| 1 | 2 | 3 | 4 [ 5 6 I
[Marks | 52 | 51 | 60 | 65 | 45 [ 4o | e | 50 | 48
[Ans. K=1-06, Hypothesis is accepted]
2. Anew car model was put to test course for observing kilometer run per litre of petrol. The
data record were :

20,18,22,21,15,17, 14, 16,22, 23
Use sign test and Wilcoxon signed rank test to test compan
on an average runs, 20 km per litre modal.
. [Ans. K=1-06 Hypothesis accepted; T =125 Hypothesis is acce ‘etg]e
3. Use ﬂ-n_e sign test to see if there is a difference between the nun)\'ger of days "“: I 1
collection of an account receivable before and after a new/collection policy. Use at 5% leve
of significance. £ d T

y claim that the new car model

,melfic Tests

he fobl9
4 fgrb“ght
By Doctor X
y Doctor Y
| the sign test at 1% level of signi;
, :h: octors treat equal number?gf ;2%“‘
1 eats mOTE patients than Doctor Y. e
Jabour welfare officer visits 7 timeg in th
- ccidents aré reported by trade union leaders, b oduct d
3 s were reported by him as under; " The Rumber

wing are the number of

Patients treateq |,

[
t5 as 5 U hypoghec
3 “\“allenu.‘f-"’“ﬂlman
tive hypums?sv‘:ﬁge both
tDr. x
arln;_,nk Whmm"" K=3.3]
s

Of acgj, ents o lh;;’?quam
ring ki

est the
gal

w

than 4 workers met the accident. Use o= U-OSe claim of the lab,

Nine adults agreed to test the efficien, ;
measured before and after the ngmmq azfd:;l: v

1 2, 3 4 5 -
132 139 26 | 14 | ]
13 | 1e1 | us | 6 |

Use Wilcoxon match paired signed-rank

ES

test to test the efficiency of the diet,

(3) Mann-Whitney U-Test : This ey
[ann- ey U-Test :
aum test. This test is 1Ksed to test wh;etlslte:v tausr: 3’;‘;&1‘3:{,?3? and Whitney and it is a rank
(identical) population. Pples have come from the same
Procedure :
This test involves the following steps :
8]?) :; ange the data of bo.th the samples in one column in ascending order.
mp;g:! e;agaﬁ:; them in increasing (from low to high) order of magnitude. In case of the
(i) Then the yanike (,) ;’i:lg;\i ;fanls to them by averaging their rank positions.
) IEboth i e grent sample§ are separated and s\mm\ed upas R,andR,. )
A S\ are sufficiently large (i.e., > 8) then find the teststatistic Uby the following

tWo models
ny (ny +1)
Uy =njny + 1(2] -Ry
or +1
my )-Rz

Th ’ Uy =myn, + 2
0 g the critical value of i from the L-ablef vl Wi eeence 2472

COmpars; 5
W) 1 thsaf(smn With the above calculated value. o formof e

“table i U-statistic which is
Biven by . ¢ 1S ot available, then get the transform _

U-(ny-my)/2

o U-mm)/?
o= iy 1y (g +12 +D /12




Non-Parametric Tests

238 o .

Then find the critical value of Z at 5% or 1% level of significance. The critical value of o
en

(vi) 5% is1 A9]6 aﬁ;‘ 3,?!";20? 7 is less than or equal to its critical value, then accept the nyy
(vii) If the caleu’®

hypothesis of rejec! i i to the reverse.
i ect the same if the esullapplears
Note : The va;ue of lJ] ll:al we use for the ‘U’ test is the smaller of Uy and U,.
te:

Given beloware the relating to production of rice in quintals per acre collecteq
ivel

Basple 2 through two samples :
Sample A
Smee? a Rank Sum Test) at 5% level, verify the assertj
3 “Whi & A
gi?faﬁem?mmﬁzf :;r:: émm the populations with the same means, 5
Soluti Determination of the Ranks and their sums
olution: - :
Values aosfc ::;?n:‘f: rsda;q:les in| Rank "o‘rlcl’:—m“mg R;n;::p‘;: :,e Ras:l;:p'l’: g“
Ry R,
1 z -1
12-B 2 = _2
14-B 3 o -3
16-A 4 5 5 -
16-A 5 5 5 =
16-B 6 5 = 5
18-A 7 85 8:5 -
18-A 8 8-5 8-5 =
18-B 9 8-5 - 8:5
18-B 10 8-5 - 85
20-A 11 12 12 =
20-A 12 12 12 =
20-B 13 12 - 12
2-A 14 15:5 15-5 by
2B 15 15-5 - 15:5
2-B,” 7/ 16 15-5 = 155
28 17 1155 - 155
2%-A 18 185 185 -
24-B 19 } 18.5 - 18:5
26-A 20 20-5 20-5 :
2%-A° 21 } 205 20-5 T
28-A 2 2.5 22:5 i
28-A 23 } 25 —’szﬁ"ﬁ
;o:}; 276 Rr}x 7| pen

—~ag

etric Tests
para™
o
We have, Ry +R, :N(N-i-l)
} 239
= l71+105=73(13+])
Let us set up the Null Hypoq . 2 Zover
populaﬁon with the samey,sean:_sls' Hy: Both, the «
And the Alternative Hypotheg;, B S3MBIES haye -
population. "1 The by ¢  from the

3 AMmples
Since, bothn; and n, are > 8, the relevang st € not fropm the same
Statistic 7+ .
Uy =nyn, +M-R U giventy
2 1

=12x114 202+
-1

=132478-171 <979

171=3
or u, ="1'"2+w-R ’ 9
2
e (14
=132+ )&
T2 T 15=1304g6 10565

By transformation of U into Z we have
2= _Utim) g
oyt +) /8 16 %
93-(12x11) /2 _93-66
xTsy/n ws 0%
I'tlu?gcsnhcal value of Z at 5% level as obtained from the Normal Curve Table is
Since the calculated value of Z (+1-66) is less than its critical value (£1-96), the
null hypothesis is accepted.
Hence, we conclude that the two samples have come from the population with the
2 same means.
iu“”(W:(ruslu:al-Wallis Test : This test was developed by Kruskal and Walis jointly and itis an
gnihlg\ent over the sign test and wilcoxon’s signed-rank test of which ignored the actual
Pes hi:f the paired observations. This testis applied to test whether two nr'!h:;e T&ﬁdﬁ\
ey e . <OM€ from the same (identical) population as against the altemative P

o v o
cedure :’"Populahon with different means.

Taking U at 93, we get Z=

Thi gy
f) 3 tinvolves

e fi i 2
inge the gy ollowing steps : umn in ascending order

(i 2 ta " < f the
Y o e i s (o o S
(i) e:‘ed Values, assign ranks to them by averaging el edupas Ry, Ro/Rar 8¢
(i) iy the . of the different samples are Serted anfl Sufz:rnnuli? '
€ test Statistic H is calculated by using the following 10t
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should be increased slightly when there areyery many

tive to ties. )
then get the value of xz from the xz-tablé with K1

ificance. But if any of one’sample it has less vthan\s

H calculated above s
ties in the rankings for that H is highl)-' sensi :
(v) If each sample has at least 5 ‘xtems:
degree of fregdom at the desired sign!
items, theny 2 yalue should not be used.

calculated value of H hap]

Note : The value of

(vi) Ifthe '
accepted otherwise rejected.
1. Twosechions ofan el fary corrse s of 5and 7 students respectiv
Example i Evanomics were taught by the teachers. The marks obtained on the final ‘:LJ;

were as under :
Marks

55 60 65 70

TeacherI 50
Teacher IT 60 63 58 70 55 68 73
Using the Kruskal-Wallis test, verify at a=0-05 level the null hypothesis that

the distribution of marks awarded by the two teachers are equal.
Let us take the hypothesis Hg : There is no difference in the marks awarded by two

Solution:
teachers.
Itis given thatn; =5and my =7, n=ny +1, =5+7=12

Determination of Ranks and their Sums

pens to be less than the table valuey?, thenull hypothesis js i

sz samples arranged in [ Rank (from low to high) | Ranks of different
ascending order samples
Ry Ry
50-1 1 1 -
55-1 2 2:5 2.5 =
55-11 . 3 } 2.5 - 2.5
58-11 & 4 4
60-1 5 5.5 55 =
60-11 6 } 5.5 5-5
63-11 7 - 7
65-1 8 8 T
6811 9 - 2
701 10 10-5 10-5 -
70-11 11 } 10-5 102
7311 12 /_,12/
5 | R =905
n=12 Ry =275 | R272q
mes | M=l

- ;meh'ic Tests
o
N We now compute H'S‘ﬂtisﬁ: S .
1 Bivy
2 rkf R} 1 ®nas,

m["\+\ 2
1 m J‘3(n+1)

H=

2
=—< (@352
12(12+7) [T{_M] .
2 7t
156 114354,y

1
_R71515'57]~39=39,(\5
Since there are many ties in X
As none of the sample has ;::S Tanking, thevalye of Hisa:
df.Ge, K-1=2-1= than Sitem, 1y > Y increasg

e =2-1=1)at5%leve] fromy2.¢ i) itical valye o g
Since the calculated value of H js less beissgy &

means that the distribution
significantly. s

2-39<0.659,

than the tap, value of2

awarded by the two /e cceptHy

teachers do noy differ

Given below are the samples relatin,
wait in the clinics of three doctors ;

Doctor A 3
el 45
s 2

, Doctor B
Doctor C
Using the Kruskal-Wallis test, veri
t 5% level to verif
that all the three Docto; y Veﬂf_y imakin oy
o ) 1S are equal in g the patients wait for the average

pample 11.
8 to number of m;;
OF minutes the Patients has o

Solution: Let us
take the hypothesis H, : There is no di
5 : no diffe #
m.akmg the patients wait. % et agong fhe Doctors T
Itis given t}\atn1 =6,1, =7 and ny =8,n=6+7+8=11

Determination of Ranks and their Sums

Values of all the 3 samples | Ranks (from low to high| Ranks of the different
in ascending order samples
[xd 2pvemtetvmamn oot ol re i) o
s-c m
33-A I
34-B I
c m
b < I
38-A I
39-A I
39-B I

-
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22 = R
- = 10
- 15 4
- = 1.5
) = 13.5 A
- = 13.5
15.5 5 2
- - 15.5
17.5 - s
- 17.5 2
o 19-5 =
- - 195
47-A 2 T
Total n=21 Ry =69-5| R; =82 |Ry =79
n=6 | m=7 | ny=8
| %5 =8 |

=——12—— -F&Z—rg{-ﬁ]— 3(m+1)
n(n+1) [ ny n, N3 J
v e @ sl
21(21+1) f_ 6 Z 8 J
12 [4830-25 6724 6320-257
e s S
=0-025974 [805-04167 +960-57143 +790-03125] - 66
=0-025974 (2555-6444) - 66 = 66- 38 - 66 =0-38
Since there are many ties in the rakings, the value of H is slightly increased ;o 0:50.
As none of the samples has less than 5 items, we get the critical value of x * with2
df.(ie., K-1=3-1=2) at 5% level from the x *-table is5-991.
Since the calculated value of H is less than the table value of x 2 we accept the' null
hypothesis. It means that all the three doctors are equal in making the patients
wait for the average time. . . d
(5) Wald-Wolfowitz Runs Test : This test was developed by Wald and Wolfow1tz._1t is caxo
Runs Test. This test is used to test the null hypothesis that the two populations from which the
independent samples are drawn form identical distributions.
Procedure :
This test involves the following steps :
(i) Arrange the data of both the samples as one and arrange them in
. (ii) Denote the values of the first sample and second sample by X (I an
- (i) De;;rmine the number of uninterrupted runs of the sample in this sequence

ascending order- Iy
respectively"
d Y (I axr\’ddenote“
by . ted by
(iv) If the combined sample is greater than or equal to 20, the test statistic Z is calculd
using the following formula :

etric Tests . =
o
R~[% ]

My +n,
S 5
(n 7 X 1"2“)11‘
1+n,) N

: 1+n,
the null hypothesis Hy againg 2+1)
u] vy
() 3 ofsignificance. PPt

’ that the calculated value of
(vi) tljz,w;aﬂed test/one tailed test.

. 1f the calculated value of Z is more
(vl ,ejectEd otherwise accepted.

Z= 23

e hypotpec:
ypu‘“'“‘adesimd

Zis COmpareq With the crity

%l valye of
Z
than1.96 5 5% for tw Shorl%org

aileq
manufacture uses
A two methods of Production With the fqy
€ followip, .
'8 results ;

test,
thenu hypothesis is
Ewﬂple 11.

Carry out Wald-Wolfowitz test to find
the same population at 5% level of ;
solution: Let us take the h
population.
Itis given thatn, =13,n, =10, a=.05
To determine runs, the observations of both samples are arranged in an ascendin
g

Out Whether the fy,
gnificance, } fomgl

ypothesis that the tw samples have come fropy the same

es are from

order.

16 17 19 19 21 21 B3 x5 » 5 7

l\, —_ ‘*_127

I I I —
I I I I I I 1 1 1 1

3

3% %y gy

I I o 1 1 nm 1 1 1

R =The total number of runs in this sequence =10.
2nyn,

R_( ",
ny+1y

Wehave, Zz-= :
Iy (- =tg)

x
(g +my)? - (#mp=)
2x13x10+1]
10-{ 3510

2xT3x10 (2x13x10—13—10)
(13+10)2" (13+10-)

-
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2 L2329

10-12-
i I e S “FaaE 030 =099

12l “ o237 = Jo5x1077 5385 2320
V529 " 22

ted value of Z is less than 1-96 at 5% level for two tailed test the
ted. It means that the two samples have come from the

Since, the calcula
null hypothesis is accep

same populan'on.

A random sampl
communities revealed that th

e of 10 households selected from each of two, A angq B

Example 12- eir weekly medical expenses were as follows ;

Community A :

[ Community <] 20 |
Mcommunity B: | 12 | 10 | 20 [ 17 |

Using the Wald-Wolfowitz test, verify ata= 0-05; if the two populations haye
the same underlying distributions. !

Let us take up Hy : The two populations have identical distributions against H,
The two populations follow different distributions. 1

ny=10,1p =10is given
To determine runs (R), the observations of both samples are arranged in an

ascending order : -
8 10 12 12 13 14 14 14 15 15 17

18 18 18 20 20 21 21 22
R =the total number of runs in this sequence = 10

We have,
2nyn,
_( 1 +1J
ny+ny

Z|=
= 2y @yty —y —)
(m +ny)? " (mtm -1

o [210x10
O (Tw0e10 * »

- = TGt
[2x10x10 2x10x10-10-10
3 X
Jaos19?~ (10+10-1)
10-11 -1

Solution:

Since, the calculated value of Z is less than 1-96 at 5% level of signficance for N;O
tailed test, the null hypothesis H; is accepted. This means that the sample daf

support the hypothesis that the two populations have identical distributions:

|
|

.ng Mann-Whitney U test at 59
g;\nj%icant difference in the a"e'ageoglfesv;l: :
fessor has two classes in Economics .

A pro S, U, =

b om0 Uy <75
classes rec
Morning Class 73 | 87

Afternoon Class | 86 | 81

eived the following grades . e

75| g 6 | o5
. 84 | 88 | oo 8 | g
Using Mann-Whitney U-test at 5% leye] of sij

significant difference in the average score of the cance, stare whe

3, Tocompare the effectiveness of thr ot
of 22 women was divided into ﬂ\eer:tzupf Sl
those diet plans for a period of two monnir oﬁps and each
given below : - the weight

1 43 | 32
7.4

21

' 27 | 62 | 59
Diet Plans I 5-3 83 | 55| 67
I 1.4 27 | 31115
Use Kruskal-Wallis test to test th

Srusk st the hypothesis that th
reducing diet plans are the same at 5% l);]:/el of signiﬁcancee.

f signj
B ofthe cab?::;;ev;rhe
om
£12 students. On a final exﬁminaﬁon:choglﬂm g class of
€ Eda

), |Z]=
fogi Z1=267,
same dents gng

Bln
92&391

By
moming ang ﬂﬁem;h:: dma Tot there js 5

(AN, U=g) 71 00 1
ght reducing giet, 31;‘;55 Accept Hy

\0genous
SUbgroup followed by ope

Teduction in Kes, were noted as

39

72 | 85

07 ) 43| 35 03
effectiveness of three weight

% Given below are thy 5 [Ans. H=15-63, Hy is rejected 17 =5-%9]
e scores obtained by 16 pairs of boys and girls intervi
conducted by IBM (International Busin);ss Igachines) g:mpang;r = m =

1
29

1B
27

2. |42 |43 |41 |40 |10 |12
26 |45 [47 |48 |36

In the gy,

5 Givel erage 1.Q. of the bo i

o) ys and girls.
w Encl_)elqw are the data relati

ashing their cheques from the three banks in

SBI
10
PNB p- 2,
UB| 30
34 k7 %

Usip,
8 Kry, . f
Paymen; ofs léﬂle:;’:;hs test at 5% Los, state if the e

Usin,
in 8 Kruskal Wallis test at 5% 1.0.s, state whether or not the
A

g to time in minutes the custome!

46 (42 [16 |38 |4 |41
23 |33 [15- 39 |45 [46

is a significant difference

Te
[Ans. H=2:05, Hy is accepted]
r had to stand in a queue

anks are equally dilatory in
P s H=0 7=
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6. A random sample
expendih.lre on stal

g

R Wald-Wolfowitz runs test, verify at .=0-01, if the two populatio;
Using the We |Ans. For R =12, Z =0-46, H, is aésep}::;?

identical distributions. ) ) 2,2=0
Heaticd 0 f two brands of cigarettes measured in milligrams was found ag

of 10 students each from Boys and Girls revealed that their monthly

tionery was as follows :

[5 | 20 |
o5 [ s |

The nicotine content Of
follows:

Al

Use rank sum test (Mann-Whitney Test), test the hypothesis at 0.05 Lo.s., state the average
nicotine contents of two brands are equal against the alternative that they are not eclual_g
[Ans. Z=1.51, Accept Hy]

SOME OTHER NON-PARAMETERIC TESTS

(1) Rank Correlation Test : This test was developed by Charles Spearman and popularised by
Hotelling in 1936. This test is used to test the null hypothesis that there is no correlation between
the two populations against the alternative hypothesis that there is a correlation between the two.

Procedure : This test involves the following steps :
(1) We find the rank correlation coefficient between the two series by using the following

formula :

62D2
(@R=1- =5 (when ranks are not repeated)
n°-n

G[ZDZ + L (m3 —m)+ ]
12

b)R=1- 5 (when ranks are repeated)
n®-n '
[0)] ?—IEt up thg null hypothesis that there is no correlation between the two populations i,
0 =p=0. : ]

from the Rank

(3) If the number of pairs is fairly small ( < 30), we find the critical value of R
lues of n and &

Correlation Table (given at the end of the book) with reference to the va
(level of significance). o enra
(4) Compare the calculated value of R with the critical value of R. If the calculated value of R
happens to be less than its critical value, then accept Hy. In the reverse case, itis rejected:
On the other hand, ifn > 30, we compute test statistic Z based on Normal distribution by usi"é

the formula :
R
=—1——=R. fn—1

Jn-1 2 f
kve;l;l";e; we get the critical value of Z from the Normal Curve Table with reference to significan®®

eﬂ'ic 1€51>
ara™

culaled value of Z hap
jfthe ca]therwise we reject it. PENS 10 be Jogg than

othes® g example, illustr
hﬂ’»rhefou"wmg L ate thel)l'ocedur
ank " ® of .
Use the rank correlation teg v "‘ankcredium_

s cry
fcal vy " %47
W

fe 1 an i t
panP positive correlation bety, b Signig;
as below : een the pri(!gs (:‘h::“ca Teve, gy
are, 7 " Stermj,
Sang Priceg if there isany
Price of Debentures (Rs. i
4 Computat;
ooty . e pation of Rank Correlay,
Price of Ry m 1 Coefficien,
Shares (X) € of
1| Deb, R
2 P e s
53 ) & 3T
42 5 3 2 g
60 1 3 6 -
45 4 - 7 g
81 8 48 ; 3
37 7 35 3
38 6 0 g -1
25 10 2 -3
27 9 50 10 0
= 4 5
n=10
] TR D=0
Applying the formula,
: 62D?
R=1- 3
n°-n
=1 o =1 @1 0-545=0-455
R 000 W
C;n-elation Test :
e
ave A 1=10,0=0.01, R =0-455
I'? 0:p=0 :
ag (;I'e" there is no correlation between the pricesofshares 4 d;benm:es)
Singe 1:p>0 (there i i Jation between the two)
< Mee . ere is positive correlation .
Mlognq <30, (ie,, 10) P 4 from the Rank Corrlation Table for

. the criti i

" si“te'uﬂ:eo X :ll i 0'7818.e critical value of R as obtaine
. C; I

nghymxescﬁl ated value of R (0-455) s les than iS5 2

Q) Price 0;5 accepted. Hence we conclude that there is 10 SE"

Ny Median Te the shares and price of debentures: 1 ;cycedtotes
Smpleg are : t: It is another important non-paramett -

aken from the population with sam !

(07819 this suggest at
ificant positive correlation

t whether two O

edian.
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: Thi: :volves the following steps : = :
Procedure &T}:z;le;;:‘:;esis H, that thereis no difference in the median of the two samples,
g.)) a;’;ﬂfll’n det.he median of the combined data. Both groups are combined and data are
i *

il ding order and find median (M).
analg’ﬁedr;:}na:c}z\w mgany of the values in each sample fall above or below the median (i
(iii) X: t;: samples are lassified in two groups above median and below median). The

i counted for each group-
ﬁequmﬂes;‘r: data in the form of a (2 x 2) contingency table shown below :

(iv) We present
Sample IT Total
b a+bh
d c+d
b+d

(v) Wenow calculate the expected frequencies by using the formula :
(Row x Column)/ Grand Total
(vi) We compute the value of 2 by using the formula :
- l0-p2]
[z |
(vii) Determine the degree of freedom=o=(-1) (c-1)-
(viii) The critical value m’)(2 at 0-05 level of significance for given degree of freedom is found.
(ix) If the calculated avlue of 12 exceeds the critical value of x2, H is rejected. It implies that
there is no evidence to suggest that the median is the same in case of two samples. In the
reverse case, Hy is accepted.
ple2.  Two different fertilisers were used on a sample of eight plots :

Solution :

Plot No. 1 2 3 4 5 6 7 8

Fertiliser I 49 32 4 48 51 34 30 42

Fertiliser IT 40 45 50 43 37 . 47 55 L 57 -
Use Median test to test the hypothesis that the two fertilisers have the same median.
H, : The two fertilisers have the same median.

Now, we calculate the combined median of the two series. Let us arrange the data
of two series in an asceding order : i

St. No. X Sr. No. X =
1 30 9 45 -
2 32 10 47
3 34 11 48
£ 37 12 49
2 40 13 50
s 2 14 51
7 ) 15 55
e 44 16 | 57 —

jc Tests
NorvI’ﬂ‘am etric
Combined Median = i, = [" +1)‘h
—) .
t
_l6+1 2 ) fem A9
=854 item
1 [8“‘ + 9t
B [N T
Forma2X2 C‘mﬁngency table Tt us
I
Above Median
Below Median
Total
Now, calculate the expected frequenci
8x8 cles:
=208y
16 =8-4=4
E(G)=8-4=
O)=8-4=4 E(y-g-4-
o E (0-B
3 4 1
5 4 1
5 4 +1
3 4 1
5 _.|0-?
L =E|——|=
Degree of freedom =v=(2-1)(2-1)=1
The critical value of %2 at 5% for d.f. = 3-8
Since, the calculated value of x> is less than the critical vale of o2 at 5% los,, we
) Kol accept null hypothesis and conclude that the two fertilisers have the same median.
olm':)gomv ~ Smirnov Test ) o
Sinple nmi‘:ov = Smf'.mov test, named after statisticians AN Kolmogoro¥ ?nd NV. S::“r:’\::‘; is a:
oped &eq:::m etric. test for testing whether there isa sxsn'ﬁw“djs Eon s i
e cy distribution and a theoretical or excepted ﬁef{“mf)"ed pp— amse“l‘ :[

P fre
Moy al? orar € test of goodness of fit. It is used when one s interes
Proceg, scale.

1) Gy ThiS test : ; "
tup g, involves the following steps e between heobser and
the xpece null hyp is that there is no significant difference 3 iy between theory
) a“deexpent~md“’a1“e: ?;isieoretﬁcalrsﬁutg)sz&, ere s good oY

Onthy i expected frequendes-

e basis of the null hypothes is, we calculate the
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(3) Compute tl[;e;q o
cumulative o veenF, and Fy ien D= Fy ~E
i Jargest absolute deviations el 0 , ., =B |
) Determ:zed"*;%;?:al value of D with reference to the values of 7 and o (Los.) e
@ Ec?n%u ov — Smirnov Test Table given at the end of book.
olmogr tical value of D. If the calculated value of p

lated value of D with the cril
@ }(l::,;!,r;‘x};:;etgl beeclaels“;:.l n the accept Hy.In the reverse case,Hy is rejected,

The following grades were given

observed relative cumulative frequency (Fp) and expected relative

encies (Fe)-

than the critical value,
to a class of 100 students.

Example 3.
’ @____ D E T
@g__m__m
Test the hypothesis that the distribution of grade is uniform. Use Kolmogorov -
Smirnov test.
Solution. Let us take the hypolhesis' that the distribution of grades are uniform i.e., there is

no difference in their distribution. No. of students given grade = 200. We should
expect 3502 =40 to each student.

Observed Ob d E p d p d D=|F-F,|
Cumulative Relative Cumulative Relative

q Sreq! 0 q! e

50 0-25 40 40 0-20 0-05

110 0-55 40 80 0-40 0-15

130 0-65 40 120 0-60 0-05
0-85 40 160 0-80 0-05

200 1-00 40 200 1-00 0-00

From the table, we find that the largest absolute difference is 0-15 which is known

as Kolmogorov - Smirnov D value.

Since the sample size is more than 35, the critical value of D with reference to value

of nand o is 16 0-096. As the calculated value of D exceeds the critical value
200

0£0-096, we reject Hg and conclude that the grades are not uniformly distributed.

EXERCISE-3

1. Use the rank correlation test at 1% level of significance, determine if there is any positive

correlation between study time and scores :
T T
(o5 | 3 |

Numberofhoursstudied(x):l 8 I 5 I 11 [ 13 | 10 I 5
Score(Y): | 56 | 44 | 79 | 72 | 70 | 54 m
relationship]

[Ans: R =0.9758, | Z| =2-94, Reject Hy and significant
2. AnlQ test was given to a random sample of 1]5 male and 20 female students of 2
university. Their scores were recorded as follows :

Male:
: 7l luln] ||
Female : mmmmm

I’araﬂ‘e“—ic Tests
o dian test to determin,
Use M& " Given the medi © Whether 1
gniversity- ( edian of the COmB?x; eodf Ml
Samplq . EMale 251
. =6g) - Studenyg ;
w is the table of observed fre, . is .
3 Bei-l:nal distribution : quencies, along y,; [Ans, ;2 e in he
0 ith the frequ X°=q.
eng

:‘a) Calculate the K-S statistic.

Can we conclude that the distribygi,
n
T

2%,

V1o gy <P Hy]
) Served under
0-10Lo:s-and Kolmogorov

. W'hfat a,-e.n?nl;p::,amehic tests ? In what Ways are they diff,
5. Differentiate between parametric and non- Ry i
of non‘Paramehic tests. ROM-parametrc fests, “““lhig}d?;nﬁ?}l;m;ms.
3. Discuss the methods of using ordinary sign test and Wilcoxor's s e
4. Explain Wilcoxon’s signed:rank test procedure. I i

5. Name various non-parametric tests. i
U-Test. i e

6. E:fll;;?s 'bneﬂy. the Chief features of Wald-Wolfwil
7. Write a short note on Kruskal-Wallis H-test.
: ;Vhat lS sign test ? What is it used and what are its limitations ?
. 'xplam the procedure of :
(3) One sample sign test
(ti) Wilcoxon’s signed-rank test
(i) Kruskal-Wallis H-test
%) Wald-Wolfwitz run test
X ]vzls\:t are ‘non-parameh'ic tests ? Briefly describe the process of Wilcoxon's

by takingasuiabe example Mann-Whitney

1z test and its uses in economic data

Signed-Rank

1wy
V“’nle short notes on :
. :
o ;“k correlation test (i) Median test and
Olmogorov-Smirnov Test.

HBR
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scal DeCiSion Theory
st
- gati® | lternative acts like 4),4, 4
ing® 50) 5, involved in every act, 2304, and
r 1 51'52,,; fgvrm“' of a pay off table/pa Offmah’ixis N X Vatioyg state i
@ T [ states of Nature e beloy,, * of nature
Statistical Decision Theory |
|
|
bove table column represents acts
| e ity Loss Tabl 20d 10w repres, :
INTRODUCTION Y v okt D or Regret Matr); gy =15 oS
In every field of life one has to make decisions in different alternative courses of action, msequex.\ceo y rercaoh e f:st pr;.SSﬂ;le decisions, ¥ loss i e los § ature),
Decision making is needed whenever an individual or an organisation (private or public) is faced Pt ty lqss or any gr a(.: (4;) is defined as the di.ffeA or Y given state 3 Incurreq g5 5
timal (or best) course of action among several available et off over different afcts for a given state of nature and the :e::fe between e Nature(S), ihe
e ofnature. A specimen of opportunity loss table (or regr:g ;lapa)'off forﬂ\gaﬂ‘(::.;l‘;:tsxl:‘
ows :

i ituation of selecting an o
m:n:ﬁf/lg a;or example, an%ndivid}:lal may have to decide whether to invest his money in stock,
bonds or debentures; whether to build a house or to purchase a flat or live in a rented
accommodation; whether to join 2 service or to start own business; w_hich company’s car/scooter
should be purchased, etc. Similarly, a business firm may have to cﬂleqde which product it should
produce among various products; the type of technique to be used in production; what is'the most
appropriate method of advertising its product, etc. Decision making is a process of choosing an
optimal course of action out of several alternative courses for the purpose of -achieving a ‘goal or
goals'. Statistical decision theory consists of a large number of quantitative techniques which helps
in analysing a decision situation and enable us to assure at a conclusion which is the best under

given circumstances of the case.

ELEMENTS OF A DECISION PROBLEM

There are four elements of any decision problem. These are acts, states of nature and pay off
matrix and regret matrix which are discussed below :

(1) Acts : The decision always involves a choice among several alternatives. These several
alternatives are called acts. For example, a management is faced with the problem of choosing one
pf the three products X, Y and Z for manufacturing. It means that there are three acts out of oneact
isto be chosen. Thus, acts are the several alternative course of action or strategies, that are available
toa decision maker. These are denoted by Ay, Ay, Az, ... Ay. LA

(2) States of Nature (or Events) : In every act, there are events which
the control of a decision miaker. These events are outside the firm and not under its control: In the
?:rove Ex:fmple where the management is faced with the problem of choosing one of three products

oo:‘a_r‘_‘: acutring, the potential demand for the product may turn out to be good, moderate nf‘ll‘
p tr g ?CDnSun_\e.r 's demand for the products are the events which are uncertain and beyond th
control of the decision maker. Thus, events which are beyond the control of the decision maker aré
called states of nature. These are denoted by 51,55,83,.5,

d ,-ref:]);’;y t:f_;?bf]e (or Pay off Matrix) : When the value of each event in the act are cal§“1al'§?‘
ofecoami ot actio 8ains or losses expressed in money, it is called a pay off. Each combind the
net benefit to th o; in Acts and States of Nature s associated with pay off, which measures

e decision maker. A pay off matrix (or a.table) consists of the following ¥

‘are uncertain and beyond

-

Opportunity Loss Tabje

States of Nature

S S M=Xy
S M-Xy
S3 M-X3

Here M=Maximum possible pay off.

DECISION MAKING ENVIRONMENTS

z:‘iDSi"?S_ are made under three types of enviroments:
Reture m:‘;:fm ‘?‘akiflg under conditions of certainty : In this environment, only one state of
te., there is complete certainty about the future. It s easy to analyse the situation and

m‘k(ezgmd decisions,

) Decisi il ;

!ﬁstbut;:s‘;on. making under conditions of uncertainty : Here, more than ore stales of “’“::

hatyre, ec:sllon maker lacks sufficient knowledge to assign probabilities to the various stal
) Degig; )

Slon i . 4 e states of nature exist

:’:Llhe decision mmakmak g under conditions of risk: Her_e s zlo}:?ﬁ?i':toonead\ of these states of

te, er has sufficient knowledge to assign Pro>®

DECIS]ON C

.Eve pest coursé of action (o act) under

T decig; ’
T‘Zn.k}:sstakesm:;(::\ maker has to make choice among the e nder ferent dﬁ:‘;
“‘fulﬁfn‘vi"mmeitt‘sue' Different criteria are L.lSEdffornvenience fstudy havebeen prese®

ing charts . vf}“d‘l, from the view point 0f ©



Statistical Decisi
- ion 'I'heory

Decislon Criteria

Declsion Making Under Risks

g Under Uncertainty

A. Decision Makin,
For decision making under uncertain
criteria are usually adopted :
(1) Maximin Criterion
(2) Maximax Criterion
(3) Minimax Regret Criterion
(4) Hurwicz Criterion

(5) Laplace Criterion
(1) Maximin Criterion : The maximin criterion was introduced by Wald: It is based on extreme

ressimism. This decision criterion assumes that worse of the possible is going to happen.
Therefore, itis designed to select the action alternative that maximises the minimum monetary pay
off. This implies that the decision ‘maker has to (i) determine the minimum pay off for each action,
and (ii) select that act which maximises the minimum pay offs.

(2) Maximax Criterion : The maximax criterion is based on extreme optimism. It suggests that
the decision maker should select that particular act under which it is possible for him to receive the
most favourable pay off (the action that maximises the monetary pay offs). This implies that the
decision maker has to (i) determine the maximum pay off for each action, and (ii) selects that act
which maximises the maximum pay offs.

(3) Minimax Regret Criterion : This decision
out that the decision maker might experience regre
of nature occurred. Thus, the decision maker should attempt to
before actually selecting a particular action. This implies that the
transform the pay off matrix in to a Regret Matrix. This can be done by subtra
values of the act from the largest pay off of that act for a given state
maximum regret for each act, and (jii) selects that act which minimises the maximum regret.

(4) Hurwicz Alpha Criterion : Leonid Hurwicz has developed a criterion which is 2
combination of maximax (optimistic) and maximin (pessimistic) decision criterion. This criterions

. Z:sed on the assumption that a decision maker has a degree of optimism, !

e c'aeff. of optimism ¢t The maximum pay off of each act is multiplied by degree of uphm“-‘“”zi)
gllmm\um pay off by the degree of pessimism (1 ~ ). This implies that the decision maker has 100
de;’m" ?‘Pwpn.ate degree of optimism, c.so that (1 — ) represents the degree of pesslm}sﬂ;n e

(1-0)x € e ’:;i‘;’;:‘f;‘;\sa“;e“ as minimum of each alternative and obtain P = T“);':fax:i‘gh(
pay off, d"e'"n"”ole‘ dbyP. ct, and (iii) choose the act that yield the maximum v&

ty without the use of probability, the following different

criterion was developed by Savage. He pointed
t after the decision has been made and the state
minimise the regret (minimax)
decision maker has to ()
cting each of the

A

of nature (ii) identifies the :

which is represented DY

| iprofit dates

J pecision Theory
o HC?
ce Criterion : Laplace criteri

5) LaP nts (or states of decis;

511 all the ;v:evenls. This imo linam’e) have oosion Making ;

Wi toall plies that the g 1|l oppoyes & appl

e oy using the formulal 5, "5 kg, S g 1 g

fior® o n 2 ) where 00 deg PObabifi .

o epay offs and (i) selects the act whigy e e e he avera; ;a';
f even,

25

01 B 1 s of Decision Making Uy Tesulls
lieatio™ " 8 Under Uncey, u ts
?:e applx;;:ahons relating to decision maki::t:;y mavel‘agepayﬂ“ iy
ing hea s : er ungept, y
olowE th offs matrix wi " Tainy
n the pay atrix with . are gy g
(1) Whe Profit datajg gy Studied ungey

(o) When the pay offs matrix with cost data g

When the pay offs matrix with profj
a the uses of different decri’siont ¢

8iven,

ala is given ;

criteria can . "Vhen we gpg o0

Given the following pay off matrix Beillusirteq fOﬁF::i\ngm it
‘ \ples :

pample 1

States of Nature

s
S
Si

A

700
300
150

Determine the best act to be chosen under:
) Maximin Criterion ’
(ii) Maximax Criterion and
(iii) Minimax Regret Criterion
Solution. (i) Maximin Criteri
flax riterion : When this criterion is adopted, we select i
maximises the minimum pay off : T G

Acts Minimum pay offs
4, 150 i
A, 100

Az 300 ¢ Maximum

The maximum value of the minimu pay offis 300 which comesponds oactAy:
Ijl_ence: the decision maker selects A3 as the bestad by using M“’“m_mm.‘ mo‘;‘
() Maxiomas crterton  In tis caterion, we et a3 ¥ 672 55

maximum pay offs.

Acts Maximum pay offs

4, 700 « Maximum

4, 500 4

A 300 1 comesponds o heact A
The mavts . s T00 Which =8 ax rteron-

um value of maximum pay © py using MadT
tact by gslepsmngcessﬂ)'

i‘il_e_nce, the decision maker selects 41 % eron, e followin
t i) Minimax Regret Criterion: In thiscriten™
0 be followed :
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Example 2.

Solution.

Statistical Decision Theory

ss (or regret) for each act by subtracting from
ature to the actual pay offs of all the acts under

; —
Determine the opportunity
r(:lximum pay off of each state of n
that state of nature.
(b) Determine the maximum 0!

(c) Select the act which

f opportunity loss for each action.
minimises the maximum of the loss.

Opportunity Loss Table

Az

700-700=0 700 - 500 = 200
450 - 300 =150 450-450=0
300150 =150 300 —100 = 200

Acts Maximum Opportunity Loss

Ay 150 < Minimum

Ay 200

A 400

3
The minimum value of the maximum opportunity loss is 150 which corresponds
to act A;. Hence, the decision maker selects A; as the best act by using minimax

regret criterion.
Based on the following pay off (profit matrix) :

Pay-Off Matrix
States of Acts
Nature A B { o D
P 5 10 18 25
Q 8 7 8 23
R 21 18 12 21
S 30 22 19 20

Determine the alternative to be chosen under:

(i) Maximax criterion

(ii) Maximin criterion

(iii) Minimax regret criterion

(iv) Laplace criterion

(v) Hurwicz criterion (Use o =0-8)

(i) Maximax criterion : In this criterion, the decision maker sel
(act) which maximises the maximum profits :

ects that alternative

Acts Maximum pay offs

A 30 + Maximum
B 2

c 19

D

The decision maker should choose z'u.':t A

Statislic

1 Decision Theory
al
(ii) Maximin criterion: 1y,
el Whihtmaxjmi‘*s the min:\:fﬁon, the g
cts inimy m pay off: stonmake %
A M Py T Selagt
Y off that e
B eMative
- ‘
D
isi Wy
The: def:u‘ilon maker should choose Ny Max“num ‘.
(iii) Minimax Regret Criterion, , I:ct D,
alternative which minimises tne maxim‘fu;ri le(fion, the degig;
Opportunity Ofthe oppopyp, - Maker s -
Lo ty los; lect tht
States of Nature SS Table Ses.
P
Q
-
3 N0-2-3
Acts Maxi
aximum .
A 20 Opportunity Logs
B 16
o 15
The d D 10 « Minimum.
e decision maker should select P, .
opportunity losses. ect act D for it minimises the maximum of the

(iv) Laplace Criterion : In this criteri i

p] : terion, we assign equal opportunity (ot
probabl.l_lty) to each state of nature. The decision maker selects that gftwhichk};ise:
the maximum average pay offs.

m!s . States of Nature Average Pay Off
P Q R s
Probability | 1/4 | 1/4 | 1/4 | 1/4
“ 5 8 2 k| 315+s+21+30]=16
B 10 7 [ 8| 2 %[1047+15+2ﬂ=14'75
£ 8 | 8 | 2| ¥ %llh““”"l:‘“‘s
1 15)=21
Ip5+83+ 2A+
D 25 23 2 15 4i
R erage Py off.

Thy === -+ maximises the ave
@ decision maker should select act D foritm
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(v) Hurwicz Criterion : In this criterion we determine ‘maximum and minimum o
each action and obtain weighted pay off (P)=c x maximum +-(1 -) minimum i
each act. The decision maker chooses that act which gives maximum weighteq pay

off
Here, a=0-8
Maximum Pay off | Minimum Pay off Weighted pay off
P=amax+(1- i
30 5 30x-8+5(1--8) =25
2 7 22x-8+7(1--8) =19
19 8 19x-8+8(1--8)=16-8
25 15 25 x-84+15(1—.

The decision maker should select act A for it maximises the value of weighted
payoff (p)-

(2) When the pay off matrix with cost data is given : When we are given pay off matrix with

cost data,

then the reverse criterion Minimax and Minimin are used to decide the best course of

action by a decision maker. The following example illustrate the uses of these criteria for solving
such decision matrix with cost data :

le 3. A decision matrix with cost data is given below :
p

Acts States of Nature
5 52 S S
A 1 3 8 5
Az 2 5 4 7
Ay 4 6 6 3
Ay 6 8 3 5
Find the best act using (i) Minimax criterion; and (i) Minimin criterion.

Solution.

(1) Minimax criterion : In this criterion, the decision maker selects the act which
minimise the maximum costs. :

Acts Row Maximum Values
Ay 8
Ay 7
As 6 < Minimum
Ay 8

The decision maker should select act A3 by using Minimax criterion. .
(i) Minimin Criterion : In this criterion, the decision maker selects the act which
minimise the minimum values.

Act Row Minimum Values
Ay 14 Minimum
A, 2
Ay 3
A4 3

The decision maker should select act A, by using Minimin criterion.

ot

5
1«n

A businessman has three alternatiy,
" events. The.conditional pay off for

P

A Decision Theory
fic

. EXERygy, - "
ose that a decision maker faceq 1

25“1”9 construct the following pay Off‘t':{;tlh three deci
Acts/States of Nature = " i

L} 16
a2 13
dlge,

~wuming that the decision maker has
Ate four states of nature, find
following critera : () Maximin; i)

70 knoy

the decigio 982 aboyt
lecisiong the o

Maximax andl(?ii‘;id"‘?“mmg;g‘:?‘&:? OCCurren
er each of

Ans, (X Regret. of the

€S open to O Acta, G

each evem0 ,sh:::cé‘ of which o Aﬂv“l (i) At g,

Pay off clow: e four osgle

Alternative

Determine which alternative should be chosen i he adopts
() Maximin criterion (or Wald's criterion) ' ‘
(i) Maximax criterion

(iif) Minimax regret criterion (Savage criterion)

(iv) Laplace criterion [Ans. (i) Act A, (ii) Act A, (i) Act Ay (i) Act 4]

Construct the opportunity loss (or regret) table and find the best act using minimax
. . t
criterion from the following pay off éble: -

Acts/States of Nature Sy
4 2
Ay 23
As =7

A decici, = M
€cision matrix with cost data is given below:

Pay off table
Acts/States of Nature

4

Lo e
- A
By - cril

ind g o and i) MinimiR €T
© best act using (i) Minimax crit?:(:s\ a(xil)d,(al:)is e best 2 )

m.m;‘2 s the best act]
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Suppose that a decision maker with three decision alternatives and four states of nature
> c:npsl?rucl {he following profit pay off table :

$1 Sy S “
14 8 10
n 10 7
9 12 13

hat the decision maker has no knowledge about the probabilities of oc
:?‘ses;:’r‘r:: sltaales of nature, find the decision to be recommended under each of th
iterion : —
(Cj;l}j[axjmjn, (ii) Maximax and (iii) Minimax Regret
[Ans. (i) A5 is the best act, (i) A; is the best act (iii) Ajy is the best
6. Find the best act by Hurwicz criterion from the following pay off table.
) Pay off Table

currence of
e following

act]

Acts/States of Nature S Sy S3 Sy .
A -2 -3 4 3
Az -1 0 6 7
As -3 -4 9 5
[Take the coefficient of optimism o =0-7] [Ans. Aj is the best act with a=0-7]

(2) Decision Making Under Risks with Probability
In this case, the decision maker developed good probability estimates for the different states of
nature. The following two criteria are usually adopted in decision making under risks with
probability :
(1) Expected Monetary Value (EMV) Criterion
(2) Expected Opportunity Loss (EOL) Criterion
(3) Expected value of Perfect Informations (EVPI) . p
(1) Expected Monetary Value (EMV) Criterion : This criterion requires the ca]c.lflation of
expected monetary value (EMV) of each act which is obtained by multiplying the conditional pay
offs for that act by the assigned probabilities of various states of nature. The decision maker s?lects
that act that yields the highest EMV. The Expected Monetary Value (EMV) for a course of action X
is given by :
EMV (X)=p X1y +pa X1 +P3X3;
where, X;;, X,; and X5, denote p:y offpolf algt Xpl%r 2511, s: and S; event or states of nature and
P1.P2 and p3 denote the probability of occurrence of Sy, S, , S5 event (or states of nature).
Procedure :
The calculation of EMV consists of following steps :

: ; : of
(i) Construct a pay off table listing the alternative course of action and the various lik:‘t::ian
nature, if not given. Enter the conditional profit for each decision act-event combin?

along with the associated probailities jtional
o . i i o
(i) Calcplale the EMV for each decision act (or alternative) by multiplying the condition?
profit by assigned probabilities and adding the resulting conditional values.

cision Theory l

t (or alternative) thyy .
. gelect the ac 2t yielq
;i) 5€ i S the by
(12) prpected anjmpoise ex“:cltn;s o Criterigy, '
) is o e POty loof ANl

9 e 1s) repl:esenls the amount by whi chm QL), Expmedﬁntﬂiun(mm i

w0 sible actions. The course of atjo, ma:’“'f“fmp
"’rfnal decisiont act (.OF altelmahve)_ T.he eXpecteq o "lll\lmi:;s
ot Iying the conditional OPPportunity Josg for thgy Unity Jog, (EOL
P Y ture. For a course of action X, the expecty L BY the g 1) of

EOL (X) = ;
=pily +p. - 05 (BOL 5 oo S Of Varigyg
where, L1/ L,y and Lg; denote opportuni IO;HHPJL! )Bgnvem,y:

e and p1,P2 and p3 denote the probabjlity of

N -

aature)-

pocedure £ )

The calculation of EOL consists of the follow
Construct a conditional pay off table

o with the associated probailities, e for each act-event combinat

2) For each_ event (or states of nature) determine th .

| it e py i o e o 1 S ety by

(3) Calculate the expected opportuni event (or sta

loss o €S Or nature),
multiplying the conditional loss b £y 1055 (EOL) for each decision alternative

y the associated robabili tive (or act) by
(4) Select the alternative (or act) that yields the lowesll)EO;. Sl thenading e vl
Note : EOL criterion is similar to EMV. criterion except the Ortunity | i
instead of profits. PR oottty loses e considered
.(E‘I) Expected Value of Perfect Information (EVPI) : Under this ceriteion, it is assume that the
decxsxoq maker has authentic and perfect information about the future. With perfect information,
the retailer (decision maker) would know in advance the demand for each day and will store the
vact number as per demand. The expected value of perfect information (EVPI) is the difference
Ieveen expected pay off with perfect information (EPPI) and expecle pay ffwith uncertinted
(rEMV of Best Action). Symbolically :
f\;lhpl =EPPI-EMV of Best Action fnature) + @est
ere, EPP] = (Best pay off for Ist state of nature x probability of 1st state of nature
f
El}":::f for 2nd state of nah{re x probability of 2nd state of nature) +..-+ (Best pay off last state o
"Pmbability of last state of nature)

Aep

UCATIONS OF DECISION-MAKING UNDER lustﬂj "

e T K . i

'°“°wm;§£’:;:§°ns of decision making under risks with provebily

u i . o
(2: hen the conditional iway off matrix with profitdatais s‘:::iven- -

0wy the conditiona] pay off matrix with profit data isn0 e Wien e are 5}\13
ifong ™ e conditianal pay off matrix with profit &8 B8 0 i heassoc
P Profi pay

gatesof 12

of act X for
5.8,
1+, an
Occutence of S 522 am;l sS 3 Sventor st of
even

O states of

ing steps:

on, if not given along

rudied under the

th

nature along W o
ttable for different acts and the varim'lts i:z:‘esc::\ e illustrated by the following
Ples, * '€ Uses of EMV criterion and EOL i€
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262 Stetigticat Declaion, Thel8 g The expected monetary va,q (EMv)
2 El or dj
Ppay offs of three acts A,B and Cand the states of nature P, Q and R are given MV for (X)=0-3x(.$;';ew"‘aﬂsx Yt %3
Example 4. ay o1 =3 +(0.5) (o, "9 Zare gy )
below : rES EMY for (1)< (g 6+10p +52=1?6(2“°l+(01) 80 Ulated bejey
States of Nature “ 2;3) (=80 +0.5 :
==242005, ) * (40
T 120 “10 EMV for (2)< (g.5 x?lt:m)s 21y 005
250 - 350 200 =30- 05
550 650 700 Since, EMV for Act Y is may 150+129< 3°°)+(0-2)x(60
Im 0)
EMYV criterion. U, ActY mayy,
The probabilities of the states of nature are 0-5,0-1 and 0-4 respectively, ¥ be selecteq tobe th,
Tabulate the Expected Monetary Values for the above data and state which can 6. A managem_ent is faced with the — e best act under
be chosen as the best act. pump manufacturing. The potentia] demanq o ‘hﬂnsing one of
. moderate or poor. The Probabilites f, Or each Pmduumu three Products for
Soluor: Pay off (Rs.) estimated as follows : S 10 each of thege of a2t tobegoog
) = 5 - i Nature of Demand S 0f nature were
5 Product Good
-3 12 - 100 | X 0.70 Moderate Poo
250 - 350 200 ! y 0-20 o
550 650 700 0-50 0-30 10
z 0-40 o 0.20
The expected monetary value (EMV) for the acts A, B and C are calculated below : The estimated profit or loss e !hl‘Sﬂ 010
EMV for (4) =(0-5) x (- 35) +(0-1) x (250) +(0-4) x (550) Produck i e g states of demand may be takep a5 :
=-17-5+25+220=2275 X B0.005 . Rs.
EMV for (B)=(0-5) x (120) +(0-1) (- 350) +(0-4) (650) Y e 20,000 10,000
=60 35+260=Rs. 285 z 20,056 1;‘;“;;% 20,000
EMYV for (C) =(0-5) x (~100) +(0-1) x (200) +(0-4) x (700) 7 4 (-) 15,000 (Loss)
5045 280 R, 550 Calfula(e the expected monetary value and advise the management about th
SEWAAUE q choice of the product to be manufactured, : e
Since, the Act B yields the highest EMV of Rs. 285, Act B can be chosen as the best act. Solution, The g b Eallx 3
Example 5 Given the following pay off matrix 5 given data is rewritten in the form of the following table.
States of | Probability Acts Shteaor Nayne Expected pay off (000 Rs)
Nature X Y z X b
P 03 - 120 - 80 100 p X p Y
Q 05 200 400 - 300 Good 0-70 30 050 | 6
R 02 260 — 260 600 i Moderate 0-20 20 [
Using the Expected Monetary Values, decide which act can be chosen as the f Poor 0-10 10 0-20 20
best. : ] i
Soluti ot The expected monetary value (EMV) for diffrentacis X, Y;ﬂd (Zmﬂ)"? clalatedas
olution. ) EMV for (X)=(0-70) x(30) +((].20)x(20)+(0.l )
States of Probability =21+4+1=Rs.26
.20) x(20)
Nature X EMV for (Y)=(0-50) x(60)+(0.30)x(30)+(0 20)x(
03 -120 _3049+4=Rs.43 9
i 0) +(U<10)K(0'
2 220 : EMV for (2)={0-40 (1040 e
. = -1-5=Rs.1% ent is advise
Since, 16+5 v is ighesh the managem
J prog, e expected value of produc
uce product Y.
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i from the following pay of;
ected opportunity loss (EOL) g Pay off table
<Example 7- Calculate the e;]: which act is to be selected.

Solution.

Example 8.

and hence deci

Acts

States of Nature
(Events) a4 | B c D
50 20 -10 -2
120 50 200 300
200 240 400 350

The probabi]ities of the states of nature are 0-2, 0-5and 0-3 respectively.
irst of all, we construct the opportunity loss table from the given pay off table :

F
Table

Opportunity loss (or Regret)

| D —
D

50-(-20) =70
300-300=0
400- 350 =50

States of

400-400=0

The above data is rewritten in the form of the following table :

States of F bilif Acts
Nature A B T (% D
5 02 0 30 60 70
s, 05 180 250 100 0
S 03 200 160 0 5|

Expected Opportunity Loss (EOL) for the four acts are calculated below :
EOL for (4) = (0-2)  (0) +(0-5) x (180) +(0- 3) x (200) =150
EOL for (B)=(0-2) x(30) +(0-5) x(250) +(0- 3) x (160) =179
EOL for (C)=(0-2) x(60) +(0-5) x (100) +(0- 3) (0) = 62
EOL for (D)=(0-2) x(70) +(0-5) x (0) +(0- 3) x (50) =29
Since, EOL is minimum for Act D, Act D may be selected to be the best act
according to EOL criterion.
A group of students raises money each year by selling souvenirs outside the
stadium after a cricket match betwen Teams A and B. They can buy any of the

three diffe types of from a supp
dependent on which team win the match. A conditional pay off table is as

lier. Their sales are mostly
under:

Teams Type of Souvenir
1 11
Team A wins Rs. 1200 Rs. 800
Team B wins Rs. 250 Rs. 700
(i) Construct the opportunity loss table, (ii) Which type of souvenir should ﬂlet
students buy if the probability of team A’s winning is 0-6? (iii) Find out the <05

of uncertainty.

gt

Solﬂ[i"n'

cal Decision Theory

(i) The required Opportun;

Opportunity |
" Team Wins
(State of Nature)

ty logs table ;

i5 cony
055 tabje & Re uf
Bet

(i) Since, the probability

that Team A

Team Bwins=1-0-6=(.4, wins s .6

With the probabilities 0.6 *EROrS, the prgh

written as : 2d0-4 for e teams 4 3nq i
[

0 .
bt i e
A e T T

The expected opportunity loss fo,
EOL (1) =o-sxotio-:;xarsnlh::s“:;mw&m"m‘“'
EOL (I)=0-6 x 400-+0-4x 400~ .4
EOL (1) =0-6 %900+ 0-4x 0= Rs 59

Since, t‘he EOL for Type I is minimum .hence

souvenir. '

(i) If there is certainty for a te i

and EOL would be zzo. Henc:fn!l::;::’omzﬁrx;gisbex i

ated as below ;

the students should buy Type [

L Yl

EXERCISE - 2

3 e pay offs (in Rs.) of three acts A ol
g Ay
1 Th : : 1,4, and Ay and the possible states of nature 51,5

States of Nature L Acts
' 4 A
) 200
-100 -5
60 y %

tively. Determine the

Thy -
€ Probabilities of the states of nature are 0-3, 0-4and 0-3r5Pe€[Ms. Ay i st

A

Opti; 3
gl:nm:ll[ad using the expection principle.
be chooes the Expected Monetary Values

St

for the data given below and state which act can

05en as the best :

Act Z is the best]

—

[Ans.
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ced with the problem of choosing four products o
d for each product may turn out to be good, saﬁsfacmry

ring company is fa
ed for each of demand are given below :

The porenh'al deman

3. A manufactu
estimat

ufacture. il
e The probabilmes

and poor-
T bilities of Types of Demand
Statisfactory Poor
A 0-20 0-20
B 0-15 0-10
c 0-25 0-15
D 0-20 0-30
states of demand in respect of each product

The estimated profit or loss under different

may be taken as:
m Rs. Rs. Rs.
A 10,000 1,100
B 40,000 20,000 () 7,000
c 50,000 15,000 () 8,000
''p 40,000 18,000 15,000

Calculate the expected monetary value for different products and advice the company
about the choice of the product to manufacture.
[Ans. The company should manufacture the product C]

Given the following pay off matrix :

State of Nature Probability Decision
Do not Expand  |Expand 200 units Expand 400 units
(A7) (A2) (A3)

2,500 3,500 5,000

High demand
Medium demand 3,500 2,000
Lifw denriand 1,500 1,000
What should be the decision if we use (i) EMV criterion, (ii) The minimax criterior, (iii) The
maximax crhierion, (iv) Minimax regret criterion.
[Ans. (i) Act A3 (ii) Act A (iii) Act Ag (Z,) Act A, or Act Ag]
year by selling gift

of a service organisation raises money ea
articles outside the stadium after a cricket match between teams X and Y. They can b}l)’
any of three types of gift articles from a dealer. Their sales are mostly dependent on W]
team wins the match. A conditional pay off table is as under :

Teams Type of gift articles
' T

Rs. 900 Rs. 600
Rs. 500 Rs. 800

A group of volunteers

Rs. 1000
Rs. 400

Teams X wins

Teams Y wins

(i) Construct the opportunity loss table.

i
j OPies. How many copies should he 0!

ical pecision Theory
ot . et o
. Which type of gift articles g
) Linningis 0-82 ould re Volupy
(i) Find out the cost of “ncel'laimy‘ RIS by, f » %
. 100 4 obab
Ans. (i) 00] Y 0f Teap 3,
[ Lo 200 g [6)me, am
Olun
shoulg
Uy
Y Ype1 gig aticeg
uj

the conditional pay-off matriy ;
() Whent LYo mabrix s nog o,
3y O e but.the pl;)bablllty distribution of defxl;:nf When yye
{iﬂin thealternalive 2 (;ns (o8 8cte) and the Various i wa:-nmgi"m the cong;
ot ity of the sta]tes of nature. The use of By msttages(,fmmeanf:stm crpimdm""“
owing examples. erion jn also it g Offtable
e foll SUCh prgbleg, o ¢ e aS0ciateg
pample % A baker produces a cerfain type of an be ilygtry
anl?i s;lls it at a price of Rs, 5 Th‘i)s ;PEcial Pastry at 2t
luring t i - astry i h
S s o ok
to past experie € totally spoileq ang g, . '8 Produced but
perience, the weekly demap, di 2ve to be throwp not sold
greater than 80, you are required to form :lr the pastries s n 2. Accordi
al

Solution. Itis clear from the problem given that th,
| ;g o;gmg; t;oan gg t1;:‘_asi:rit=.s. Thus, there ;;T}lne‘f:;mm’s:‘:i:l 0t produce less than
Thlere are threel;cssi;iz T;he - iy wmklya;:;na:ge? e
the data given in the . ;ltes ofnatutie, demand s, Sandsn Pi:;ipﬁ?&
i e problem, we'! ca:_n calculate the conditional profi e o
ent (demand) combination : P
We are given: Profit=5-3=Rs.2
Loss=Rs. 3
Conditional Pay off = 2 x units sold - 3 xunits unsold
The resulting pay off is given as:

Conditional Pay off Table
Possible Purchase Action ()

Possible Demand (D)

ties of selling 2 magazine:

A newspaper boy has the following probabi

No. of Copies Sold :
Probability :

Cos| il ise.
t of copy is 30 paise and sale p"t;i,'s,i':fulmm EVPL

5. He cannot retur® unsold

g
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‘ the problem given that the newspaper boy would not purchg,
'1;‘:1 Ci%a:;;:; andpmore than 14 cop'ies. From the data given in lheppmblels.:‘l:vs:
can calculate the conditional profit values forfach purcbase action-even;
(demand) combination. 1f CP denotes the conditional profit, S the quantiyy
purchased and D the demands, then

We are given : Profit = 50 — 30 = 20 paise

Loss = 30 paise melz 1.

Conditional Pay off = 20 x copies sold — 30 x copies unsold ‘
The resulting pay off table is given below : |
Conditional Pay Off Table

Passible bability| Possible Purchase Action (S)
demand (D) 10 |11 copies | 12 copies | 13 copies | 14 copies |
(No. of copies
copies) |
0-10 200 | 200-30 200- 60 200- 90 200-120 |
=170 =140 =110 =80
1 0-15 200 220 220-30 | 220-60 | 220-9p ‘ Solution.
=190 =160 =130
12 0-20 200 220 240 240-30 240- 60
=210 =180
13 0-25 200 220 240 260 260-30
=230
14 0-30 200 220 240 260 280

Expected Monetary Value (EMV) can now be computed by multiplying the
probability of each state of nature with the conditional profit value’and adding the
resulting products.
EMV (10 copies) . :
=0-10x 200+ 0-15 x 200+ 0-20 x 200 + 0-25 x 200 +0- 30 x 200 =Rs. 200
EMV (11 copies) -
=0-10x170+0-15 x 220+ 0-20 x 220 +0-25 x 220 +0- 30 x 220=Rs. 215
EMV (12 copies)
=0-10 140 +0-15 x190 + 0- 20 x 240 + 0-25 x 240 + 0- 30 x 240=Rs. 2225
EMV (13 copies)
=0-10x110+0-15x 160 +0-20 x 210 + 0-25 x 260+ 0- 30 x 260=220
EMV (14 copies)
=0-10x80+0-15x130 +0-20 x 180+ 0-25x 230+ 0- 30 x 280 =205
From the above calculations, we see that the highest value of EMV is RS-
which corresponds to the purchase of 12 copies. i
He“‘e( by EMV criterion, the newspaper boy should order for 12 cop¥
magazine as it gives maximum expected value.
Calculation of EVPI': From the above table, we notice the following :
Best pay off for the 1st state of nature §1=200, P(S1)= 0-10 ‘

22250

es of

Best pay off for the 2ng state
Best pay off for the 3rq state :ff Natyrg 5, iy
Best pay off for the 4t state of Patyre Sy03 "’(Sz)=u,15 %9
Best pay off for the 5t Nature g _ 40, g )
State of 42260, pr ) =020
EPPI=200x 0.10”20)(0 lnature 55:280,1’(54)20'Zs
=20+ 33+43+65+845“g(;10x0.20+i$%)=n.30
= - = x0.
EVPI = EPPL-EMY of peq, Atezm 2.
A physician purch . =225,
vaccine must be ‘,s;s:i:h?imcula, Vaceing Rs.27.59
less. The vaccine costs R in the wegy ollgre M ay fo
the past 50 weeks, th -2 per dose and e M8, othery;e - 2ch week, Th
fitenrs # the physician hag g ¢ PYSician oot PeComes
quantities : admm,sme dth R, 4 py dwmh.
ceine i gh, ir 0se.In

Doses per week :
No. of weeks :

Determine how many doses the Physician gh

01
Here, number of doses of the vaccine pu uld buy every week,

the vaccine is an event (or state of naty 7 v Eanactan g
en;:x}s‘ t ggst epl;;chase. less thax_\ 2_0 or mérer;tlﬁsﬁo dose‘;mgwcmﬁ‘.m‘ ‘{’:;:;;gi;{
Rs. 2, and otherwise. i ministrated within a week Fds s oty g el

; , itis dead loss of Rs, 2. Vs puoftafRs. -9~
We are given: ' Profit=4-2=Rs.2

Loss=Rs.2
Conditional Pay off=2 x units sold = 2xunits unsold

The resulting conditonal pay off table is given below :

E;::tv:g:ll:)lasd Probability Act (purchase per week) - §
2 %5 ) 60
20 i=0_1 40 40-10=30 | 40-40=0 [40-80=-4
50
25 5o, 20 5 |50-30=20 50-70=-20
50
40 B_os 0 e L
s 50
60 3 01 %0 ’5"’J ® h
50 =
computed a5

The expected monetary value (EMV) cannow be 0=Rs.40
EMV (20)=0-1x40+0-3x40+05X40¢ 00 70 Ly
EMV (25)=0-1x 3o+0-3X5"*°'5xwooilxxso=m.
EMV (40)=0-1 x0+°~3*2"*"'5‘ﬁ}xmm-nuo*ﬂ

EMV (60)=0-1 x (- 40)+0-3x(-20
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EMV for Items tha
In the discussion s0
completely wor
is not always rea t
profits for each stock action.

Example 12.

Solution.

Statistical Decision Them—y

i i EMV of Rs. 54, the opti

. he purchase 40 doses yields the highest I ¥ optimal act

LS}::CI:llx;lsieciP;n would be to purchase 40 doses of the vaccine per week. ct for
t have a Salvage Value: ‘

far it has been assumed that the product being stocked (or pur chased) was

1d on the same day. This assumption that the product has no salvage,

Jess if not so. !
thle does a salvage value, then it must be considered in calculaﬁné

listic. If the product

An ice-cream retailer buys ice-cream ata cost of Rs. 5 per cup and sells it for R 8
maining unsold at the end of the day can be disposed off as.a

per cup; any rei
salvage price of Rs. 2 per cup- Past sales have ranged between 15 and 18 cups per

day. The following is the record of sales :
15 16
0-10 0-20

7 18
0-40 0-30

ise his

Cups Sold :
Probability :
Find how many cups, the retailer should p
profit. Also calculate EVPI
Here, number of cups of ice-cream purchased is an act and daily demand of the
ice-cream cups is an event or state of nature. .
We are given: Cost per cup = Rs.5
Selling price = Rs. 8
Profit = Rs. 8— Rs. 5 = Rs. 3 (if sold)
Disposal selling price = Rs. 2 (if unsold)
Loss=Rs.5-Rs.2=Rs.3

h per day to

Now, the various conditional profit (pay off) values for each act-event )
combination are given by :

Conditional Pay off = 2 x units sold — 3 x units unsold

The resulting conditional pay offs are given below :
Conditional Pay off (Rs.)

Event Probability Act (purchase
(demand per
week) D 15 1
15 0-10 45 |45-3(1)=42
16 0-20 45 48
17 0-40 45 48 51
18 0-30 45 48 51
ted as :

The expected monetary values for different acts are compu
EMV (15)=0-10 x 45+ 0-20 x 45 +0-40 x 45 +0- 30 x
EMV (16)=0-10x 42+0-20 x 48+0-40 x 48 +0-30 x 48=
EMV (17)=0-10x 39 +0-20 x 45 +0-40 x51 +0- 30 x51=
EMV (18)=0-10x 36 +0-20 x 42 +0-40 x 48 +0- 30 x54=

45=Rs.45-00
Rs.47-40
Rs.48-60
Rs.47-40

glat

pam

jstice”

P]e 13.

| Solution.

Since, the act ‘purchage »

act for the retaijler Would Cupg’ yielgg e

Calculation of EVP; . \* Plthag 15 Mgheg
Best pay off o the lsf aboye tam:‘v‘fs of ,(M:af Rs.qg. o,
BI?est Pay off for the 2 tlle i seno e u‘”:lls!. € 0ptimg)
S =, i
est pay off for the 3¢q ate of nah-llgl 45, Bs N OWing
Best pay off for state Of nay, 248, P(; 010
EPPI=45x(.1 € 4th state ofn, e 5y <51, p 2)<0.99
ik 0+48x 02045 aolure X =54'p((353)=040
=290+9:6+20.4 x0-4045, 7 Oe)=0.39
EVPI = EPPI ) +16-2<ps, x0-3)
Each unit of of B'“Amigz
a pr 7 ~48.
Product anq sold yieyg 4 60=R, 3

not sold results in a loss ofRs. 3 S 2 profit of Rs

units demanded i 0. The 1 OFRS. 50 if 3y
is as follows ; Probabiliry disln'h:xﬁ:m .{roduced but
® Numb,

No. of Units Demandeq
0 Probabiljyy e
1 0-20
2 0-20
3 0-25
4 030
How many units be 0:5)

rod o
EVPL Produced to masimise the epected prof 21
‘ culate

Here the number of units
event or state of nature.
We are given : Profit per unit = Rs, 50
Th Loss per unit = Rs. 30

e various iti i
given by conditional profit (pay off) values for each act - event combination are.
™ C?ndiﬁonal Pay off = 50 x units sold - 30 xunits unsold

e resulting conditional pay off is

Produced is an act and the demand of the units
1san

Event |Proba- Ac .
R ts (Production

(denﬁand) bility | o 1 I 5 . 0
0 020 | 0 p- 3000 =3 0-60=-60 | 0-%0=-0 | 0-120=-10
1 020 |0 50 50— 30()=20 | 50-80=-10 | 0-50="40
: +y % > = 5:]00;068;4?20
3 0-30 | 0 50 100 1w [150- 0=

2

4 _loso]o 1 )

edas:
';:'he expected monetary value for different acts ﬂ;mmf;io
MV (0)=0.200+0-20 x0+0'25"O+0.30X05x50+-5x50=‘25'565
1)=0-20x(- 30)+0-20><50+0-25"5"*'3
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EMV (2) =0-20 (- 60) +0-20(20) +0-25%100+0-70 X100 +-5x 100 + Rs.137
EMV (3)=0-20 (- 90) +0-20(-10) +0-25x70+0-30 X150+ 0-5x150 =Rs.475
MV (4) =020 (= 120) +0:20(~ 40) + 025 *40+0-30x120+0-5x 200 =Rs.114
Since, highest EMV is Rs. 137, it is optimal to produc? 2 umtf.

(ii) The expected value of pexfgct infonpah’on (EVPI) is the dlfference between the
expected pay off with perfec_t mfonf\ahon (E‘I’PI? and the maximum expected pay
off (Max. EMV) with no additional information i.e.,

EVPI = EPPI - EMV of the Best Action

EPPI is determined as below :

Prob. (2) Best Pay off under perfect
|  information 13) _ °

Event (1)

Expected pay off Under
information (3) PI (2 x 3)

0
50
100
150
200

0

10

25

45

100
Total = 180

Note : Best Pay off under PI is the max. pay off under each event (or state of
nature).
The expected value of perfect information is

EVPI = EPPI - EMV of Best Actio =180 —137 =43.

1

. A proprietor of a food stall has introduced a new item of food delicacy

EXERCISE - 3

A newspaper vendor has to decide how many copies of a particular magazine he should
buy for the month of Nov. Each magazine costs Rs. 5 and sells for Rs. 10. At the end of the
month unused magazine has no value. The probability distribution to demand is given

below :
2 }
1/3

No. of Copies Demanded : 10
Probability : 1/3
how many copies should bestock?
[Ans. 10 copies]
to which he calls
Whm. ﬂe has calculated that the cost of manufacture is Rs. 1 per piece and sold atRs. 3_17.er
piece. It is however perishable goods and any goods unsold is a dead loss. The probabillty

distribution to demand is given below : n

How many pieces should be manufacture so that net profit expected is maximum- o)
[Ans. 13 piec

11
1/3

Construct a pay off table. According to EMV criterion,

14
12

No. of Pieces Demanded :
Probability :

13
-88

10
-07

11
-10

12
23

aal Dedsmn 1neury
i

1ot® .
§ cetailer purchases berries eve,

A =2 Ornj
b use remaining tnsold as the end of g B3I 5, b
value f Rj : Pﬁﬁfﬁﬁ“*" R0 they g, g o e g5l o g g
ay. wing i 0 .
cases per day. g is the Tecord of Valyg) P“‘sal‘?(f the neyy day al y
15 the p: e lvage
to1g

Find how many cases the retailer should Plrchase
Perday o0 -
Maximjse his
Profit.

emang for g e A 17 it

A news paper distributor assigns prob abilfes o g, . [
e
Bazine ag follows .

Copies Demanded :

A copy of magazine selles for Rs.7 and costs
mom}a;‘}all;}; value (EMV) if the distributor can retum the ungolg WM possi
find 8 COPies for Rs. 5 each 7 a;

< ? Also
Each unit of a p_roduct produced and sold yields 5 p,[ t:\ﬁﬁ;gEMV = RS, 120, EVPI = 0.y
not sold results in a loss of Rs. 30. The probability distribu 2 RS. 50 a unit produced by
is as follows.: o

nof the no. of units demanded
How many units be produced to maximise the expected profits. Also calculate EVPL.
, oyl [Ans. (a) 3 unis (b) EVPI = Rs.

. A fruit' wholesaler buys cases of strawberries for Rs. 200 ear.)h anu;“selg)m for Rs.é&ll
eaf:ll. Any case left would at the end of the day have a salvage value of only Rs. 50. In
analysis of past sales record reveals the following probability distribution for the daily
number of cases sold :

Daily Sales
10
11

Rs 6. What can be gy >
© expected

No. of units demanded :

Probability :

1
0-6

3
0-3

5

01

Probability
0.15
020

12 040

o 13 020

Y What is the optim jon for the fruit seller? I
)y skt ¢ 3 1 0229
DESISI()N TREES
ing it ision m
,'“&th\;;e::m P

. Owp o :
Mgt of no;s decision tree. A decision tree is 2 67P

)  the chocies open Wi &
aking involves several stages and at each stagec,:"“:e resented by a0 ““‘;::‘me
3yoff. For the sake of simplicity, thesé SEEZMW‘I outs comes. The tre¢ g

o o ing process. It
free formation listing out all events and i device of2 decision making l’s il

¢ pay-offs Desion trees12V°

i

e, branches, probabilities and the 1es/™"
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274 )
L i e. These are a number of branches leading fro; i

symbols. Square m;m;f:j;;:ﬂ‘,?ﬂsuzciumes of action available to the decision magker. lxtt}thu_:
square. These bracx;| l;-;_e is a circle which represents chance node (or state of nature). Varioyg
end of each bran out of the chance node with their associate probability estimates. The net Tesult
Oufcomes emerge’_s indicated against each circle. The branches that are drawn from the decision
of each autcoxer:ieas decision branches while the branches drawn from chance node are named ag
gf:c:r;r:ﬂes. Following diagram gives the structure of the decision tree.

Sepecimen of a decision Tree

E; Outcomes

D —> Decision Node

O — Chance Node

The following example illustrate the application of decision tree.
le : An has two packagi hines : old and new. The new machine

is more efficient if the materials are of good quality, on the other hand the old

information are given :
(i) 80% materials have been of good quality and 20% of poor quality.
(if) The profit position is as under :

(a) Using old machine
—If the materials are good Rs. 2000
—If the materials are poor Rs. 1600
(b) Using new machine
—If the materials are good Rs. 2,400
—If the materials are poor Rs. 800

Use a decision tree to decide which machine should be used under the Cﬂndmof‘
that the quality of material is not known at this stage.

machine performs better if the materials are of poor.quality. The following - - -

o -

s

1 Decision Theory

ont g
5aI““° ) 275

o

Ll

g,

1,
1u

- Explain two different criterion usually adopt

Expected profit for old machine = 0-8

X2 ¥
Expected profit for new machine=(.gx 223010022" 1600 = Rs, 1929
"aX

800 = Rs.2080

Since, the expected profit of new madﬁmishigh Hence selct
’ Tew machine,

QUESTIONS

. Explain the concept of statistical decision theory and discuss its usefulness in busi

situations.

. What are the elements that decision matrices usually contain?
. Explain briefly the following in the context of decision theory:

(a) State of Nature
(c) Pay off Matrix

() Act
(d) Minimax Regret Matrix.

. Explain different methods for making decision under uncertainty.

OR .

Briefly discuss three different criteria usually adopted for decision making under
un i : ility. )

certainty without the use of probability. i for decsion makingunder 1k

Probability.
) OR T,
svxmai“ EMV and EOL criteria of decision making under sk
< ite short notes on : - .
@ Laplace strategy (i) Savage qte;;l;ih“ﬁm {o demand
(iil) Wald's g, ategy " (iv) Probability

< ) ich are useful
"ite a brief note on statistical decision mten:a-, Describesome methods whichare

}'Z:‘at do you understand by ‘Decision Theory *
! decision making under uncertainty- certanity Wi
thusfs the criteria for taking decision under U™

12is EVPT 2 How s it calculated ?
poe

th examples-

Wi !
'® 2 note on decision tree.
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Statistical Quality Contro]

INTR! CTION
I OPU f every-growing competition, it has become absolute necessary for a manufacturer,
In this EZ: :coiﬁnuous watch over the quality of the goods proc!uced. But due to large scale
producer N’jevel]3 it is not possible for a producer to check the quality of each and every item
PTO::E::“E&:E;OYE, to control quality of the manufactured goods, the study of statistical quality
f;:lrol, abbrviated as S.Q.C. is very important and useful.

MEANING OF STATISTICAL QUALITY CONTROL

i istical techniques in controlling the

isti Control (5.Q.C.) refers to the use of statistical echn n lling |
l?tam}hmcfngfl;ihtzedugoods. It is the means of establishing and achieving qual}ty specification,
ql)l:chtyrg uires use of tools and techniques of statistics. It is an ix.nporlant a_ppl_lcatlon o'f the theory
:;plrobalzlity and theory of sampling for the maintenance of uniform quality in a continuous flow

of manufactured products. One of major tools of. S.Q.C. is the control chart first introduced by W.A. -

Shewhart through the application of normal distribution. -

DEFINITION OF STATISTICAL QUALITY CONTROL (S.Q.C.)

i it isH i iven below.

Some important definitions of statistical quality control are given e !

1 -Asmf')sﬁml quality control can be simply defined as an economic and effective szziirsns g'jf‘
maintaining and improving the quality of outputs h the w.}ttzle PRENG. PIes es
specification, production and inspection based on continuous testing with ran gy LG .Chou

2. Statistical quality control should be viewed as a kit of tools which may inﬂuer]zace dec:st;ns él; :ﬁi

functions of specification, production or inspection. — :gene t'about =

From the above definitions, the essential characteristics of 5.Q.C. may be riug: 1t

under : (i) It is designed to control quality standard of goods produced for marl ef tﬁe v
exercised by the producers during the production process to assess the quality o

A 2 _chart,
(iii) It is carried out with the help of certain statistical tools like Mean chart, Range Chaf—;'a [I;ons i
C-chart, Sampling Inspection Plans, etc. and (iv) It is designed to determine the va 1

quality of the goods and limits of tolerance.

ADVANTAGES (OR BENEFITS) OF STATISTICAL QUALITY CONTROL

The following are some of the advantages (or benefits) of statistical quality Contr:"l; uring the
(1) It provides an objective method of controlling the quality- of produc of the

i i
produch_on process. It tells the production manager at a glance whether Ihe gty
Product is under control or not.

—

ity Control
Jistica! Quality

5 ides a quick method g o .

1t prov, tistical quality MRt g,
@ [ed\f“q‘:; ;{:;:lial ::ﬁ(?: :];;yb?:‘:ul, we::: Aot AUses o

ecessa N aken aygig: ect aee: Vari
¢ ovides better quality assurance at 1°wm§"’8 the, e CausesD:i ‘!,3:' Using fhe
Mation and

277

o I:heaper vis-a-vis 100% inspection

iNspecs:
. . Contry Pection
e rpret and economical. Ontrol chapyg a,??‘-samplinghm )
interp’ lin Simple 1 & Puuqngﬂ]wi
The acceptance samp! g Protects the intereg TStrUct ang o {s
@ Jot of bad quality. This is also helpfy] 1 Y to

Probability of a good lot being Tejected,

t of e co
"SUmers by ey
the Producerg bE(aL‘;EJ&ME i 0 e
The very presence of statistica] e

quality congrg) s oW the
! Q0)
althy influence on !}_\e Psychology of v, X QC)in, i )
fmow that the quality is being checgeq. "< 0 makey q"u'?ﬁﬁ'lﬁi?hm s a
R : - Cl

© A quality conscious ma.nufach-lnng unit is able to . 0US. They
jts product which is of immense long Tun valye, 800dwil from g, -

() Past data on quality control may se o

machinery as well as technical staff, e 2 guide for
is possible to defend the qualtiy of oy
o :ltv.::llx’ty control records. b Pk 1Y govemment gency on the basis of
Limitations : Despite the great significance of
suffers from certain limitations as under ;

(i) Itcannotbe applied indiscriminately

(ii) It canniot be used mechanically to all
environment.

(iii) It involves mathematical and statistical
interpretation of variations in quality.

() It provides only an information services.

CAUSES OF VARIATION IN QUALITY CHARACTERISTICS

Every manufacturer / producer produces the product according to pre-determined ?‘a"d-“&s'
Mough the product is carried out with the most sophisticated tecologysome varaonsn e
Rality of progisets are bound to take place. For example, it isnot possible that al}kpl::;\:“s;‘ahf’m
E?d““d ina factory would be exactly of the same q‘.mmy' There ;Ns'rthm may be various
cuger s TUNOF it might be in the quality of the various lems o kA

S5 of this variation, These causes are classified into the following i f:mose changes in the

0 Assignabe Causes : These causes, as the name Sugg-ﬁﬁédm{;r any partcular cause ke
Quality of the products which can be assigned of atl_rlbm However, the effect of such

ng?c{i"e Materials, defective labour, defective ma?‘g‘:t‘::ui 5Q
(i) e 10mS can be eliminated with a better system of akes place 2

Chince e SUgges ) iplicity of several inot

s, Causes : These causes, as the name ffect of a multipic o

caus;m fa§m0n as a result of the cumulative € inhe

the choice of , Tew plant ang

statistical quality contro, the technique of $.Q.C.,

a5 panacea forall quality evils.
Production process without studying their peculiar

problems in the process of analysis and

f causes 15
Prodycg; ich: cannot be identified. S“d;I l%]‘;va ationinany’s
M of u\::m‘ and hence it is accepted asan? °be e abovt
Babq Vapo WO types of causes, nothing ¢

Ons can be detected and corrected:

chance causes: However,
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METHODS OF STATISTICAL QUALITY CONTROL
Sralis‘h'cal quality control methods are applied to two distinct phases of plant operation. They

are:

(1) Process control

(2) Product control . ,
(1) Process control : Under the process cofirol the quality of the products is controlled while

the products are in the process of production. The process cqntrol is secured wiu:. the technique of
control charts. Control charts are used as a measure of qu'ahgy control not only in the production
process but also in the areas of advertising, packing, air ll.ne_ reservations, etc. Control charts
ensures that whether the products confirm to the specified quality standard or not.

(2) Product Control : Under the product control, the quality of the products is controlled while
roduct is ready for sale and despatch to the customers. The product control is secured with the
technique of acceptance sampling. In acceptance sampling, the manufactured articles are formeq
into lots, a few items are chosen randomly and lot is either accepted on the basis of certain set of
rules, usually called sampling Inspection plans. .

Thus, process control is concerned with controlling of quality of the goods during the process
of manufacturing whereas product control is concerned with the inspection of finished goods,

when they are ready for delivery.

CONTROL CHARTS
The control charts are the graphic devices developed by Walter A. Shewhart for detecting

the p!

unnatural pattern of variation in the production process and determining the permissible limits of . .

variaton; Control charts are the core of statistical quality control. These are based on the theory of
probability and sampling. Control charts are simple to construct and easy to interpret and they tell
the production manager at a glance whether or not the process is in control i.e., within the tolerance
limits. A control chart consists of three horizontal lines :

(1) Central Line (CL)

(2) Upper Control Limit (UCL), and

(3) Lower Control Limit (LCL)

(1) Central Line (CL) : The central line is_ the middle line of the chart. It indicates the grand
average of the measurements of the samples. It shows the desired standard or level of the
process. The central line is generally,drawn as bold line.

(2) Upper Control Limit (UCL) : The upper control limit is usually obl
sigma (30) to the process average. It is denoted by Mean + 3 o. The upper contr
generally drawn as dotted line. i

(3) Lower Control Limit (LCL) : The lower control limit is usually obtained by subtracting g
sigma (3) to the process average. It is denoted by Mean-3c. The lower control lu_m“
generally drawn as dotted line. g 1

On the basis of these three lines, a control chart is constructed. The general format of a contro:
chart is-given in the diagram below : for

In the control chart, the mean values of the statistics T (i.c., Mean, Range, S.P., etc.)l :g
successive samples are plotted and often joined by broken lines to provide a visual clarity. S0 o€
as the sample points fall within the upper and lower control limits, there is nothing to worry 21
such a case the variation between the samples is attributed to chance causes.

tained by adding 3
ol limit is

cal Quality Control
1

5',:is
in
o . b
Sample Number ’

|
| Logic of Setting of Control Limits at +3¢
. b sh.ewhart lﬁas dl?ml.’t?s ed the 3¢ limits for the congy
| yariable X is normally distributed, the Probability g ol charts, Frop, fre "
| yhere, X is the mean and ais the standard deviation isaorandom Variable i gﬁabmy, ifa
! probability of a random variable fall outside these hmus i Sty s?r;(tk,
| words, occurence of events beyond the limits of X +3q m:g- 0027, which is Yy b, h\“i' l;‘h:
| ison the whole nearly 3 out of 1000 events are ,gx m;d lheevmlsliemmml mm'

Y Temote chance under i

g " ormal
aizble qulity a characerie 5
sample points falling outse these

drcumstances. Thus, if + 3c limits are em;

20! ployed and
asumed to be normally distributed, then the grobabilitym:fv
limits when the process is in control is very small,

Purpose and Uses of Control Charts .
;I;he conh-o} ‘charts are useful in the following situations:
(Zi :: :eips in detem}ining the quality standard of the products while in process.

ro; ps in detethg the chance and assignable variations in the quality standards of the
o ﬁ uts by setting two control limits lines.
on reveals varaitions in the quality standards of the products from the desired level.
indicates whether the production process isin control ornotsoasto take necessary steps
6 COT its correction,
lt‘:gol charts are simple to construct and easy to interpret.
ures less inspection cost and time in the process mnh:]g'mer or not the process is it

C
c::t:.:ﬁ% charts tell the production manager at a glance ¥

S OF N
CONTROL CHARTS

Cony )
KM““ isuxln?a'ts are of two types depending on whelher® given 4%

) Cop ol -gl-s‘llrable or not. These are :
arts for Variables

¥
o va,,,lha ¥ (2) R-Chart

ld' g 27 for Atributes

lity or characterstis of 2

6] o-Chart

(2) np-chart (@) Cchat
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Control Charts
for Variables

A. Control Charts for Variables . -

These charts are used when the quality or c‘\afac teristics of a prdouct is capable of bein,
measured quantitah'vely such as gauge of a cteel alimirah, diameter of a screw, tensile strength of a
steel pipe, resistance of a wire etc. Such charts are of three types :

(1) X-Chart (or Mean Chart)

(2) R-Chart (or Range Chart)

(3) o-Chart (or Standard Deviation Chart)

(1) X-Chart : This chart is constructed for controlling the variations in the average quality
standard of the products in 2 production process.

Procedure : The construction of X-chart involves the following steps :

(i) Compute the mean of each sample ie.

%, %y, X3 K

(ii) Compute the mean of the samples means by dividing the sum of the sample means by the

number of samples i.¢., )

X, +Xp +X3 Xy EX L EENEGE .
M ortemgles kO ere, k=No. of samples

* This grand mean (?) represents the Central Line (CL)
(iii) Determine the control limits by using the following formula:
(a) On the basis of dard d of the population (o)

=, 3%
ite = X e
Control Limits X_&

-

UCL=X + % and
= 30
LeL=X-7
These control limits represents the upper control line and lower control line.
(b) On the basis of the Quality Control Factors A, and R
Control Limits=X + A, R, where, R = Mean of the ranges
UCL=X +4,R
LCL=X -4,k
Where, A, is a quality control factor whose value is obtained from the control chart table with

reference to the size of the sample. .

4

bty of the quality standard of the prody, for contrg,
L

ity Control

R =Mean of
ad ° Rangesz%k
truct the mean chart (X- 2]
chart) by gy

ting
O the y

an, UCLs LCL and Central Line ing the Samp
s, PN o,

jnterpret the )—(-Chzrrt. I£ all the g
Do s i1 )
ery

@ €
me

v) Taxs
( () fall i 0 sample
Ise it j the
Chart itis COnrg] g

] KTh  Range Chart (Rchard) is consirucieq eon gy ™0 i,
ctsina prog, 8 the Variation ;

cedure ¥ » . Production Process, ™ e disperi B

The construction of R-chart involves the follow

0 Compute the range (R) of each sample it

R=L-8§ ¢ lormula :
L=TLay

- . Best valye 5=

i) Compute the mean of ranges by divig; € S=Sma]

( number of samples i.e., Y dividing the st value

g steps
usin,

Sum of the
R=RitRottR, 3R RS s (28 by e
kyo T x  Wheeks
The mean o ranges (R) rEPreser/\é the CenLlline(CL)f g
() Determine the control limits by using the following me‘:’"ﬂ‘:‘.e ReClurt
(a) On the basis of Quality Control Factors D and D, and E‘.
Upper control limit (UCL) = D,R (] 3
here D5 and 1; ower control imit (LCL)=D,R
where D5 an ) .
antrol chart tabl?a with (:fx:'r:ngeli:?haehgz:zl;t:: i::\;s;"d their values are obtained from the
R =Mean of Range
(b) On the basis of Quality Control Factors D;, D, and population standard deviation 0)
UCL=D,c
LCL=D;c
¥:\ere, Dy andD , are the quality control factors.
(iv) CD:::.‘: e of LCL cannot be negative and in such caseit would be reduced \;\ Ze:m "
sample ::n‘he R-Chart (Range Chart) by pl.otting the sauzplea;su.mbe: on the
) Tnterpre tlfes (R), UCL, LCL and Central Line (1 m‘hll ‘;:m‘ T
Production e R-chart. If all the sample ranges (R) o et
Process is in a state of control otherwise iS5

A
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Example 1.

Statistical Quality Contro)

Construct X-Chart and Range Chart for the following data of 5 samples with

each set of 5 items :
Sample No.
1

Weights

2
3
4
5
(Conversion factors for n =5, A, =0-577, D; =0, Dy =2-115)
Construction of X and R Charts

i in each Total X =(ZX +5) Range
we@l:;:;f:?ﬂ Weights (EX) Re(te b
14 70 14 10
2 70 14 1
13 80 16 1
20 80 16 8
100 20 14
X =80 IR=57
TIE 85 R=ZR_57 114
k 5
X Chart
X =16 (Central line)
MEAN CHART
2 ’
22 . UCL=2257
20
218
g1 b cL=16
214 e o
g1
e LCL=9.423
8
4
2
o~ T3 4 8§ 8§ 7 8
Sample Number
Control Limits
UCL=X +4,k LCL=X - 4,k
=16+0-577 x11-4 =16-0-577 x11-4
=16+6577 =16- 6577
=22:577 =9.423

‘

" Quality Control
otic
gth As 31.1 the sample megy, i
the given process is jn Slaisgg fl Withiy
Range Chart : @l conpry, " the gy 2%
Ra e ‘h“"shuws
25| NGE Clpgy tat
® 20
-3
UeLs
8" ‘\l\
.
5 Clsqiq
1 2 3
4 75
_ Sample Nos, LT leL=g
R =11-4 (Central Line)
Control Limits :
UCL=D,R=2.115
4 x11-4=24.09 .
As all the range points fall within the control -LC-L=DJR=0xu.4=u
given process is in statistical contrg], oL limis, 50 R chart o that the
Eample 2. A machine is set to deliver packet fa gi i
‘ were recorded in the daty gil:m o e WEghL 0 samples of size 5 ety
Sample No. : 1 2 3 4 5 4 4 8§ 0 1
Mean X : B U7 5 8 1v 451y g
Range : 7 7 4 9 8 7 1m o4 1 s
Construcf the Mean Chart and Range chart and comment on state of control.
(Conversion Factors for nn=5are A, =577,D3 =0, Dy =2:115
Solution ;

18 |w|u|s|n5|17]|e6|e

9 [s]7]
SR,
=7=10.7 4
[ Mean Chart (X Chart)
' X =16-2(Central Line)
Contro] Limits LCL=7‘Az K
UCL=X +4, R 62~ 5T T4

=16-2+.577 x7-4=20-47



284

Example 3.

——
l Quality Control
7 gatis
Statistical Quality Contro] ' ) The specification limits g, :
y Control 501'-‘“0“' known where as standarq de:ﬂg.ﬂ\ e given %5
MEAN CHART ; Control limits for X chart ation jg Unkng, 0 be 209 5
UoL=2047 Central limit, F €1Ce, meap g
2 =X =200,
H cL=162 k CLJ"AzR,whmE R g
° . s
215 UCL=200+0 7% 10 =42
lé it L=200- 0577 =271
H L Control limits for R chart =19729,
10 CL=R=4y,
UCL=D,R. =2l5x47-994
X = =D3R=0x47~g,
o7 2z 3 4 5 6 7 8 9 10 The X and R charts are drawn in F .
Sample Number _ il 8- (@) and (p) respecivey,
As all the sample mean points lie within the control limits, X-chart shows that the 203
given process is in statistical control. 202 . UCL=207
Range Chart (R-Chart) .l 2011
R =7-4 (Central Line) Y 300—\&1‘”
Control Limits _— ] 8 ,3:
UCL=D, .R=2.115x7-4=15-65  LCL=Dj3 R=0x7-45=0 2 1g——— Wstain
RANGE CHART E 196
207 @ 195
e,
_ 1234567
§ 4] ucL=156 ‘ Sample nr.lmt:ersilD
|
iw h . . ‘ joRehat UCL=0941
2 [ ] | 9
a L Y CL=74 | T 8
[ e 7
. <6
25 CL=470
T 2 54 § 6 78,9 1% ) H :45
Sample Nos. E 2
As all the sample range points lie within the control limits, the R-Chart shows that 21 _._._._._,_l_‘_,_,_.,'-c_'-j“m
the given process is in statistical control. 0712345678810
The following are the mean lengths and £ lengths of a finished rodﬁcl Sample number —¥
and ranges of lengths of a finished p! M £ ey ? i chart. The process
from 10samples each of size 5. The specification limits for length are 200+ 5 cm- It 3, be seen that all points lie within the cmmm‘s ou;::s canesponging to
Construct X and R charts and examine whether the process is under control and variability is, therefore, under control. However, = % chart. The process s,
state your recommendations. L sample no. 5, 6 and 8 lie outside the control h;;iiore “Hould be haled to
smnies] 112 12 Ta TPl T2 s le E‘he:ifore},lenot in statistical control ﬂl:le P:uf:’ ey are found, the process
MeanX : - check whether there are any assignable AU o re going to be there-
T 201 | 198 | 202 { 200 | 203 | 204 | 199 | 196 | 100 1 201 by . should be readjusted to remove them, otherwis® fuctuations are 4
Range: 5 1of7]3lalz]>[8l51l6 Pleg, - ; elated from the assembly line ofa
Assume forn=5, Ay=0577, Dy =0 and Twen.ty five samples of six items et vﬂ:.sl inches and range 0025 inches.
.577, D3 =0 and D4 =2.115. ) machine having mean of 25 samples iS

B
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Solution.

Example 5.

Solution.

Statistical Quality Contro]

Compute the upper control limits and lower control limits of mean chart anq

range chart.

(Forn=6, A, =0-483, D3 =0, D4 =2-004)

Given: X =0-81, R =0-0025,n=6

X —Chart.

Control Limits _ ,
UCL=X +A,R =-81+(483) (-0025) =-8112 i
LCL:?-A2 R =-81—(-483) (-0025) =-8088

Range Chart

Control Limits

UCL=D, R =(2-004) x(:0025) =0-0050.
LCL=D3R =0x(:0025)=0.

mean life of battery cells manufactured by a certain plant as estimated on
und to be 1500 hrs with standard deviation of
ntrol limits for X-Chart for a sample of size

The
the basis of a large sample was fo
180 hrs. Compute the 3-sigma (30) co
n=9.
Given: X =1500 hrs, 6=180hrs., n=9
Control Limits for X chart.

UCL=X +3-S 1500+ 3x -0 ~1680

= T "

180
5 =1320

i=15()l.')-3>< el

1£L=X—3J;

(3) o-Chart
This chart is constructed to get a better picture of the variations in the quality

standard in a process than that is obtained from the Range chart provided the
standard deviation of the various samples are readily available.
Procedure : The constuction of o-chart involves the following steps :
(i) Find the S.D. of each sample, if not given.
(ii) Compute the mean of the standad deviation by using the formula:
_ IS 5,45 +83+.. 5
S T T
The mean of S.D.s (5) represents the central line (CL). I
(iii) Find the upper and lower control limits by using the formula :
(2) On the basis of quality control factors By, B, and populat
devition (0)

jon standard

UCL=B,.c LCL=B,.0 n
(b) On the basis of quality control factors B3, By and estimated POP\llalIn
standard deviation (5)

UCL=B,.5 LCL=B;.5

Where, By, B,, Byand B, are the quality control factors.

/
-

al Quality Control o

5r’ﬁ5li
(iv) Construct o-Chart b
. lott;
5.D. (0 UCL, LCL and O 78 the sy,
(v) Interpret the chart thys drav::"an's, . %7
¢ Quality control is maingy; 1 sampe
gon?l*”  deviation ch 2ined ina
evial d:m cl m; Ten items are oh ctory wigp, i,
e chos: X i
H:\rﬂ’s of}?!:n: Ose 2X was 595-Banl:|m"“”‘m IEIP % mean ang
ocharts, Yo, ma ZSwagg. PD" E‘Bhleen,,_m 1 indard
¥ Y“th!foﬂnwm P elermine the Pul.nin
- - 8 factors ro,ﬁ,,dh”"" Sigma
0-949 b g, el
giion.  Given:ZX=595.8, 35 -3.25,,;g 17
X-ZX_5%5.8
kg =%
g B 8n
B k=15 =046
X-Chart
X 331 ot
Control Limits isinlte
UCL=X +4;5 e
=X-45
=33-1+(0-949) (46) '
= =33-1-(0-49) (46)
=33-1+-43675=33.
e, 3353 =32.66
Control Limits
5=0-46
UCL=B,5=1-72x0-46=07312
LCL=B,5=0-28x0-46=0-1288
. - EXERCISE - 1
. Construct X-Chart and R-Chart for the following data of 12 samples with each set of 5

items :

Given :
(Given:n=5, 4, =.58, D =0, D, =2:119)
[Ans. UCLg =106-2,LCLz =

47.0,UCLg =159/ 1015 =0

,__4
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Chart (X) and Range chart (R) for the following data:
Observations

Construct Mean

=1-023,D5=0,D4 =25
[Ans. UCLz =29-2
liver packet of a given wei

75) .
66, LCLg =16-734, UCLg =1577, LCLg =0]

(Given: n=3, 4z
ghts. 10 samples of size 5 each were

A machine is set to de

recorded in the data given below :
Sample No. 1 2 3 4 5 6 7 8 | 9 10
Sample Mean (X) | 20 | 34 5 | 39 |26 | 29| 13|34 |32
Sample Range (R 23 29 15 5 29 17 21 11 ) 10
ut whether the process is within control

Construct X chart and range chart and point o
(Conversion factors forn=5, A, =58,D3=0,Dy 2 -115)

[Ans. UCLy =41-658; LCLy =18-342, UCLy =42512, LCLg =0]
rovide the mean (X) and range ﬁ{) of 10 samples having 5 items each,
d range chart and comment on the process of quality : '

s

4 5 6 7 8

The following data p!
construct mean chart an

9 10

Sample No. : 1 2 3
Sample Mean (¥) :| 11-2 | 11-8 | 10-8 | 11-6 11.0 | 9-6 | 104 | 9-6 | 10-6 | 10-0
Sample Range (R :| 7 | 4 5 7 4 |8 4 7 9

D5 =0and Dy =2:115)
=7.0249, UCLy =13-3245, LCLg =0
machine and a critical
d Range mean 0-0036

(Conversion factor for n=5are A; =0-577,,
[Ans. UCLg =14-2951, LCLz
Thirty samples of 5 items each were taken from' the output of a
dimension measured. The mean of 30 samples was 0-6550 inches an
inch. Compute the control limits for X and R charts.
(Conversion factors forn=5, Ay =0-58, D3 =0, Dy =2-115)
[Ans. (i) 6570, 6529 (ii) 0076, o

A drilling machine bores holes with a mean diameter of 0-5230 cm. and a S‘,a",d‘“d
deviation of 0-0032 cm. Calculate the 2-sigma and 3-sigma upper and Jower control limits
for means of samples of size 4, and prepare a control chart. 198

Ans. 2-sigma limits: UCL = 0-5262; LCL=0"5 ; sz]

2-sigma limits: UCL = 0-5278; LCL=05

Construct a control chart for mean (X) and range (R) for the followin,
independent samples of 5 observations each from a production process :

g data from 10

| Quality Control

,.sm,is:icﬂ

L [Ans,
o A machine is set to deliver paclﬁ? =47.56,
- ecorded. Below are given the re]eva_:( 3 Biven 0
ata - - Te

Cajculate' the value of the central [ine and
(Conversion factors forn=5are Ay =053 lC)Dntrol limits fof mean
[Ans. UCL)? :511'73620’[)4 =2.115 nd range chay,
,LCLy

% =42-834;
5. CONTROL CHARTS FOR ATTRIBUTES &"4.U1.CR=15,23’ 1,

These charts are used when the quali
Lantitative form and the data is sh?diedz: l;hc:‘]:m-teﬁﬁs 9f a product cannt be measured

| pon-defectives. Such charts are of three types : 765 oftotalty of atbutes ik dfevg g
‘ (1) p-chart (or Fraction Defective Chzn). e
] np-chart (or Number of Defective Chart)
| (3) c—chart (or Number of Defects per unit Chart)

(i)} y-‘chart (Fraction Defective Chart) : This chart is
‘ frandard in ﬂ‘ll.! average fraction defective of the products i:):s e o coreling e qually
| iemsare classified into defectives and non-defectives. prses el gl
| g;ocl:e.d:re : The cons truction of p-chart involves the following steps :
' ind the fraction defective or proportion of defective in each sample ic.,

o P1:P2sP3 Py

(ii) Find the mean of the fraction defectives by using the formula :

Total No. of Defectives ~ _ e
=l-p

=

=Total No. of Urils Inspected” '

Aliter : The value of § can also be calculated as:
7 =m;_+ﬂ where, k=No. of samples

(i) ;:: Val.u e of p “Pl'!ienl‘s the central line of the p-chart
ermine the control limits by using the formula:

Contro] Limits=p+3
n

" LCL:ﬁ__’; %
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The value of LCL cannot be negative and in such a case it would be reduced to zero,

i le number on x-axis and sample fract;
i truct the art by plotting the sample n p ction
o g:fl:riv:s, UCI_?S&L and central line on the y—axls.. . 1
v) Interpret the p-chart. If all the sample fraction defective (p) fall within the control limits, the
f process is in a state of control otherwise it is beyond the control.

te : ~ 1.
e ;A If the number of defectives is small, then p-chart should be constructed by finding the
percentage defective. " £ th ple (1) is un equal. In such

i tis ially useful when the size of the sample ( - acase the
x I:\ll:edlo?:z ca:mbgined by dividing the defective units in all the samples by the number

of samples.

CASE I : EQUAL SAMPLE SIZE
The following data refers to visual defects found during the inspection of the

Example 7.
first 10 samples of size 100 each from a Iot of two-wheelers manufactured byan
automobile company :
[ SampleNumber: | 1 [ 2 [ 3 [4]5]6]7]s 9 [
[ Noofdefectives | 5 | 3 |3 | 6]5 6|80 0] 4|
Construct a control chart for fraction defective. What conclusions you draw
from the control chart ?

Solution. We are given : n=size of sample =100, k =No. of samples =10

Computation of Fraction Defectives

Fraction defectives
dln

l:ample No. () | Size of Sample () | No. of }i;fecﬁves
1 100 5 5/100=0-05
2 100 3 3/100=0-03
3 100 3 0-03
4 100 6 0-06
5 100 5 0-05
6 100 6 0-06
7 100 8 0-08
8 100 10 010
9 100 10 010
100 4 0.04
k=10 | 1,000 | ma-e | 0.60

— _ Total No. of Defectives g0
= =—=0- G=1-p=1-0-06=0-%
Total No. of Units 1000 S = O’ :
The value of p represents the central line

Control Limits for p-chart
UCL=p+3

5taﬁ5" cal Quality Control

=0.0 [
6+3 M 291

= 100
"0'0“3(0'0137)‘0
=0‘06~

LCL:ﬁ_aJﬁ W+0711 2
n

06
0.
N 131
06-3, 100
7). 05

Since, the fraction defect;,' -
2 (v 1=
defective chart (p-char) js sh::"”"no;e l}e o:,egah‘ve' e 001112
: 210, The fracti
on
|

P-CHagy

UCL=39y

Fraction Defective

Sample Number
The above chart shows that all the poins lie within the control limis. ‘This
suggests that the process is in control.
CASE Il : VARYING SAMPLE SIZE
Bample8.  The number of defective needles of sewing machine has been givenin the following
table on the basis of daily inspecion. Prepare chart and state whether the

production process is in control




292

Example9.

Statistical Quality Contro]

6 50 5
7 100 10
8 110 6
9 100 8
10 100 25
k=10 900 87

Total No. of Defectiver Needles _ 87

p= =577 =0-0967
F Total no. of Items Inspected ?00

7 is the percentage form = 9-67

The value of 7 represents the central line

Control limit for p-chart
= P
+3 [
7t3 =

where, 7 =0-0967, 7 =1-0-0967 = 0-9033 .
_ Total No. of Items Inspected _ 900 - %

nE— = =

UCL=7+3,[Z

n

~ 0097+ 3x 0.09679);0.9033

=0-0967 + 3 x 0-0312

=0.0967- 3 W

=0-0967 - 3 x 0-0312

=0-1903 0r 19-03% ~ =0-0031 or 0- 31%
p- CHART
225 -
3 [ ]
$20
§ UcL=19.07.
215
£
gm ® e o
& == cL=967 _
L . D
30 > - LeL=031
12 8 9 10 N

4 5 6

Sample Nos.

;I'::hal;ol\ir:ﬁ chart shows that although out of 10 points 8 points are within the |
Ii.mit?lhis s but the points of sample number 2 and 10 are outside the upper
. suggests that the process is not in control. .
Teosgs ted

sf;ns]h-uctfa control chart for the of defectives in
pes of size 100 from a process which is considered to be under control when

1

1

-

| Quality Control

gt
the average proportion o defect
the upper and lower coptrg) 1im;;ep i8equy o Pty
. 0] 20,
jon We are given: " &raph Paper, Dra e Central Jine
goluti® 7 =Average fraction dEfECh'th and
Central Line=p=0.2 r"=100,§=1_ﬁ=1 0
— =0-2<0.4
UCL=7+3 J”I’
n F>
LCL=p3 -7
n

=02+3 “#::-80 0
0 =g‘2<3Jm
0 2+3(0-04)=0.3 i

", CONTROL CHART FoR prop, =0-2-3(0.4)-
; RPROPORTION )=0.08
DEFFCTIVES

Fraction Defective
a R B

o
3
8
2
n
s
&

o
kS

Sk Sample Nos.
Example 10. A daily sample of 30 items was taken over a period of 14 days in order fo
establish control limits. If 21 defectives were found, what should be the upper
and lower control limits for the proportion of defectives ?

Solution. No. of samples (k) =14
Size of the sample () =30
%d i.e., number of defectives=21 2
7= Average fraction defectives=7"35 =005

q=1_5=1-0~5=0-95
Control limits for p-chart:
Central Line=p=0-05

= UCL=p+3 . ! )
@0 _o.17
=0-05+3 r%’

||
- @09 __ o
3/ =o.(15—3yl’/37t
n

|

LCL=F-
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Example 11.

Solution.

!istical Q
Statistical Quality Contro] 4@
The negative value of LCL is taken as zero.
(2) np-Chart (Number of Defective Chart)
This chart is constructed for controlling the quality §landard of altributes in
process where the sample size is equal and it is rgqulred to plot the number of
defectives (np) in samples instead of fraction defectives - .
Procedure : The construction of np-chart involves the following steps :
(i) Find the average number of defectives (1p)
_ Total no. of Defectives _ Zd
"P=Total no. of Samples  k
The value of np represents the central line
(ii) Find the value of 7 by using the formula :
n - .
p=— = g=1-p
Aliter : The values of j can also be calculated by using the formula :
_ o
Pk
(iiii) Determine the control limits by using the formula :
UCL=np +3Jipg
LC.L.=np-3.fupg
The value of LCL cannot be negative and in such a case it would be reduced to zero. Eample 12
(iv) Construct np-chart by plotting the sample number-on x-axis and sample
number of defectives, UCL, LCL and control line (CL) on the y-axis.
(v) Interpret np-chart. If all the sample number of defectives fall within the control
limits, the process is in a state of cotnrol otherwise it is beyond control.
Note : The construction and interpretation of the number of defective chart i.e., np Solution.
chart is similar to that of p-chart. Inup-chart, the central line is drawn atnp instead
of p and the actual number of defectives (1p) in samples of fixed size n is plotted
instead of fraction defectives.
An inspection of 10 samples of size 400 each from 10 lots reveal the following
number of defectives :
17 15 14 26 9 4 19 12 9 15
Calculate the control limits for the number of defective units. Plot on the graph
and state whether the process is under control or not.
We are given, =400, k =(No. of samples) = 10, [

P =Average fraction defectives=———=0. 7=1-0-35=0-

P ge fraction defectives 10x400 0-035, 7=1-0-35=0-965 1
Also, n=400 |
np=400x-035=14
The value of np represents the central line |
Control Limits for np-chart

UCL=np +3 Jupg LCL=rp-3 Jrﬁ ‘ Ex‘“lple 13.

=14+3 ./400x 0-035x 0-965 =14-3 /300 x 0-035 x 0-965

uality Control

=14+3(3.675)
=14 -025=
*+11-025=25.0p5 ST 25
Y “3~675=z.975
25.025
20
§ e
S 15 05
[=]
g
£10
s X C=1q
2.975
o 1 CL=2gy
4 5
Samglg NS,_ 7 89 g
The above chart shows that althoy
et o out of i "
control limits but the point for samp%:4 is ozti:doept?\: gchP 0Ints are witkin the
process is not in control. This suggest hat the

In a certain sampling inspection,
of 100 each are given below :

16( 18, 1, 18 21, n, 2 gz U, 2
Do these indicate that the quality charactersitics inspected is under statistical
control.

the number of defectives foundin10 samples

Here, we usenp-chart to find whether quality charac
a state of control or not.
We are given : n=100 k=10, Zd=Total no. of Defectives=170

170
g0 _0.47,5=1-07=8
P=100x10- 017

Also,n=100,

Now, np=100x-17=17

The value of p represents the central line

Control Limits for np chart .

UCL=np+3 ] it 3§1';m

=17+3 00 0-17x0-8 ;17-11-268
=17+11-268 B vy
=28-268 and upper control limits, the

e je the lower
Since, none of the points is lyin 0“;5;“ -
Process is in a state of statistical contro scontrolled"ina samplesiz

: d 1 limits
o cessis teMEC ) What control
Ttwas found that the production P ¢ gygetive s slxo units each?
of 10 units each when averagé nhzri of asamplesize®

Yyou will establish fora control ¢
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We have N=10,and C= ate whey,
No. of defects. 3 €1 the procegs is

Solution. We are given :n;7=1-_2, n=10,
__M=1£=0-12, ﬁ=1-}7=1—0‘12=0-88 .
X s

P=% =10 i
Control Limits for up chart e The value of C represents t,

UCL=np +3 Jnpq LCL=np -3 \npq .. € Centra] Jjp,,
=;‘?2+3 {:][’xoqzxo-ss -1.2-3,/10x0-12x0-88 Control Limits forC-Ch_m 2
—1.243(1-027) =1.2-3-081 UCL=C+3\/F=3A5,,3‘/ﬁ

_4 =-1.881 R 52355,
4.281 LCL_C—3‘/E=3'5~3,/E ; +561229.17,

(iii) C-Chart (Number of Defects Per unit Chart) ) )
This chart is used for the control of number of defects per unit say a piece of
cloth/glass/paper/bottle which may contain more than one defect. The inspection unit in thig
chart will be a single unit of product. The probability of occurrence of each defect tends to remain
very small. Hence, the distribution of the number of defects may be assumed to be a Poisson
Distribution with Mean = Variance.
Procedure : The construction of C-chart involves the following steps :
(i) Determine the number of defects per unit (C) in the samples of equal size.
(if) Find the mean of the number of defects counted in several units by using the formula :
= EC
., C= =
where, K=Total No. of Units Inspected.
The value of C represents the central line of the C-chart.

(iii) Determine the control limits by using the formula :

No. of Deffctive

4..5 8 7
Sample Nos.

Control Limits =C +3C.
UCL=C+34C The above chart shows that all the plotted points are within the two controllimils.
g : This suggests that the process is in control. .
=C-34C
Bample 15.  The number of defects of 20 iten ien below:
 The value of LCL cannot be negative and in such case it would be reduced to zero. ' e e
(iv) Construct C-chart by plotting the sample numbers on the x-axis and number of defects | Item No. 112 | 3]4]516]7]8 9,0
observed per unit, LCL, UCL and CL on the y-axis. No. of defects 2 0 4| 1o f8jof1l2]0
(v) Interpret C-Chart. If the observed values of the number of defects per unit fall within the Item No. n|n|nB|luls|wlr|BlylD
1 1
No.ofdefects | 6 [ 0 |2 |1]013 L2 1alols]

control limits, the process is a state of control otherwise it is beyond the control.
Devise a suitable control chart and draw your conclusion.

USES OF C-CHART
Sltion, -z the umber of defects per unitis given, the suiableontrol it Cehart

hat limited compared with X and R charts, yeta

) tlthofguh the application of C-chart is
number of practical situation exist in many industry where C-chart is used. The following are the
fields of applications of C-chart. A et We have N'=20, and C =No. of defects =35
(1) Number of defects of all kinds of aircraft inal assembly. | i KB e
‘ . N

(2) Number of defects i e
pleces) of clc’ﬂ_be:mcounled in a roll of coated paper, sheet of photographic film, bale (or
Example 14.  Ten pieces of cloth out of dif
diff i
number of defects iffernt x'olls of equal length contained the follwoing
L3506 0 9 4 4 3

The value of C represents the central line-

Control Limits for C-chart .
vcL=C+ 34C =175+

LcL=C-33C =172

_a el

3175=57186
[i75=-2:218=0
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Wi
C-CHART Ing Nump,
8
[ . UcL=s;
E o & & —ucl=sme
=}
24 . . ; ; A [Hint
M ring concern of rad; . Ans, Cp =g, nt ; [
a manufacturing concem of radio proq, 6, UCL =g, g % Phar
= g e —e—e—e—cioi 5 falmPles taken are different in trades anq de?g:;vg Of 250 oy u&,;picﬁ R 94‘]]
y . ° ) control chart. ) noted are giyen below, p- 2 ime. 20
[ L 2 N n 'Wasuitable
LCcL=0 nn
o—:—:‘;—mmw 18 19 20 ) mnngnnnnm
Sample Number 1 m.ﬂmngnnm
The abvoe chart shows that although out of 20 plotted points 18 points are within Nu'}:’f fd ;;;Eﬁ:::; n nm“
the control limits but the points for sample 6 and sample 11 are outside the UCL, each of Hﬂm
This suggests thet the process is not control. [Ans. CL=—3;
. , ; - CL==31.9 UCL=30.84, 1 -
. An inspection of 10 samples of size 100 each - , LCL=16.1¢)
EXERCISE - 2 6 units : ¥ revealed the following number of defective
sl : . 2,1,1,3,2,3,4,2,2,0
i the trol lines for rt from the following information derived from - Ay
! ;E;l;;';ffn L,? ;:gnsa?nplg xluti-ddzom the production process of an electric bulbs Calculate control limits for the number of defective wnits. Plot the control limits and the
manufacturing industry. State whether the production process is under control ? observations and-state whether the Pprocess is under control or not.
. 4 . of Defecti . o5 1 [Ans. np-chart, CL =2, UCL=6-2, LCL=2.9
[ Sample No. No. of Units Liisy o, of Detectlve Units | 7 Inacertain sampling inspection, the number of defectives found in 21 samples of lmead'l|
1 10 - are given below :
2 - . 57,9,7,8,13,8,4,8,4,37,7,12,155 13,4310,
3 100, 8 Does these indicate that the quality characteristics under inspection is under statistical
4 50 5 control ? [Ans. UCL =16-48, LCL=-0-48=()
5 60 12 | & During an examination of equal length of cloth, the following mumber of defects are
6 100 10 observed : g g
Z 10 3 2,3,4,0,5,6,7,4,3,2. Draw a control chart for the number of defects and commey
U, 9,6,7,4,3,2. = _9. =]
8 30 3 o, Whether the process is under control ornot. [Ans. CL=C =igalécﬁ‘h;9 o lﬁ‘om])
9 80 4 | > Aplant produces rolls of paper. The number of defects discl y the Inspecti
10 60 3 ;glls are as follows : ,13,10. Commenton thestte of control
— , 6,18, ] ,10,12,9,13,10. § =0:
[Ans. 5=0-086 or 8-6%, UCL =19-4%, LCL =0, The process is not within control] using C-éili'r% ORI AR [, C=10:65, UCL =23 ;;'sl"g“’“ﬁg]'
2. Each of 20 lots of rubber belts contained 2000 rubber belts, Number of defective rubber 10, Amanufacty . " X found the following number of defectives It
belts in those lots are 410, 420, 324, 332, 292, 310, 282, 300, 320, 296, 392, 432, 294, 324,220, | Dirangs o of trarsistors foun

400, 258, 226, 460, 280.

i 2,5,6,2,87.12
Calculate control limits for fraction defective chart and gis i ] 3,4,8,4,2,4,7,3,59,2,432
give your conclusions. Ciy 5 v 4 o3l
[Ans. UCL =0-1891; LCL =0-13%] 'struct a control chart for the number of defectives: L =5 UCL=11 708.f oty

3. If the average fraction defective of a Iar i late the 7 fery at final inspecton ©
A i ge sample of products is 0-1537, caluclal 18 e battery at
control limits for fraction defectives (Given that l}l\’e size gf each sample is 200) © aVerage number of defects per autﬁ{l"l.’t'sler 4 t. UCL=13-85, LCL = o
N t O i

batter; ? r the
Ans. UCL =0-17738, LCL =0-12952 or 0] Atries s Six per factory. Find the contro Thns, C-char
[ ' \_/M
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ACCEPTANCE SAMPLING
Another major area of slalis\ical
Product control is concerned with

4 i 1 or acceptance sa; i
uality control is product contro p sampling,
3\12 inipecﬁon of manufachlre;l %rcdfucls.lThe items arge
i ing to standards of quality or to reject
i shether to accept a lot of items conforming to s! : jecta
ﬁﬁ:ﬁ: lcl:)r:kf‘:r:li‘;\gel‘[::e the del:‘ision isarrived through sadmi_luflf. Th: tis m;hy product ;‘mfrul
- " i i i “Acceptance sampling ;
i sampling. According to Simpson an i_l a C P P ing is
lcso:il;de: cﬁ&m&? deds};ungto accept a mass of non-conforming to quality. The decision is
reached through sampling.” T
RISKS IN ACCEPTANCE SAMPLING OR PRODUCT CONTROL
There are following two types of risks in acceptance sampling or producl‘ quality control :

(i) Producer’s Risk

(ii) Consumer’s Risk

Let us discuss them briefly : i .

(i) Producer’s Risk : Sometimes it happens that inspite of good qualgty, the sarpple. taken may
show defective units as such the lot will be rejected. Inspite of good quality the lu_t is rejected, such
atype of risk of rejection is known as producer's risk. In other words, the probability of rejecting a
lot which has actually been found satisfactory by the producer accorc_lmg to accptable quality leve]
is known as producer’s risk. Thus, the risk of rejecting a lot of good items is ]f})own as producer's
risk.

(i) Consumer's Risk : Sometimes it may happen that the quality of the lot is not good but the

sample results show good quality units as such the consumer has to accept a defective lot. Sucha

risk is known as consumer's risk. In other words, the probability of accepting a lot which has
actually been satisfactory by the consumer according to a pre-determined standard is known as
consumer's risk. Thus, the risk of accepting a lot of bad items is known as consumer's risk.
_ The consumer and producer both decide the acceptance standard of the lot. This is as known of
Acceptable Quality Level (AQL) or Lot Tolerance Percentage Defective (LTPD).
How to Conduct Acceptance Sampling ?
OR
Types of Sampling Inspection Plans
Acceptance sampling is based on sampling. After the inspection of samples, the decision is
made about the acceptance or rejection of a lot. In acceptance sampling, the number of samples and
their order plays a significant role. To frame the rules for acceptance or rejection of a lot acceptance
sampling plan is prepared. ;
The following three types of sampli g plan are f
(1) Single Sampling Plan
(2) Double Sampling Plan and
(3) Multiple or Sequential Sampling Plan
s ;;L‘s;;gx:asﬁpzmﬁ Plan : Under single sampling plan, a sample of n items s first chDSe‘:z;t
While Tt oty (r’n N ll&:\sn. 1f the s;.n-nple mnta{ns ,say, ¢ or 'few defectives, the lot is acceg: d
The single sampli le han ¢ defgchves, the l(')t is rejected (c is known as ‘acceptance number /:
PIIng plan is shown in the following chart : 2

ly used in accep pling :

!

A
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d<e

Yes
€ T ——
Acrz‘ tpe Lt Is

No
e A ot of 00ds consting o s0 s
pamP ee tance number of defecl:ivgi is 15(;) OT“]:'ms is sy et the Ly

bmtteq
e a samp|  for inspegy;
Teecteq fmp,:;fi"m‘llfms oufng gt i e
. 8. Teare g

er=10an
ddie, fh Rumber of g, v
ctive obseryeq

Je accepa’
'°lﬂ:Eves- State if the lot should be accepted o
defesoluﬁon :We have c i.e., acceptance nump,
the saﬂ‘Ple =8. y
us, . <c (ie,8
g‘ce’ d< ¢, the lot under consideration shoyq be ;1:)
o Double Samplu}g Plan : Under this sampling planp?d'
from the lot of size N. If the sample Containg gy ¢ o Sfample of e s iy
ains more than <3 defectives, the lot js Tejected, If’ht:w;vew defecﬁvs,u\glum
qmple exceeds ¢q, but is not more than c,, asecond sampleof nﬂ,‘:he Tumber of def
Jinow, the total f\un?bt.?r of_v defechves. in the two samples toge &‘:dmﬁs taken fr
saaptd; ofherwise, it is rejected. (¢, is known.as accepance rumber g 0 o e ot
e acceptance number for both the samples taken together). The Do, ub]t ﬁ:_slsmple_aml .
inthe following chart : e sampling plan is shown

chosen at
it cont

Count the number of def

dy in the first sample of size n

No

Draw another sample
of size ny
Count the number of defectives
d, i this sample

Ci<di 2G?

Yes

No

Reject the lot

By N ified :
| e A double sampling plan has the m“ow;nog S\cd'sc:s:lzmb(emie_ the plan.
N =5,000,n, =50,¢; =412~ I
* snl‘l‘inn. . L - olaninvolves the iou"“"“‘sﬂf::ame at random
i Execution of the double sampling P + sample after 1978

| () Tnspect all the 50 items of the
from the lot of 5,000 items.

,.—d
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curve: TVE S Qeterpy, Pe size,
(ii) Accept the lot the number of defectives observed from the sample (d ) js less d-.eog Je for aCCEPtaf:CEI called the_ acceptance ed by he The larger the
1al to 4 (i.e. ¢). if dy > 6 (i.e.c5) reject the lot. o ing 85 the accep! ance'number ismades, Numbe,. I[ma)q"‘“mnu sample, g a0
than or equ (Le.cy . . ording 2° ~ 1 » mber of g eeper
(iii) If the number of defectives in the sample thus observed i.c.d, is more than o acc The following example illustrate the proced. T Or Jargey -~ CUVe jg shifteg 1 e fem
(¢7) but not more than 6 (c,), inspect all the 100 items of the second sample, 16.  From the following . ¢ e of CONStrycy o left o Tight
(i\lr) If now the total number of defectives (d + d;) observed in th.e combineq Exaﬂ‘?le ’ probability of accgp(.n:: t“ lating {, 2 sing) 82 0C gy 4
sample of 150 items (n 1 +n2) is less than 6 (i.c., ¢5), accept the lot. If it exceeds 6, the lot quality and fit 5 oé 05 %,7-5%, 19, 2;{’ Smpling Plan, dere,.
than reject the lot. _ N =1,000, n=50, C Curve o Tepresen; o 0% ang 10 iR e
(3) Multiple or -1 ling Plan : Under this sampling plan, a decision to accept or =T R=50,C=1 0t the da, ls%de&m.m in
) LHP i e les of small size each. In this plan, unj It is case of sing]k ;
ta lot is taken after inspecting moxe.ki.]an two samples 0f Sma plan, units are jon. ngle samplin, s
:i’ec e ed one at a time and after examining eac.h unit decision is taken, However, such plan are goluti® the Iot will be accepte dP“ the lan, S“'lfg the Mumber of ol
very complicated and hence rarely used in practice. Computation of Cumulative ng;m Oor1 defectve ble defectve orcs]
T —————mula s N 3 "
OPERATING CHARACTERISTIC CURVE OF AN ACCEPFTANCE SAMPLING PLAN % nii!elfle::lve Mean defective P(Q:::“lhes Sing Poisson Distibution
This is a graphic measure of assessing the ability of a sampli Q.p_idni.nd‘ inguishing between, 50 m) POsme= Puty=pg,
good and bad items. It depicts the relationship between the probability of acceptance of a lot Pap) 00 D5 | o e 'y
for different lot quality expressed in terms of percentage defectives. In the construction of OC in e T
curve we take p i.e.lot qualities in terms of percentage defectives along the x-axis and P2 (pie., 0-75 50 X-75=.38 0-6839
probability of acceptance of a lot along the y-axis. 200 0-25% =
There is always an operating characteristic above (OC Curve) corresponding to any given 1-00 R x1-=050 0-6065 0
sampling plan. A typical OC Curve has the following shape : 100 - 3033 0.50%
Y . 50
v oc curve - T *20=100| 0%B | o3 07
A0)
g 5-00, %xS:Z-S{) 0-0821 02053 o7
8
g 10-00 %xm:sm 0-0070 00350 0020
o
<
s 15-00 lﬂx15=7~50 0005 | 0005 051
£ 2
z 4 Now we rep the probabilities of the acceptance of the lot with the given
é J percentage defectives by a single sampling plan. This is drawn below :
4 v
| | \ gu
05 40 15 20. 25 30 10
LOT QUALITIES IN TERMS OF PERCENTAGE DEFECTIVES § 9
LOT QUALITIES IN TERMS OF PERCENTAGE DEFECTIVE ; 8
In the above figure, it has been assumed that the acceptable and rejectable qualities are g k4
measu{ed as proportion of items that are defective and are Pq =0:05; and P, = 0-15. From the OC £
curve, it must be seen that the probability of acceptance of a lot of the quality 0-05 s little less than § 5
0-9,and the prol?abilily of rejection of a lot of the quality 0-15is little more than 0-1.This shows that { 4
the chance of rejection of good products, which is producer’s risk is little more than 0-1 and the i E,
chance of acceptance of bad products, which is the consumer's risk is lttle more than 0-1.Thus, the ! s
risks of both producer and consumer are more or less same. 1 7
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es that out of the 1,000 items (Since N =1000) inspecteqd

i dical s V
The above OC curve indical Il be accepted and 26 items rejected with 0.5,

974 (9735 x1000) items wil
defectives.

QUESTIONS

What is statistical quality control? Explain its merits and limitations.
OR

What is statistical quality control ? Explain it utility in industry.

Explain the followings: .

(a) Causes of variations in quality characteristics.

(b) Purpose and logic of control charts.

What are control charts? Explain the purpose and logic of control charts.

Explain the basic concept and logic of construction of control charts.

Describe different types of control charts.

Discuss the basic principles uderlying control charts. Explain in brief the construction and
uses of P-chart and ¢ -chart.

Distinguish between process control and product contrcl. How are control charts used in

process control ?

. Explain construction and uses of X - chart and R- chart.

Explain the meaning, purpose and types of various accepting sampling plans.

. What is acceptance sampling plan ? Outline the procedure of single and double sampling

plans ?

. Explain the meaning and utility of OC curve.

State alnd discuss the significance of consumer’s risk and producer's risk in statistical quality
control.

. Explain :

(i) Purpose and logic of control charts. Rl -
(ii) Causes of variations in quality characteristics.

(iii) Consumer's risk and Producer's risk in acceptance sampling. 3

(iv) Operating characteristic curve of an acceptance sampling plan.
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,55OCIATION OF ATTRIB e

1 INTRODUCTION

In the chapter on correlatiqn, we have sygie

enomena which are capable of direct quantitatjye m:asthe
otc. These are called slatlstxc§ of variables. Byt all phen;l:
Thereare certain phenomena like beauty, deafness, blindness colou
or descriptive in nature and cannot be quantitative measured. Thgrs:‘ oo
atributes.. Literally, an attribute means a quality or characteristics of ::c c;‘“ed s g
Theory of attributes deals with statistics of attributes, An atibate 1 obs © Object under study.
orabsence of some qualitative characteristic, 5 erved by the persence
1. MEANING AND DEFINITION

Statistics of attributes are classified on the basis of attributes such as distribution of
population into males and females, married and unmarried, educated and uneducated etc, The
method of association employed to know the relationship between the two atiributes. For
example, if we want to investigate whether there is any association between the eyes colour of
fathers and sons, literacy and criminality, we use the technique of association. Thus,
association refers to a technique by which we can measure the relationship between the two
atiributes. Like correlation, association is a measure which deals with attributes rather than the:
variables.

DEFINITION OF ASSOCIATION
"Association measures the relationship between two such phenomena whose size cannol
be measured". - Walls and Roberts. JF,
"Association studies the nature of relationship be i

enny and E.S. Keeping
Thus, association measures the relationship between 0
*DIFFERENCE BETWEEN CORRELATION AND ASSO

. i jation is
The main difference between correlation and 55 i
between (WO variables

ttributes.

relationshj
ment like
€na canno

P between Wo sy

i ch
weight, height, income
t be measured directly,
c. which are qualitative

nween statics fo attributes”. -

attributes.

CIATION

s follows:

0 ereas association is
in assoeiation of

Correlation is sed to measure the relation
where p
terms an attribute.

u p

©d to measure the relation between WO ¥ ive o
N . B jtati’

::n Correlation, universe is classified in una“fl esence or absence of

Wibutes, wniverse s classified on the besis o'

Q)

B



jati Vi iables. For the
i i cariation between the two varia . For the
i analysis of the covaria ! ] ‘
) o aono. lI"ch tes. the presence of the two attributes together is not only sufficient
L ber of cases that is to be expected.

in a greater num
t they must appear together ina g i . .
but they jation are different. It is relatively easy to

The methods of finding correlation and associ
determine association than correlation.

4. USE OF TERMS AND NOTATIONS N
owing terms and notations are used in the. study of association between the

“)

The foll

attributes: . . e

(1) Positive and Negative Attributes: Presence_of an gttrxbute is kllmwn :{s positive
attribute and absence of an attribute is known as negative attribute. Generally capital letters
A.B.C etc. are used to denote the presence of an attribute and srpall lettersa,b,c or qrt‘zek letters
« (Alpha). B(Beta) etc. are used 1o denote the absence of an attribute. For example, if'A’ denote
literate, then 'a’ would denote illiterate. Similarly, if 'B' denote males, then ' would denote
females.

(2) Combination of Attributes: When two attributes are studied together, we obtain’

their different group. which are called combination of attributes. In order to denote the

combinations of different attributes the symbols related to these are written together. Thus, if A.
. then the binations formed by them will be as under: '

stands for males and B for gradi

AB = Graduate males .

AP = Non-graduate males

aB = Graduate males

af= Non-graduate females.

(3) Class frequency: The number of observations falling in each class is called its class
frequency and is denoted by enclosing the corresponding class symbol in brackets like (A), (),
(B). (AP) etc. Here (AB) represents the number of observations possessing both the attributes A
and B simultaneously.

(4) Classes: Classes are of three types — (1) Positive classes, (2) Negative classes, and
(3) Contrary classes. Classes expressed in capital letters represent presence of attribute and
they are known as positive classes e.g. A, B, AB etc. Classes expressed in small letters or Greek
letters represent absence of attribute e.g., o.,B,0B etc. and they are known as negative classes.
Classes formed by the combination of capital letters and small letters represent presence of one
attribute and absence of another attribute, they are known as contrary classes e.g. AB,a5 ec.

(5) Number of Classes: The total number of classes can be obtained by using the
following formula:

No. of classes=3" (where n stands for number of attributes)
Ifthere is only one attributes under study, the total number of classes would be3' =3 (N,

Aanda)and ifthere are two attrib ? = g
Ao, B BB ABene ributes the total number of classes would be 3 ° =9.These are:

Order :f Classes and Clags Frequeng;
|ass frequencies can be wr; Cieg; .
|assesa“d° A Rttt Written aceorgiy On.the basis of 307
[4 - 3rd order etc. S having only ope attri, 0 differe, s Number ki
order er and classes having two attributeg 4p, Ute Such 4 " Ber:3 Such ag °ff;;r"2wf1’
k 2N

t o . » Q,
firt g Bandaf. The frequencies of the first orq O 35 clasges P 27€ known ag ¢
» frequencies of the 1st, 2 Order, seg, Of seco, lass of
Jled class fred St 2nd and 3rd grge oy -0 Order gng g ORder Such o
aal ¢ iwo attributes are as follows: T Class frequengigg 14 o

case 0 arioy :
7% B S order jn
@ B reavency of Zerg Order
(‘1) ® Frequencies of First Order
(4B) (oB) .
(4B) (aB) Frequencies of Second Order

(7) Ultimate Class Frequencies: If there are only two attrip
second order and is case of three attributes, classes of the third nlr‘
classes and the corresponding frequencies of such ultimate classe:
f;equencies.

To total number of ultimate classes can be obtained by using the formula:

tes, then the classes of the
der are known as ultimate
s are called ultimate class

No. of Ultimate Classes =2" (where n stands for the number of

If the number of attributes are 2, then the number of ultimate classes would be 2% =4. The
ultimate class frequency would be - (4B),(4P),(cB)and (aB).

5. DETERMINATION OF UNKNOWN CLASS FREQUENCIES

If we known some of the class frequencies, we can easily found out the frequencies of the
'remaining classes. In case of two attributes, the unknown class frequencies can be known from
the following table which is known as Nine-square table (since nine squares are formed) or
2x 2 association table.

A
B (AB)
B (4B)
Total (A)

From this table, certain relationships can be described-
Culumn\vise (Vertical):

(4B) +(4p)=(4)

(@B) + (o) =(a

B=B)+(p)=n



The missing frequencies (4p) (, B

S )=(A)=(4B)=300-100=30) = " *M(B)are,, 309
308 (4 alculgreg ]
Row-wise (Horizontally) as well: =N —(A)=1000-300= 709 S folloys;
(4B)+(@B)=(H) )= N 1 (B)=1000-600=400
(,.:I)}):((:ﬂ)\‘:(ﬂ) (aB):(B)-(AB)=600—100=500
(A)+(@)=1 - = om -
N =(AB) +(AB)+(aB)+(@P) ) (e.B)=(B) ~(AP)=400-200=200
ionship. if we know any of the ultimate class frequencies and any other rssine.fi . .
h \l‘:arl(:JTs‘h\ficcracnnh&:‘;:l:;prquucncics of the remaining classes. Thus, the missing frequencies are:
three i r(;llo\\'i"‘:' points are to be kept mind while determining the unknown class (4P) =200,(a B)=500,(cc B)=400,(a)=700’(ﬂ)=400
) - ding the missi )
mquc(?)clcfass frequencies of the first order are obtained by adding the class frequencies of the gxample 2. Finding the missing frequencies from the following data:
<econd order: ) (@B)=300,(8) =600,(c) =500,g)= g9y N
- (4B)+(4 AB)=(4)-(4 . . A -
(:;; - :;fﬁ(:B?) = (. ( solution: putting the given data in the nine Square table a5 follows:
(B) = (AB)+(a B)=(4B)=(B)~(a B) /—\_\
= \
(aB) = (B)-(4B) ’/,’__"\ u
(@) = (@B)+(aP)= (x B)=(a) () @B) \&
(af) = (@)-(aB) B H (@) ®
(B) = (4B)+(@P)= (AB)—(a B) . \7 P
(@B) = (4B)~(B) : “n) @ | g
(ii) If the ultimate class frequencies are known, the frequencies of the positive classes B 9 - ®
and negative classes can be obtained as follows: 500 1,000
(A4)=(4B)+(4P): (@) =(a B) +(a B) Total (A) .. (@) N
(B)=(4B)+(a B):(B)=(AP) +(a B) ? 500 )

(iii) The sum of all ultimate class frequencies is always equal to ‘the total number of
observations. This,

N =(4B)+(a B)+(APB)+(a B)
The following examples illustrate the determination of unknown class frequencies.

The missing frequencies are calculated as:
N =-(B)+(B)=600+1000=1600

Example 1. Find the missing frequencies from the following data: (A) = N —(a)=1600-500=1100
(AB) =100, (A) = 300, (B) = 600, N = 1000 ‘ (AP = (B)—(aB)=1000-500=500
Solution: Putting the given values in the nine-square table as follows: |
! ‘ (AB) = (A) - (AB)=1100-500=600 !
A {
L : “B T‘:"' (@B) = (B)- (AB)=600-600=0 e
s 100 (u'r d éot)) E"dﬂmple 3. From the following ultimate class frequencies, fndhe fequencies TP
e : -B 5 3 " negative classes and the 'N':
B @) ;
9 9 2 sl (AB)=20’("~B)=80'(‘45):140’(up)=]60 I
—— - : L | | olution. £ . llows:
o * . @ N Ution; Putting the given data in the nine square table s o
g‘ 300 ? 1000




2 | 3
, Find the mlssmg;requ:nmes from the following data:
(o B)=300.(8) =600, (@) = 800, ()= 19y,
[Ans. (4B)= 100, (¢, B)=

S00,(4py=7
i i TAR=T00,(4)
2 Glh',er;tlehz[;(s’li;WIng frequencies of the Positive (4) 5"“-N=lson]
ultim

N=100, (4) =70, (B) =40 and (A) = 3

d
rder, find out ype frequencies of the

i [Ans. =
Missing frequencies of positive classes {(A), (B)} and negative classes {(a), (B)} and N R —— («B) IGY(AB):W’mm=2“~(B)=6ﬂ.(a)=3g|
are computed as follows: . From the following ultimate class frequencies fipg ) «
" Pc’:i(i\'c Classes: (A) = (4B)+(AP)=20+140=160 3 negative classes and the N'. e frequencies of pogiiye and
(B) = (AB)+(a B)=20+80=100 . (4B) = 160, (4B) =80(ct B)=120,( B) =49
Negative Classes: () = (aB)*+(a)=80+160=240 TADS. (4) =240, ()= 160, By =280, )= 120, - 400
B = (.4B)+(u[3):]40+160=300

4. From the following data, find out the missing frequencies:

N = (A)+(a)= 160 + 240 = 400 (AB) =35, (o B)=325, (4) =383, N = 1500

or  N=(B)+ (B)=100+300=400

— . [Ans. (B)=360,(4P)=348,(a B)=T29,(B)=1140,() = 1117
” i ik o 5. Find the frequencies of the ultimate classes if
R 00, (4) =100, (B) =120 and (4B) =40
Example 4. Find the frequencies of the ultimate classes if N = 1000, (A) = 300, (B) = 600 and N=300, (4) » (B) andy
(AB) =100

[Ans.(APB)=60,(c B)=80,(a B)=120,(cx) =200)

6. Inan examination at which 600 stud ppeared, boys 4 b . ;‘gi'.rlib;' lﬁ‘g_gflall
i : i b d ded those of the failed candidates
These ultimate classes are: AB, AB,a B,a B. The frequency of the ultimate class AB is the candidates. The nu of passed A
known, the other frequencies are calculated as follows: B by 310. Boys failing in the examination numbered 88. Construct a nine square table and
find the unknown class frequencies.

[Ans. No. of boys passed =260; Girls passed =195: Girls failed =57]

Solution: No. of Ultimate Classes =2" =2? =4

o Total
(aB) (B)
? 600

’ 6. CONSISTENCY OF DATA ) Iy a very simple
J @h) ®) In order to find out whether the given data is consislgm or “l:[s‘s“rr:e:ﬂepn)cics is'negmive
? 400 test. The test is to find out whether any one or more ofthe ulllmﬂ;enionclude that the given data
’ © 5 ‘ i aqpone of the ulimate class i g |i1s nelgt?“:lee, :;ll;:s frequencies cOmES ou; to ‘:&:
] are consiste if‘any of the ultim: jent condition for
v — 1o Negative, lh:l.ggllr: hga?;h::eh?:g(;nlsiste{n. The nec:ssﬁ il:r::ie;;ti’ii:m" )
= . i . 1
(@) = (B)~(48)=600-100=500 consistency of the data is that no ultimate class frequen® estthe consistency of the dat
= X to
(4B) = (A)-(AB)=300-100 =200 ro"lTCEdure for Testing the Consistency of Data: Inorder

(@B) = (o)~ (a B) =700~ 500 =200 : OWing procedure is adopted:

a, the



w
S

: 5 ble and obtain the unknown c|
i i data in the form of a nine square tab 1kno ass
freque(r:)citls" l(lhseh%):xvlznbe‘arcmcnrbercd that there are four ultimate class frequencies in case of
(wo attributes such as (AB). (A B). (A ). (aP)- .
(ii) If any of the ultimate class frequencies such as (A B). (A P). (e B)and (a P) is negatiy,

then the given data are called inconsistent other’
fy the consistency of data.

The following examples clari
owing data find out whether the data are consistent or not:

wise consistent.

Example 5. From the foll
(A):ZOO.(E):300.(:15):185,‘ 7 =1000

" Solution: Put the given values in the nine-square table, and then we can find the missing

ultimate class frequencies such as (AP).(a B).(a P)
Total
“4B) («B) 8)
285 300-285=15 300
5 ‘ e @h) ®
200-285 =85 700 (-85) = 785 1000300 = 700
(4) (o) N
Total I 200 ’ il oo

From the table. the ultimate class frequencies are:
(4B) = 285. (AP)=-85,(c B) =15,(a B) =785

Since one of the ultimate class frequencies is negative i.e. (4 ) =—-85,the given data are

inconsistent.
Example 6. Examine the consistency of the following data:

N =500,(c. B)=90,(AB)=40.(c. B) =310
Solution: Put the values in the nine-square table, and then we can find the missing frequencies.

B ] B Total
L p ) “p) “y
10040 = 60 =40 500-400 = 100
[ . @8) ’ @p) @
=90 =310 =400
Total ®) ®) N
=150 =350 =500

Since all the ultimate class frequencies i.e. (AB),(4B).(cx B),(c B) are positive, the given

data are consistent.

Find ultimate class freq'-lencie
N =100,(4)=76 B)=6p (AB)anld test for
ting the given values i the nin‘ S

[

Exﬂ"‘p‘e 7.

golution: Pu"

The ultimate class frequencies are: (4B)=
(o B)=(B)—(4B)=60~15=45
(AB)=(A)-(4B)=76-15=6]
(o B)=(a)—(a B)=24-45=_3]

Since one of the ultimate class frequencies is negative i.e. (o B) =21, the iy difance

(given)

inconsistent.
Example 8. In a report on consumer's preference, it was re
3 vealed that out of 500
surveyed, 410 preferred tea, 380 preferred coffee and 270 i e
coneitent? persons liked both. Are the data
Solution: Let A denote preference for Tea
B denote preference for coffee

Thus, the given data is:
N =500,(4) =410,(B)=380,(4B)=270
We can find the missing ultimate class frequencies by puting the values i he L

table as follows.

inconsistent.

{ Total

| ‘ i ~-20,50 the data are
! Since ope of the ultimate class frequency ie.(@P)

|



Test the consistency of the following data:

N =1000,(4) =600,(8)= 500,(4B)=50
[Ans. (& B) = =50, Inconsistent]

Test the consistency of the following data:

(a B)=100.(4B)=125.(a B)=80.N =300
[Ans. (AB)=-5, Inconsistent)

in a locality. The number of educated persons is 750 and that of

1,000 persons are living yed persons, 410 are educated. Is there any

unemployed persons is 400. Qf|he unemplo;
inconsistency in the information ?
[Ans. (a.B)=-10, Inconsistent]

An enquiry of 30 persons was conducted regrading their food habits. It was found that 25

of them were vegetarians and 20 of them liked boiled vegetables. Another 10 were -

vegetarians and liking boiled vegetables. Show that the data are inconsistent.

[Ans. (& B) = —S,Incunsistent]
In a report on consumer's preference, it was given that out of 500 persons surveyed, 410
preferred Coca Cola, 380 preferred Pepsi Cola and 270 persons liked both. Are the data
consistent?

[Ans. (o B) =20, Inconsistent]

and test for y of the data:

Find ultimate class freq
(4)=40,(B)=60,(AB)=30,N =130
[Ans. (0. B) =30,(A4 ) =10,(c B) = 60, consistent]

oz
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’ positive Association: Whey, two
(re said to be positively Associaqey
ey ae smoking and cancer, llliteracy
pet® Guation the observed freqy

Altribygeg are
OF mer,
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ency is foung

such lically: Unep,
mboli® 07 thay Ployment
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pisassociation or Negative Associg:
% E Clatiop;

ated with the absence of other attribute, YN presence
2550C! (ion may also be termed as disassoc" i ey are said to negali of o
cial dr I . iation, & Ve assoc; :
asli‘:a and criminality, vaccination and attack of Sm]:ﬁgaYIVe Amﬁmonsi?:-: ted. Negatiye
I a situation, the observed frequency i found 1o hPeu.r,e ucation and dishonesty ey |
ess th etc.In

SymboliCa“Y: then the expected flequ:ncyA

(4)(B)
(AB) < T

: When the two attrib
3) Independence ! 0 attributes have ot a e d .
ornotthatate ndency of one attribute be[ng absent when anmh:, ies“;rye:cf;e:rl:g Przsem together
peindependent ofefich other. Insucha situation, the observed frequencyis‘: ::lll ei residio
frequency. Symbolically: qualtobe expected

_AXB)
a5

72 METHODS OF DETERMINING ASSOCIATION

Following are the main hods for determining the
attributes:

(1) Frequency Method
(2) Proportion Method.

(3)  Yule's Coefficient of Association.

between the two

7. ASSOCIATION OF ATTRIBUTES (4)  Coefficient of Colligating.

Generally, when one attribute appear in a number of cases along with the other attribute, < "
lhel] we find mutual association between them. But in statistics, it hgas a special meaning. In () Coefficient of Contingency.
statistics, two attributes are said to be associated when both the attribute are more commonly -
found 1ogcl}_1er than is ordinarily expected. In the words of Yule and Kendel, "In statistics A and
Bare associated only if they together in a greater number of cases then is to be expected if they
are independent”’. Evidently A and B are disassociated if this number is fess than expected for

Let us discuss them in detail
M l"““lllellcy Method
The method is also called comparison

d frequency method.

d expecte o attributes by

ed an
of gbery between the W/

independence. Eu"d“ this method, we determine the nature of asst:s::‘yc_nl and B are (W0 at:lf‘::;e‘;‘:‘;;
7.1 KINDS OF ASSOCIATION mmg:rmg the observed frequency with expected ﬁi(:ed ﬁequ,ncyquB. Expecte
’ I

©the observed frequency of AB with the €xP¢

Association of attributes can be positive, negative or independent. It may be of the S caleulated by using the following formula:

following three forms:

E(AB)_—.__(A)I'\;B)




When A = Total number of observations
(A) = Frequency of attribute A
(B)

Symbolically. two attributes Aand B are:

= Frequency of attribute B

: A).(B
Independent if O (AB) = i.¢. (AB) ¢ )}\( )

(i)

Positively associated ifO(AB) > E(AB) i.c. (AB) > }\
(4).(8)
v

- (A4)-(B)
(i) i

(iii) Negatively associated if O (AB) <E(AB) i.e. (AB) < =
determine the nature of association for A and B.c and B and o and B by

Similarly. we can
comparing the observed frequency with the expected frequency.

The frequency method can be summarised in the table below:

r Attributes , Independent Positive A iati gative Associati
AandB I (AB)=ﬁ);+@ (48)> U2 (B) (1) <{AX(B)
! N
_(Ax6) (A)x(B) (A)x (@)
Aand A6 A= @)
F and 3 J (4B) I (AB)> - MﬁkT
()% (B
I aandp l @p)=22® <u5)>(“’+“” (uB)<(a);(B)
(a)x(
I aandp l <um=%’” (aa)>—‘“’;“’) (uﬁ)<L°0;(u)

Example 9. Find if 4 i iti i H '

from the data givenI be|23f B are independent, positively associated or negatively associated
(4)=470,(B) =620,(AB) =320, N =1000

Solution: O (4B) = 320 (Given)

E(4B)=AB)
N

1000

Since the observed fre
! quency of AB i
(291.4), attribute A and B are posil)ively assgizigl)etlis e s e S g

=291.4

g

50|ulio

je 10. Given () =80, (By=gg (.
study the association bEtWean -

)=40, N=200
Ba andp 4 a"'

n: Putting the given values iy 5 nin

We can calculate the expected frequencics 35 follo
W
(A)(B) _80x60_,, >
N 200

0] E(AB) = )
O(4B) = 40 (Given)
0AB) > E (4B)ie., 40>24
- Aand B are positively associated.
FoB) = (@)(B) _120x80_,
N 200
O(@pB) = 100(Given)
0@B) > E(aP)
100> 84
o and Bare positively associated.
_80x140 .

E(A ) = @_W_

(ii)

(i)
O(A ) = 40 (Given)
O(4P)< E(4P) i.e., 40 <56
Aand Bare negatively associated.

W pep) = (@).(B) _120x60 _3¢
N

200
O(ct B)=20(Given)
O(a B)<E(a B) .., 20 <36
@and B are negatively associated:
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Example 11. Out of total number of 900 members, }00 have A :nd 280 have B attributes, 1§
persons have both A and B attributes. Are Aand B independent?
Solution: Using frequency method, two attributes A and B are independent if
B
(AB):‘A)XI( )

According to given data, (AB) = 180, (A) =300, (B) =280
and ADX(B) _300x280 o, approx.
V 900

(4)-(B)
Thus (_AB) > —T

Hence A and B are not independent but positively associated.
Limitation of Frequency Method

This method determines only the nature of association (i.e. whether there is positive or
negative association or no association) and does not tell us anything about the degree of
association (i.e.whether the association is high or low) between the attributes. ’

P

1. Show that whether A and B are independent, positively associated or negatively
associated in each of the following cases:

(i) N =300, (A) =48, (B) = 100 and (AB) = 16
(ii)N =120, (A) = 24, (B) = 100 and (AB) = 52
[Ans. (i) Independent (ii) Positively associated]

Find ifA and B are independent, positively dssociated or negatively associated from the
data given below: .

(4B) =256, (e B) =768,(4 )= 48,(c: B) =144

[Ans. Independent]

From the following data, find out whether the attributes (i) A and B (ii) A and B(iii) o and
B and (iv) o and Bare independent, positively associated or negatively associated.
N'=100, (A) = 40, (B) = 80, (AB) = 30 : g g, Y

[Ans: (i) ~vely associated (ii)  vely associated .
(ii) + vely associated and (iv) —vely associated]

Given (A) =12, (B) =25, (AB)=4,N =175,
Are A and B independent?

[Ans. Independefﬂl

Prop""'ion Method i

® ¢ this method, if A anq
ynde Bare two Aty

) M < 319
(i) proportion of B's in A's =\:(A& Al pmpmiensa

(4) " Caleulyeg,
(i) proportion of B's ino's =[@

(@)

These tWO proportions are com

Two attributes 4 and B are: Pared to fing g the associgigy
n
() Independentif (B)_(oB) e i,
@ (0
(iiy Positively associated-if. (B) >(8)
‘ @ ()
(iii) Negatively associated if@ < @

(@)
The association t{etween A and B can also be fo,
and . The two proportions are calculated as:

Proportion of 4's in B =[@]
(B)

Proportion of 4's in Bs= [@:\
®

The same results hold good.

Similarly we can determine the nature of association for @ and B by comparing the
proportion of o in B and B.

The proportion method can be summarized in the table below:

und by comparing the Proportion of 4 in B

Negative Association

> 4) @

Attributes Ind d Positive Association

; (4B) _ (4p) (), 4
AmBandﬁ E_T[;T (B)>(B)

{4B).- (o5)
“@ @

Bi“Aandm

@ _®

@) o)
| wnBangp (B)_ (o) O
i @ ® )
i “p_e8) | we
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Example 12. Show whether d
associated by the method of proportions
(4)= 430, (@) =570
(4B) =294, (aB) = 380
Solution: Given (4) =430, (@)= 570
(4B)=294.(aB)= 380

Using method of proportions,

_(AB) 294 _ 68 or 68%

. ind=
Proportion of B in @ 130

ina = @B 380 _ 0 66 or 66%

i Binqi==—==
Proportion of B in ) 570

a5 (4B), (@B)
4 (@)
i.e. 68% > 66%

- Aand B are positively associated.

Example 13. Out of 70,000 literates in a district, number of criminals were found.to be 500. Out
0f6.30.,000 illiterates in the same district, the number of criminals was 15,000. On the basis-of
data do you find any association between illiteracy and criminality.

Solution: Let A denote illiteracy and as such a represents literacy. Let B denote criminality and

as such B would denote non-criminality.

We are given

()= 70, 000, (0B) = 500, (A) = 9,30,000, (4B) = 15,000

Using the proportion method,

Proportion of criminals (B) among illiterate (4) —

(4B) _ 15000
(4) 930000

=.016 or 1.6%

Proportion of criminals (B) among literate (a.)—

@®)_ 50 _ )

@ 70000 0.0071 or.71%
As @>@

@) (»

ie 1.6%>.71%

Thus, there is a positive association between criminality and illiteracy.

A and B are independent, positively associated or negatively
from the following data:

1w a population ofso :
14.Ina popu N 0 stud
E"’r?:’illce 60 belonged to the marrieq erm
who age a0

d failure are independent, P°5i(ivély‘
i ) v
Pt LetA denote-married studentg and ag

sol“‘i”"'f failures and as such B woy|q dd 3 Suichg, oy,
0 enote non-fajjy,
Ire

el %
e square i
il

A

B (Failure)

B (Non-Failure)

n

s gt Of e,
"equireq g g

SOClated o ne“

ast

Using the proportion method,

Percentage of failed students (B) among married (4)

“B) , 190 =52 x 100 = 30%
@ 200

| @), 100= 22 x 100=30%
| (o) 300

Since the two percentages (or proporti

1 marriage and failure are independent.
Limitation of Proportion Method

Like frequency. method, this method deter
not tell us anything about the degree of association.

Percéntage of failed students (B) among unmarried ()

d
dout yhey
8 tively iy
enote

Unmg
S. Puttip,

at

is 20
o

Out

T
g the

Ty

of 150 Stud
betthe g
OCiateq,

ed Ley Bde
= note
mfonna(ion in %

ons) are same, Wwe conclude that the attributes

termines only the nature of associal

Ina certain study the following data wer¢ reported:
(4B) =216, (4p) =25,N=400 (B~
Determine the association between 428 BYY

the method

of pmponions.
[Ans::

tion and does

Positively ’““F"—u_“
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5 e y . 2,000 come from rural areas and outof 1,200
2. Outof3,000 unskilled workers of a factory, Determine the association between skill and

i 1 arcas.
skilled workers, 300 come from rura r
residence in rural areas by the method of proportions. )

[Ans.: Negatively associated]

3. Out of 900 persons, 300 were literate and 400 had travelled beyond the limits of thejr

" district. Of the literate persons 200 were among
between literacy and trayelling? -
[Ans.: Positively associated)
i iti camination and 60 of them succeeded, 35

2 ndidates appeared for a competitive examina : n
4 reocoei?ed special cpoaching and out of them 20 candidates succeeded. By using proportion
method, discuss whether coaching is effective or not.

[Ans.: Special coaching is effective]

Out of 5 lakh literates in a particular district 6f£1.dia, no. of criminals was 2,090. Out of

50 lakh illiterates in the same district, no. of criminals was 80,000. On the basis of these

figures, do you find any association between illiteracy and criminality? E
[Ans.: Positive association]

\

(3) Yule's Coefficient of Association ‘

Prof. Yule has propounded a coefficient of association to find out degree of assoéiation
between two attributes. The coefficient of association gives us the direction and the degree of
association between the two attributes. The coefficient of association is denoted by Q and is
calculated by applying the following formula:

_ (4B)(ap) +(4B)(aB)
Where O = Yule's coefficient of Association.
(4B), (aB), (4B)and (oB) = Ultimate class frequencies.

Interpretation of Coefficient of Association

o ”Like coefficient of correlation, the value of Q lies between— 1 and + 1. Its interp}etation is
S Tollows:

(i) 1 Q=0, there is no association between the attributes i.e. they are independent.
(ii) 1If Q=+1, there is a perfect positive association
(iii)) 1fQ=—1, there is a perfect negative association.

R : Yule' : L .
followine::l;l;e: Yule's coefficient of association can be remembered with the help of the

those who travelled. Is there any relation .

Multiply frequencies of the first anq
nd and the_ third cells from it. Divide ﬂ?:

second <,
mu[[ipllcatlons.

Examp

cample survey are clas'siﬁed below according t
Calculate Yule's coefficient of Association and coy

Tea Drinkers

le 15. Eighty-eight students residents of ap

=

th cells ang
Subtract -
figure 5o obtained h; l:; e"'""[l’]lCalinn of the

addition of the two

lndia.n city, who Were
0 their smoking and
Mmment on ts valye;

intervieweqd during a
tea drinking habﬁs.

Smokers

Non-Tea-Drinkers

w

Solution: Let 4 = Tea drinkers o. =Non-tea drinkers

B = Smokers B=Non-smokers

Tabulating the given data:

Eri)

Applying Yule's Coefficient of Association:
0 = UB)B) —(aB)(4B)

(4B)(oB) +(aB)(AB)

_ 40x12-3x33

Thus, there i

=2 =+0.65
579

40x12+3x33

381

+ kers and smOKers.
positive association between tea drinke

PE————
) e ofm 2]
. @
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E le 16. Prepare a 2 % 2 table from the following information and calculate Yule's
xample 16. 2x2 f
coefﬁ:ienl of Association and interpret the result:
N'=1500. (4)=383.(B) = 360, (4B) =33 v
< in the nine square table, we can find out the unknown

Solution: By putting the know value:

values.

“8)

=35

(4B)
=348

)

=383

]

Applying Yule's Coefficient of Association:
0= (35)(792) —(348)(325)
T (35)(792)+(348)(325)
720113100 _ 85380 _ o oo
27720+113100 140820
Thus, there is negative association between 4 and B.
Example 17. Investigate the association between the temperament of brothers and sisters from

27

n

the following data:
Good natured brothers and good natured sisters: 1040

Good natured brothers and sullen sisters: 160
Sullen brothers and good natured sisters: 180
Sullen brothers and sullen sisters: 120
Solution: Let 4 = good natured brothers; & = sullen brothers
B = good natured sisters; B= sullen sisters

- Tabulating the given data in a nine square table:

* udents from the following data Pertaining &fsazsmciatinn Between

ey

Applying Yule's method: g~ 4By
‘(O.B)(AB)

o - 1040 lzo-mo:;’s?“a)ﬂnaxag)
1040x 120 +160: 139
= 124800-28809
124,800 +28 300»?600:* 0625
Thus, there is positive associatignvi,;mml

Example 18. Calculate Yule's coefficien CMpe “*memofbmm

€15 and sisters,
5 Students;

Unmarried ./ 4 260

Solution: Let A denote married persons and a
Let B denote those who failed and as sych Bwill denote tho; maried persons.
A Se
(AB)= 90, (cB) =260, (4B) = 65 (a5)= 119 passed. Thus,
These figures can be tabulated as:

Such @ will denote g,

B
(4B)
=65

« ) l (@) j
=110 - =260

Applying Yule's coefficient of association:
_ (4B)(aB)-(4B)(@p) _ (65)(260)-(110)50)
(4B)(aB)+(AB)oP) _ (63)(260)+(110X90)
— 169009900 _ 7000 _, (¢,
16900+9900 26800 .
Example 19. Calculate the Coefficient of Association between extravagance in fathers and

— > :
[ P “B) “4p)
= 1040 =160
L « (aB) (ap)
=180 =120

sons from the following data:

27
Extravagant fathers with extravagant sons 345
5
Extravagant fathers with miserly sons 741
Miserly fathers with extravagant sons 235
2

Miserly fathers with miserly sons




Rursl Area:
Tabulating the given data in 5 p;
aMine SqQuare table. i

326
. = miserly fathers
Solution: Let A = extravagant fathers: o 1-mser y fath
B = extravagant sons; B= miserly sons
Tabulating the given data in the nine-square table:
B 4
(AB)
=545
(oB) 'y
=235
. o Total
Applying Yule's coefficient of Association:
| (327)x(235) —(741) x (545) i
© (327)x(235) +(741)x(545) y _ (4x152)—(8x36)
There is, thus negative association between extravagant in fathers and sons. (4x 152)+(3X36)
Example 20. From the data given in the following table, compare the association betwee; ‘ = M:ﬂ
literacy and unemployment in the urban and rural areas; x 608+288 896
’ Urban Rural | = +0.35714
[ Total Adult Males 25 lakh 200 lakh - Thus, the coefficient of association between lterac g
' Literate Male 10 lakh 40 lakh | is +.47 and in rural area + 35 'y and unemployment in the urban area
[ i Unemployed Male ' 5 lakh 12 lakh g;(amp‘Ie i‘l. 20(? 1 di ‘h. ra ’é‘m—a petit ination and 60 of them succeeded
" = received special coaching and out of them 20 candidates succeeded. Using Yule's coefficient
’ Liverite sud: Ussutployediinialeg 3akh phlakly of association discuss whether special coaching is effective or not. " e
Solution: Let 4 = Literate males; a = illiterate males ) Solution: Let 4 = Successful candidates;
B=Unemployed males; B= Employed males o = Unsuccessful candidates;
Urbatt Areds X B = who received special coaching;
Tabulating the given data in a nine square table: ‘ 3 B = those who did not receive special coaching
[— | B J B The data given are:".
(“B) (4B) A i
4 Total
L ’ =3 = =10 4 L)
\
(oB) , (aB) () . (4B) _ (8)=35
=2 =13 =15 | =20
®) N ‘ 5 B 3 -
=20 =25 ! —_— N=200
Total (4)=60

=Bx13)-(2x7)_39-
)B4 5 _, 04

Gx13)+2x7) 39412 53
: s The complete data will be as follows:




2 x 2 Association Table

fficient of Association is given by -
~ (20x125)=(15)(60)

= (20x125)-(15)(60)

Yule's coe

- 1900_19_ 05
3100 31
There is thus a moderate degree of positive associatio|
special coaching is effective.

IMPORTANT TYPICAL EXAMPLES

amination at which 600 candidates appeared, boys out numbered girls by’
16 per cent of all candidates. Number of passed candidates exceeded the number of failed
candidates by 310. Boys failing in the examination numbered 88. Calculate coefficient of
association between male sex and success in the examination. .
Solution: Denoting boys by A and girls by a; Success by B and failure by {3, the given values
will by presented like this: - 2 9

() + (@)=600 ...(i)

n between 4 and B. Hence the

Example 22. In an ex

(B) +(B)= 600 ...(iii)
A)- (2)=96 ...(ii) (B)-(B)=310... (iv)
By adding (i) & (ii), we ge By adding (iii) & (iv), we get
2(4) =696 (2B)=910
“(A)=348 ~.(B) =455
Now we have:
(@) =600-348 =252, ()= 600 —-455=145
We are also given (4B)= 88

Other values can be obtained from the nine square table as follows:

Applying Yule's Coefficient of Associat;
0 - (BB -(Byan)
(4B)(aP) - (4B)(eB)
— 260x57-88x195 _14820-17160_ 34
) 260x57 +88x195 m=m=_0m]
There is, thus, negative association between the tw
success in the examination. n

Example 23. The following table gives the distributi .
\ completed years and regulat playeramong thens. ution of. students according to age in

ion:

0 attributes i.e. male examines and

* Age in years: 15 . 16 17 18 i T‘
' No. of students:’ 250 200 150 120 100 ° ‘
Regular players: 200 150 90 48 30 1 l

Calculate coefficient of association between maturity and playing habits on the
assumption that maturity is attained in the 18th year of age.

Solution: Let ‘4’ denote maturity (18 to 20 years) ande’ minority (15 to 17 years)
‘B’ denote regular players and' [ not regular player

. (0)=250+200+ 150 =600

(4)=120+ 100+ 80 =300

(aB)=200+ 150 +90 =440

(AB)=48 +30+12=90

table as follows:

No. of minor students -
No: of major students

No: of minor regular player
No. of major regular players

Putting the values in a 2 x 2 association
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g Yule's coefficient of association:
_ (ABXaD) =D
~ (@B)@p)+(@B)AP)
90x l60-440x210
- 90x160+440x2I0
14400 -92400 _ —78000 _ _ 0.73
- 14400 +92400 106800

here is negative association bet

Applyin

Thus. th ween maturity and playing habits among the
students. B
fficient of association, investigate the association between eye

Example 24. Using Yule' coe f g :
colourl:afhusbands and eye colour of wives from the data given below:

Husbands with light eyes and wives

With light eyes = 309
Husbands with light eyes and wives with
not light eyes = 214
Husbands with not light eyes and wives
with light eyes = 132
Husbands with not light eyes and wives
= 119

with not light eyes
Solution: Denoting husbands with light eyes by 4 and husbands with not light eyes bya; wives
with light eyes by B and wives with not light eyes by B.

Putting the values in a 2 x 2 association table as follows.

[ 5 B
4 (48) (4B)

=309 =214

L a (oB) (oB)
=132 =119

Applying Yule's Coefficient of association:
0= (4B)(aB) - (aB)(4PB)
(4B)(aB) +(aB)(4P)
_ 309x119-132x214 _ 8523
309x119 “esi 0P
+132x214. 6519 *

There is, thus, li fots
us, little association between the eye colour of husbands and that of wives:

. 2 Exq
Find out: the coefficient of asm 3

teaching from the fullowing data;

1ation betw,
een {
e e of teaching g
success in

College

University

[Ans: 0=+ 179;

lour of song from

Investigate the association betwe,

s €l
the data given below: ™ €y colour of fathers ang eye cof

Fathers with black eyes and sons with bl;ck oy
es

Fathers with black eyes and sons with not black eye. 200
Fathers with not black eyes and sons with black ezez 100
Fathers with not black eyes and sons with not black eyes 200

; 400

[Ans.: 0= .6, Positive Associati
3. !n a stuc'iy to find wht?ther tall husbands tend to marry tall wi WIMTWI
mformatlon abo_ut the wives of 250 tall and 250 short statu red hnsb:r’n:S; o Sy
Find the coefficient of association between the stature of wives and hus;v:;;;uhhshed.

Tall hush Short husbands

Tall wives 112 2% l
Short wives 2 %
[Ans.0=+0.89]
from the following figures:

4. Find the association between literacy and unemployment

Total Adults : 10,000
Literate ¢ 1,290
Unemployed ¥ ;,7309“

Literate unemployed

Comment on the result. 0=0923]
[Ans. 0=0.

calculate Yule's coefficient

S Preparc a 2 x 2 table from the following information,
association and.interpret the result:
N=500, (o) =300, (8) =125, (4B)=25

[Ans.0== .55, Negative association]
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- dents in Economics and Auditing and foun_d that 160 failed in
}:iff:?:l‘“kl‘l‘ldiling and 80 failed in both the subjects. Is there any

[ Ateacher examin
failure in Economics and Auditing?

Economics. 140

sociation between .
as |Ans. 0=0,No Association)

periment on immunization of cattle from tuberculosis, the following results were
ex]

7. Inan
obtained: -
Dicd or affected Unaffected
Inoculated 12 26
Not Inoculated 16 ) 6

Examine the effect of vaccine in controlling su;ceptibility to tuberculosis. . =
[Ans. 0 =-.70, effective]

8. 1660 candidates appeared for a competitive examination and of these 422 were’
successful. 256 had attended a coaching class and of these 150 came out successful.
Examine the utility of the coaching class.

[Ans. 0=+.7096 Coaching is effective]

(4) Coefficient of Colligation

Prof. Yule has given another coefficient known as Coefficient of Colligation to find the -

degree of association between the two attributes. It is denoted by symbol y (Gamma) and is
calculated by applying the following formula: :

1- [@B)eB)

, - JAB)aP) - (4B)oB) _ | (4B)0B)
© JUBYap) +(4P)aB) |, \/(AB)(uB)
(4B)(op)

where y = Coefficient of Collignation.

Relalianship'hc.tween Coefficient of Colligation and Coefficient of Association: Yule
?gcfﬁTlenl of association can also be obtained from the coefficient of Colligation by using the
rmula: L
%y
1+y2

Coefficient of Colligation is not widely used in practice.
Example 25. Form the data given below, find the coefficient of Colligation
(4B)=80,(4B)=20, (aB) = 220, (oB)=180

Cient x
; ofas-‘lﬁuaﬁnm 333
"€ Square tape.

Hence or otherwise find yyje' Coeff

Solution: Tabulating the given data inan

1- [4P)aB)
Coefficient of Colligation (y)= (4B)(ap)

T

1+ (AB)&

(4B)(ap)

1- [UBEB) g
I T e

= 0x]
1+ [4B)aB) 1+‘F@
(4B)(aB) 80x180

_ | 4400 .
_ 14400 _1-+3055 _ 1-5521 _ 4473 _
Lo [0 1B sy s
14400

Calculation of Yule's coefficient of Association
Yule's coefficient of Association can be obtained from coefficient of Colligation using
the formula:
_ 2y _ 2x288 _ 516

B 3 d out
Example 26. From the following data relating to sanity and q“f“es;?f'::ts opfeésoolrl‘isg)aftli:‘)n:?“
the coefficient of association between sanity and deafniess using 0 ict

e [ e |
— e | e |
ﬂ'

Not Deaf




334

Solution: Let 4 = Sane; o = Insanc
B = Deaf: B=Not Deaf
are table:

Tabulating the given data in a nine squ

(AB)(eB)

1-
ieation (1) = —VABXSD)
. n(y)= ——
Coefficient of Colligation (¥ (4B)(aB)

" @B)eB)
2w .

5

2 A3 o666

. iation (0) =
Coefficient of Association (Q) Tep? 1+(_333)2 0

There is negative association between sanity and deafness.

Find the coefficient of colligation and Yule's coefficient of association from the
following data: . ! k

N'=1,000, (4) = 380, (B) = 380, (4B) =230
[Ans.y = .127,0=.25]

Determine the coefficient of colligation and coefficient of association,
(4B) =100, (aB)= 30, (4B) =20, (aB) = 10

3. Inan inve;tigation Wheth,

were obtained:

Tall wives

S|

__‘h

Calculate the coefficient of collioat:
olligation a
nd alse

efficient of Association. Verify yo, i show "
co fy your answer iy, direct caluc ‘\‘-:lal:isu relationship with yyjes
n.

Short wives

®) Coefficient of Contingency lAnw:'6155’Q=+>393.Verin;'d]

Prof. Karl Person has propoundeq :
associationina2 x2or3x3 et ed coefficient of contingency

: pticsi, ¢ to find
applying the following Torsears Clation table. It is denoteq by'C’ a:d is‘h c:lgﬁl;.t: :;

Coefficient of contingency (C) = '
N+y?

2 _ R v
Where x ° = Chi-square quantity (pronounced as Ki square)
N = Number of observations.
Calculation of y, z_: The calculation of % involves the following steps:

@) - O(b/;ai% the expected frequency for each cell, For example, the expected value of the
cell E(4B) =2~

(i) Calculate the difference between the observed frequencies and expected frequencies i.e.,
calculate (O - E).

(iii)  Square the difference between the observed and expected frequencies in each cell ie.
calculate (O - E)? ' .

(iv)  Divide the squared differences by comesponding expected frequencies ie. calculate
(0-E)[E.

2
(V) Obtain Z[(O;EE)-} to get the value of 2

2
Thus, 3% = Z[(O —EE) ]
lation of coefficient of contingency.

The following examples illustrate the calcul



336
t of contingency petween th

i fficien
ample 27. Find out the coefficic! ;
sEuxcz:esls) in teaching from the following table:

¢ type of institution and the '

Solution: Let 4 = College Education;
a = University Education
B = Successful:

B= Unsuccessful

Putting the given values ina2 X 2 association table (or contingency table) as follows:

B B Total
(4B) (4B) “
=58 =42 =100
(B) () @ -
i =49 =51 4 =100
(©)] ®) # N
F Tzl ’ =107 93 =200

From this we calculate the expected frequency for each cell as follows:

Eamy=AMB)_100X107 _ g o
N 200
E(aB) = @MB) _100X107 _ 55 ¢
. N 200
or  E(aB)=107-53.5=53.5
Elapy=AB) _100<93_ ¢
N 200

or  E(AP)=100-53.5=46.5

_(0).(B) _100x93
E(of)=2=2202 = =y
N 300 46.5

or  E(aP)=100-53.5=46.5

(4B) 58
(aB) 49
“p) | 42 |
(cB)

Coefficient of Contingency (C) = ‘/—I_ 1626
Nag? Vs

Since the coefficient of contingenc
two attributes.
Example 28. Calculate the coefficient of

m =0.087

is 0. i
Y 15 0.087, there is, thus, poor association between the

ingency from the following d.
Y ata:
Intelligence — Dull Intelligent T
8 \n ’
Social Status { - — ol
Lower 22 35 23
Middle 38 70 ,7 ,8:,
Upper Middle 60 20 20 100
Total 120 125 75 320
Solution: The contingency table will be as follows:
Intelligence > Dull Intelligent Brilliant .
A 4z
Social Status | ‘
Lower Middle (4,8)) (428y)
—B p2) 22
Middle (4B3) (d28)
oy 38 i
Upper Middle (4,B3) (425)
B 60 20
Total ) B
S ] 120 | 25
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quency of each cell is calculated as follows: Coefficient Ofco"ltlnggncy ©- J\
339

The expected fre 20580
A)(By) _ I X 5
E(AB)_(I)(I S =30 ‘/\
32043517 ~ V9T = 3154,

(4)(B;) _ 120x140_ 55
7 320

E(4,B))=
(4))(B3) _120x100_ 37 5
E(AB; )_—/
. '2532:0 1. Calculate the coefficient ofcomm
A)(B X ency fi
. )_( ‘)( ! 125280 ~31.25 — €y from the followmgdata,
_u;)w;) 125x140_ 5, 7 [ imterate |
S T E—TET—
_(Av)(B )_125%100_ 54 |
E(4255)= 320 _
] 1 2.  Calculate the coefficient [Ans. =,
E(4;B, ),(A )(B ) 7f;‘ 80 _ 18.75 ni ofCOlmngem;y from the following datz: 085]
20 e lmelh;ence
E(4sBs ),E‘M)_L"'ﬁ‘_"_sz.s i 144 Height
N 320 [ Tall
E(A;B;)=M= ———753’;:)00 =234 Middle
& Short
Calculation ol"y2
, I o I & l (©0-E) ©-E)? (0-E) IE [Ans.C=0.1
sy | 2 | s | s 64 2.133
MISCELLANEO! EXAM
’[ (4,8,) l’ 38 | s25 | 145 210.25 4.004 il
(4,87) 60 f 37.5 ] 225 506.25 13.50 - .. isinaek] N80
- : Example 29. Given the fc i ! i iati
P ' " , — l e 120625 - .5 i n the following data, calculate Yule's coefficient of association.
B | 0 | sa7 | 153 234.00 4279 L iy A = Y
80 | 20 | o1 | o 364.81 9.330 3 iH L o)
(438) [ 135 ], +425 180625 963 | B s L |
32.8 -0.8 0.64 019 { Solutj
> { ution: Giv iati
i l Y " =y | en 2 x 2 Association Table
N . A -
eETg B 75 2
=35.172 | S B 5 =
3 i . 5.
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Coefficient of Association is given by:
_ I5% 42-5x23
75x42+5%23
_ 3150115 _3035_ .92
3150+115 3265
people exposed to a small-pox in a village, 450 were attacked.
£ them 50 were attacked. Form a nine square

vaccinated and out o
vaccination can be regarded as a good preventive or not.

tion be denoted by B and not attacked by 4. Putting the given information

Yule's

Example 30. Out of 2000
Among the people 365 were
table and conclude there from whether

Solution: Let vaccina

in a nine square table:
R Not-Attacked Attacked .

Attributes “ @ otal

Vaccinated (4B) (aB) ®

(8) 315 50 365

Not Vaccinated (A4B) (aB) ®
B 1235 50 1635

/ “ © e
1530 450 2000

Using Yule's coefficient of association:
- (4B)(@P) ~(B)(AP)
T (4B)(@p)+(aB)A4B)
_ 315x400-1235%50 _ 64250 _ 004
315x400+1235x50 187,750
Thus, vaccination can be regarded as a satisfactory preventive measure, though not \-/el.yw

good.

!l;iltagrinr{rslfl].sf/OO;:z}]ndidates of both sexes appeared at an examination. The boys outnumbered

b0 yual no o bt e total. The number of candidates who passed exceeded the number failed
. Equal number of boys and girls failed in the examination. Prepare a 2 x 2 table and find

4%

the coefficient of association.
Solution: Denoti i u
ion: Denoting boys by 4 and girls by o. Success by B and failure by {3 the given values’

will be calculated like this:
(A)+(c)=800
(A)-(a)=120

By adding 2(A) = 939
(4) =460
Puttin'g the value of (A) in @
460 +()=800
(@)=340
(4) =460, (c)= 349
(B)+(B)=3800
(B)-(B)=480 '
By adding (2B) = 1280 (i)
(B)=640 - (iv)
Putting the value of (B) in (iii), we get
640 +(B)= 800
B)=160
(B) =640, (B)= 160

341

We get

Also we are given (4B)=(ap)= 160 _ 30
- 2

We can now pre: ve info x W
present the above information inthe form ofa2 x 2 table as foll
! e as follows:

A
o Total
B (“B) (aB) ®)
. : - 3% : 260 640
B (4B) (aB) ®
80~ 80 160
Total @ @ =
460 340 800

Yule's coefficient of association is given by:
_ (AB)(@p)-(aB)(4B)
- (4B)(ap) +(aB)(4P)
_ 380x80-80x260 _ 3040020800 _ 9600 _, 175

380x80+80x260 30400-20800 51200
¢ association of a low degree between

Thus, the coefficient of association shows positiv

sex 4 i inati
Xand success in examination.

‘——
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ation. Boys outnumbered girls by

ber of passed candidates exceeded
e examination numbered 58,
Also interpret the coefficient.

failure by B. We are given;

ared in a certain examin:
he examination. Num
166. Girls failing in th
fficient of association.

Example 32. 1,000 candidates appes
20% of all candidates who appeared in'l
the number of failed candidates by
Construct 2 x 2 table and then find the coe
A and girls by a ; Success by B and

Solution: Denoting boys by
(4) +(cc)=1000 (i)
W-@=200 (i)
Adding (i) and (ii). we get (4) =600 and (o) = 400
(B)+(B)=1000 il
- (iv)

(B)- (B)=166
Adding (iii) and (iv). we gt (B) =583 and (B)=417
Also we are given (af) = 58

We can now present the above information in the form of a 2 x 2 table as follows:

[ 2 | -
5 I (4B) (aB) (B)
24] 342 583
; l (4P ) ®
) 241 58 417
/ / “ . @ N= [
600 400 1000
Yule's coefficient of association is given by: A
0= (4B)(@p) —(aB)(4P)
(4B)(P) +(aB)(4B)
_ 241x58-359x342 _ 108800
WIxs839x382 | 136756 °

This shows th i
SIS at there i iati
exaimination, is a negative association between male sex and success in the

Example 33. Inacla i
. ss test in which 135 i i
and Booemien I e h candidates were examined fi i i i
andsa bml‘:vani :éslcfz::::eed that 75 students failed in Englishoggrgat?lcézniﬁylil:oigﬁllii
B isany association between failure i ) i
in English and Economics.

Solution: Denotin,

e g those who, iled i i

F . se failed

ailed in Economics by B and passed in"éf:ﬂ'{:’;ﬂ?’b/; End passed and passed in English by a . |

Putting the given in
information in a ni
no anine-
ine-square table, we have ,

/

Yule's ¢ 4
Ol Pty i
S coefficient of association, whether there is any

Yule's coefficient of associatjon is gi
i (AB © Blvi
e (AB;(CIB) (QE)(Aﬁ)=(50)(20)—(25'
. (B) +(cB)(4B) (50)20) + 2 o
The coefficient allows that the attributes are j : -
Independent.

Example 34 . In a populati
students who failed 1; ation of 1000 students, p,
, 120 belonged to married groug, yrir: o TaMiedis 400, 0
0 - Out of the 300

en by:

10001009
e
1000+1000

Putting the given information in the form of nine s by Band passed by .
quare table:
:;) )
(B) (oB
)
120 2 2;)’
®) (4B)
280 i ®
320 700
“) (@) N=
400 600 1000

Yule's coefficient of association is given by:
0 = AB)aB)—(aB)(4p)
(4B)(aB)+(aB)(4PB)
_ (120)(320)—(280)(280) _ 38400— 78400 _ 40000
A A = =-03424
(120)(320) +(280)(280) 38400+78400 1168300
. The coefficient i i fati
Marriage and failuren. shows that there exists low degree of negative association between

Exam
ple 35, n'a population of 1000 students, 40 percent

Perce,
0t students whio failed, 300 belonged to the married group-
associati

students are married. Out of 40
Prepare a2 x 2 table and using
on between the two attributes

m;
artiage and failure.

‘4



- and unmarried by a: students failed by Band student

i y A
Solution: Denoting married student by

passed by B Unmarried 4—7

(@)

(aB) ©)]
100 400
(aB) ®)
500 600
(@) T
600 1000

Yule's coefficient of association is given by:
_ 300x500-100x100_ 140000 _, g7
7 300%500-100x100 16000 4
The coefficient shows that there exists high degree of positive association between
marriage and failure.

Example 36. A distribution according to age group and martial status of girls studying in a
particular collage is given below: k

{ Age: 15 16 17 18 19 20 21 2| =
r No. of girls: 15 18 2 25 20 23 27 | .30
[ No. of married girls: | 1 2 3 4 s |7 3 10

Obtzin the value of coefficient of association between the adult girls and married girlsifit
is assumed that adulthood is attained after 18 years of age.

Solution: As the adulthood is attained after 18 years of age, so

20+ 23 27 30 = 100 adult girls,
15+ 18 +22 + 25 = 80 minor girls,
5+7+8+10=30 adult married girls, and
1+2+3+4=10 minor married girls.

Let A denote adult girls
@ will denote minor girls

Let B denote those who are married
Bwill denote those who are unmarried.

Putting the given information in a nine square table:

gy

Adult Girls (4)

Minor Girls (c)

Yule's coefficient of association is given hy
0= 30x70-70x10 ~2100-700 _L

= 400
30x70+70x10 21003705 ~ 2599~

Thus, we find a.positive association between maturi

Example 37. The male population of U.P. is 250
and total number of criminals is 26 thousands,
Do you find any association between literacy and crim

Solution: Let A denote literate males _

ty and marriage.

T‘ha::i T::rn“fn?bﬂ of lterate males is 20 lakhs
mber of literate criminals i
el criminals is 2 thousand.

o will denote literate males
Let B.denote male criminals

B will denote male non-criminals.

The given information can be put in a nine square table:

Criminality Non-criminality Total
(B ®
(A]
Literate (4) (A,,B) (’:E ) (Z; J
(@)
Iliterate (o) (:48) (:&) 230 J
® i
Total (286) n4 250

Yule's coefficient of association is given by:

% 9= 2x206-18x24 _412-432_-20_ 023

: T 3x206+18x28 412+432 34 :
2x206+18x24 412+ 4 criminality are negatively

- " 4
; an
2 The coefficient shows that the attributes literacy
SSociation i.e. literacy checks criminality-

,.
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IMPORTANT FORMULAE

1. Consistency of Data

1 of consistency of data is that no u

The criterior
negalive‘.
2. Frequency Method
and B are said t be:

A)x(B)
(i Independent ifAB= (’)I\,”

Attributes A

Positively associated if(4B)> =

A)x(B
(iii) Negatively associated if (48) < S‘)_N(/)

(i)

3. Proportion Method
Attributes A and B are said to be:
(i) Independent if%:?= (Ta:;—)
ated if “B) . (@B)
4) (@
4. Yule's Coefficient of Association
- (ABXGD) ~(4BXaB)
(AB)(0B) +(4B)(aB)
Coefficient of Collignation
_ [(4B)(«B)
1. [cBes)’
\(4B)(aB

af)

Positively associ:

(i)

o

y=

Also 0=

6. Coefficient of Contingency
2

A\

Itimate

2y
T+

class frequency should be |

Define Association of Attribyt,
e

Explain the difference betwee,
n

" (a) Explain the terms g

examples.
(b) State Yule's coeff

S.

of attriby
§ tes? E
WO attribyges,

-—

Di
IScuss the Varioy
associatiop and cor,

ation' i
and Dis-ags, 1

S
types of association
elation, '
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AREA UNDER THE NORMAL CURVE
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::Iu ‘hestandard normal distribution
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are given by the area under the curve
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Area under Normal Curve
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‘The Sundard Normal Distribution. ___
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DAT,
MEASURES OF CENTRA( TENDENGY AANALYS|g

Definean average org
What is the significance of studying average »

Listthe characteristics (or Properties) o : s

What are the essentials of 3 ideal ayerg, 20: B
Give various measures of central tenggn, e

Write down two mathemati ;

Measure of Centra| tendenw.

Range chart

2200 NDO AN o
S PPN A wN

g | Define mean. Give jts Merits.
£ | Explain Weighted Arithmetic Mean,
2 = Explain : Median.
g Explain : Mode,
z e Explain : Quartiles. and Percentile,
.‘: ‘l 12.  Explain Geometric Mean.
2 | 13.  Find the geometric mean of 1,4andg,
g . l 14.  Explain Harmonic Mean. -~
fé ; ( 15.  Explainthe relationship between meen, median and mode,
[ L.
é‘ E i 16. Find the missing figure : M=z + 7 (X-2),
:
: E l ~ 17. Show graphicaly the position of X MandZin a positively and negatively skewed curves.
£ E PSS / k= 18.  Whatis the relationship between ¥ ,Mand Zin a symertical distribution 2
z|a X
= - ) . : . -_—
3 T gagﬁ— ggggg 19. Explain the relationship between ¥, Mandz.
3 B 3
g l[ lii g §§§§ §!§g§ g3822 2538 ‘ MEASURES OF DISPERSION
&
| 25 263 ¢ 20.  What is meant by dispersion ?
! e 4y KRESE CEUED ¥ disp -
S i B IR L ogﬂ;?d é7pss 21 Listthe characteristics of a good measure of dispersion.
gl ! 5 | What are the essentials of a good measure of variation ?
H - % I ] or Wha B
B ! E iz ?E?? H ggggg EEESE gg“‘g 22 Distinguish between central value and dispersion. »
g ] 3 |I»—— _ T 5 or  Distinguish e of central fd'l :lrsionr'
- - T g S8 &= . - .
5i 'g i E&%S £gs§§ §§§§5 EEEEE o‘zagd 23 Distinguish between absolute and relative measure o :s&evaﬁous faisp
!— ; F 2R ' ' 24, State the various methods of measuring dispersion o state
[y [ T oo ETEE EEEER RRNRN known to you. bjects of measuring dispersion ?
l’ I3 : L* . . . I . Whatare the merits of dispersion. o Whatareobj ;




S —

26.
27.

28

29.

30.
31
32.

r method of variation as compared to mean

jation ?
What s standard deviation ) o
Why standard deviation is considered @ bel

iation ? »
g?svtli:guish between mean deviation and standard deviation.
Define (i) Range and (ii) Quartile Devnlajno; .Dewa“on
i iati d (ii) Standar ]
Define (i) Mean Deviation an .
tis coefficient of variation ? What purpose does it serve ? ) )
e h score in a series, what will be its effect on mean and

Ifa constant is subtracted from eac

standard deviation ?

SKEWNESS

33
34.
35.
36.
37.
38.
39.
40.

What is skewness ? A
Distinguish between positive and negative skewness.

What is the significance of skewness ?
Distinguish between dispersion and skewness.
What are the various tests of skewness ?
State various measures of skewness.

What is Bowley measure of skewness ?
Mention the formulae of Karl Pearson and Bowley for the coefficient of skewness.

MOMENTS AND KURTOSIS

41.
42.
43
44.
45,
46.

Define moments.
Distinguish between central moments and raw moments.

Define Kurtosis. Give its three types used diagrams.
Distinguish between skewness and kurtosis. or Define (i) Skewness and (ii) Kurtosis.

Give formula of measuring kurtosis.
Give the measures of skewness and kurtosis by using moments.

CORRELATION AND REGRESSION

CORRELATION

R B NN

What s correlation ? What is its significance ?

Explain positive and negative correlation.

Does correlation always signify cause and effect relationship between the variables ?
Define covariance.

Define Karl Pearson'’s Coefficient of Correlation.

State the properties of Karl Pearson's Coeffcient of Correlation. (or Mention any two properties

of coefficient of correlation).

~

Whatis the maximum and minimum value of the coefficient of correlation ? or What are the

limits of the coefficient of correlation 7 -
.. Whatis the nature of correlation when the value of ris +1 and 1.

‘“

or Ifr=+1andr=_v1 wi

hat ki
9. Statethe formula i Of relationgy
e Or Caloulating Kar pag, o P eXist between
e from (a) actual means ang (b) = S Coefficient of g, Vi
10.  Name two methods of Studying co ) 3SSUMed meang, "elation fthe deviations are
11.  What does the value ofr=0 impiy": fation,
12.  Define rank correlation coefficient, .
Give the formula to calculate rank co, ‘-x
repeated ranks. "elation coeficientvith (@) non-rey
13.  Define concurrent correlation, or Wiite Peated ranks and (p)
14 Define (a) Probable Error, and (b) Stang; Shorténote on scater diagram
REGRESSION o baron )
15.  Distinguish betws : i
Ly -y g ‘een correlation and Tegression.
; at is regression ? or Define regression »
17. Whyareth fon e oo 21 explainis signi
2 y ere two regression lines ingeneral ? i
18.  Where do the two lines of regression oonnY'andY
19.  Under what conditions the two regression i o m?s eechotrer?
other at 90° ? ines (a) concide and (b) intersect each
or  Undel ti i
i e r what condition there will be one regression line ?
3 at is the nature of regression lines when (i) r=+1 and (i)r=0.
21.  What are regression coefficients ?
22.  Whatis the signifi of regressi ient ?
23.  State the important properties of regression coefficients.
24, Explain the relationship b i fficientand i ients ?
or . Mathematicaly, prove that r = ,/byx.bxy
25. If byx =1.5and b,:y =0.2, find correlation coefficient.
26. If bﬂ =-3/2and bx, =-1/6, what is the value of correlation coefficient ?
27.  State the uses of regression or what is the significance of regression ?
28.  Write a brief note on standard error of estimate.
29 Ifthe two lines of regression are : 4x— 5y + 30 =0 and 20x -8y — 107 =0, which of these
is the line of regression of xony ?
30.  From the following regression equations : 20x — 9y = 107, 4x - 8y = - 33, calculate
X and Y. o
31, Given the regression equation of y on xand xonyasy =X and 4x-y =3, ﬁid r:
32 Given two lines of regression, explain how wil you findthe values of X and Y .
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INDEX NUMBERS & TIME SERIES
Index Numbers )
bers 7

1. Whatare Index num
2 What are the uses of Index numbers ?
3- Point any two limitations of Index numbers.

ish between weighted and ighted Index
4. Disti h :
5. Menti:n 2ny two problems in the construction of an Index numbers.
6- What are the desirable properties of the base period ?

or
How will you choose a base year for constucting Index numbers ?
Distinguish between Laspreye's and Paasche’s Index.
o
Define (i) Laspreye’s Index and (ii) Paasche’s Index.
What is consumer Price Index ? What s its significance ?
Whatis the difference between price Index and quantity Index ?
Give the formula of constructing weighted Index using (i) Fisher's method and (ii) Weighted
average of relative method.
What is Fisher's ideal index ? Why is it called an ideal ?
Explain : Chain Base Index.
o
Explain how chain base index are constructed ?
Distinguish between CB | and FBI.
Write formulae to convert (i) CBI into FBI and (II) FBI into CBI.
Why are Index numbers called economic barometers ?
Explain the meaning of (i) Base shifting (ii) Splicing and (jii) Deflating
Explain the meaning of Splicing of Index Numbers.
What is an ideal index number ? What properties should it have ?
o Listthe characteristics of an ideal Index number.
or Explain: (i) Time Reversal Test, (ii) Factor Reversal Testand (jii) Circular Test.
Show how Fisher's formula of Index numbers satisfy TRT and FRT.
Define deflating of Index number.
Explain deflating. How real wages Index are computed ?
Whatare value Index numbers ?
How many types are the price Index numbers ?
Write Kelley's formula of construction of Index Number.

'

ANALYSIS OF TIME SERIES

25.
26.
27
28.

29.
30.
31.
32.
33.

35.
36.
37.
38.
39.
40.

41.

What is time series 2 Disc;

USS jts
What are components of time :: ﬁ';:?ﬂanne O utify,

What is a time series 72 What are s ~—~eanyone of ther
What is secular trend, ein Components 5
or
What is meant by treng in a time serig »
Exlain Linear Trend, "

What are seasonal variations ?

What are cyclical variations
or cycli ?
What are inegularvariaﬁons ? el Moctiatons 7

State additive and multiplicative models of
Whatis moving average method 2 &na
Whatis semi-averge method ?
Distinguish between iod
Sl St sewlartrend_and Periodic variations,
istinguish between seasona| variations ang cyclical variati
Explain cyclical and imegular variations, elons,
(l-:;w v\f;u_!td );:u measure trem.j by the method of feast squares ?
rite the normal equations to determine
¥ =a+bx, given the n observations,
(b)  Youaregiventhe following trend equation
Shift the origin to (i) 1988 & (ii) 1993,
With what characteristic component of a time series should each of the following be
associated ?
() Afireina factory delaying production for three weeks.
(i)  Arenaof prosperity.
(i) Salesofa textile firm during Deepawali.
(v) Aneedfori wheat ion due t

lysing time series.

the value of a and b in the trend equation

:Y=45+5% (origin= 1990, X unit= 1 year)

tantincrease in

PROBABILITY & PROBABILITY DISTRIBUTIONS

PROBABILITY

1. Define Probability.

2. Give classical definition of probabiliy.

3. Give statistical definition of probability.

4 Define (i) Mutually events (ii) Independent events (ii) D EvgmErang
(iv) Equally likely events (v) Non-mutually exlusive events

5. Define Joint Probabilty.

;5- State addition theorem of probability.

State multiplication theorem of probabilty.




16.
7.
18.

19.
20.

21,

23.
24.

25.
26.
27.
28.

30.

31.

32.
33
34,
35.
36.
37.

bility.

e concept of conditional proba
. . '
Give the statement of Bayes Theoarg“iw - —— .

Explain th

State the addition theorem of prob:
b) non-mutually axglus:ve.
(Stlte the multiplication theorem of prob:
\(Il\’l) {:Oen?:giﬁffr; for the calculation of probability at least one event in case of
il
independent events. .
State the axioms of probability. )
Whatis mathematical expectation of a random variable ?
Define random variable and its expectation.

abilty for two events which are (a) independent and

PROBABILITY DISTRIBUTIONS.

What s Binomial Distribution ?

Give properties of binomial distribution.

s there any fallacy in the statement : The mean o
standard deviationis 7 ? R
Discuss the conditions for the applications of Binomial Distribution. )
A binomial distribution has n = 20 and p = 0.3. What are the mean and variance of the
distribution ?

The mean of the Binomial Distrubution is 20 and standard deviation is 4. Calculate

f Binomial Distrubution is 20 and its

n,pandq.

What is Poisson Distribution ?

Give the properties or characteristics of Poisson Distribution.

State the conditions under which the Binomial Distribution tends to Poisson

distribution
Give six examples where Poisson Distrubution can be applied.
Write the probability function of Binomial and Poisson Distributions.
Towhich probabilty distribution, mean and variance are equal ?
Comment on the following : For a Poisson distribution, Mean = 8, Variance =7.
Define Poisson distribution and state the conditions under which this distribution is
to be used.
What is normal distribution ?
or
Write the p.d.f. of General and Standard Normal Distribution.
Explain the main properties of normal curve/normal distribution.
o Give the chief characteristics of Normal Distribution.
Give the of Normal Distributi
Give the area property of normal curve or normal distribution.
Indicate the area of normal distribution covered by : (i) X +1g (i) X +2¢ (i) X +30 -
Under what conditions Poisson Distribution tends to normal distribution ?
Under what conditions Binomial Distribution will tend to normal distribution ?
How does normal distribution differ from binomial distribution ?

S,
SAMPLING AND SAMPLING MET| -

© PN N ®N S

! A Hobps
E?<p!am the meaning of (j) Populati
Distinguish between C -

(or univer,
; ensus a S€)and (i s
Whatis sampling 7 2% d T

Mple methods,

Point out two uses of sampling,

Name any four we|| known rneﬂlmds

Define simple random sampling ? i

Whatiis stratified random sampI‘in ?

State the situation where stratifieq o

What is systematic sampling ?

g.:;:;grl:: between ﬁimple random Sample and stratifieq i

e 'om sampling and discuss Vvarious methg saml'f"“g-
oint out any two advantages of samplin ey

Point out any two limitations of samplin v

Discuss the two advantages of sam :

9. Explain anyone of them

fandom sam, Ngis preferred to mple M sampling
sampling is pref d to simpl random samp| 9.
i

9 @ random sampling,

N pling over cen
Explain the following : (i il
- 4 g:() Random Sampling (ii) Cluster Sampli i
ampling. ampling and (i) Deliberate
What s sampling error ?
Explain the meaning of sampling error and n l Distinqui
-and non-sampling errors. SRR P

SAMPLING DISTRIBUTION AND STANDARD ERROR

18.  Distiniguish bety Statistics and P.

19.  Explain the concept of sampling distribution of .a statistic.

20.  Define standard error of a stastic. -

21.  Define standard error of mean.

22.  State Central Limit Theorem.

23. State Law of Large Numbers.

24, Find the number of all possibile samples of size n = 4 from a population of size N=8 where (a)
sampling is with and (b) is without

INFERENTIAL STATISTICS

THEORY CF ESTIMATION

1. Whatis inferential statistics ? or  Whatis estmation

2. Distinguish between point estimation and interval estimation.

3 Explain the concept of interval estimation.

‘; Explain the conept of point estimation.

Explain the important properties of a good estimator. or State the properties of a good
estimator.
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YPOTHESIS: ] )
i DFH the procedure for testing @ hypothesis.
6. Exlantied all samples.

QUi tweel e and sm . .
v Distlngu!S: E:twee" - othesis and alternative hypothesis:
g.  Distinguis!

n null hyp f Y

Define Type ! and Type ll errors in testing of hy:c:::\e?:l_ ests

. I 0 taile !
?U. Point out the difference d an

beMEenonetaile i
o ndRe‘ection(orcntlca region.
1. Exp|aintheterm.AoceptanCEa j p

acceptance region.

critical region and -
s used in the tests of significance.

| of significance &
ees of freedom’.

Distinguish between
12.  Explainthe term level
13. Explainthe term ‘degrt
PARAMETRIC TESTS )
14, Define Fishers Z-transformation.
ne t-test.
12 \E/,::al is Ftest? or F-test of testing of nypozhes_is ? » . i
17.  Explain the procedure for testing of the hypothesis concerning the dif eﬂ?nce etween two
population proportions based on samples taken from each of two population.
18, What are the assumptions of ANOVA ? Explain briefly.
19, Distinguish between paired t-testand t-test for independent samples.

Write 2 brief note on paired t-tests.
20 Describe the large sample testing procedure.
21, Explain the procedure in testing equality of two means through t-test.
Non-Parametric Tests
22.  Define non-parametric tests or what are non-parametric tests ?
23.  Name two non-parametric test.
24, Explain sign test or what is @ sign test ?
25.  Define Mann-Whitney U-test.
26.  Whatis 72 test of independence of attributes.
27.  Describe Yates' comections of 2 x 2 contingency table.
28.  Whatis y*test of goodness of fit ?
29.  Whatis Chi-square test. Explain the uses to which y?-test can be applied.
30. Whatare the conditions for the validity of Chisquare test ?
31.  Distinguish between parametric and non-parametric tests.
STATISTICAL QUALITY CONTROL
What is statistical quality control ?
What s a control chart ?
Whatis an 0.C. curve ?
How are control limits set up in C-Chart ?
What is acceptance sampling 2
What is the utility of statistical quality control 7

Do s W=

‘lst Semmﬂ MBA .
(Dec./J
Time: Three Hours -/dan. 2009-10)

Note: Attempt any five questions j i o 70 ‘
{All questions carry equal m‘:rg- QuestionNo. 15 compulsory.
1. Write brief explanation of the following: .
(i) Explain inferential statistics ¢
(i) Discuss the utility of diagramma
aes 5 . tic Presentati
) (f") Wthh lS the best average for the manu{:m::: ’ garmq
(iv) Distinguish between linear and curvilin r i ens?
(v) Central Limit Theorem, ear coreation;
(vi) Level of Significance.
b (vii) Objectives of measuringtrend,
. Suppose that samples of polytheneba- ctures, A ar tested o5
buyer for bursting pressure with the fgﬁmmm AundBa L Z:VZ
Bursting 50- - ‘
X 100- 15.0- 200- | 25
X .0- | 300- | Total
Pressure (Lbs) 99 149 199 249 299 349
Number of A 2 9 29 : - ]
o = 54 11 5 110
9 11 18 32 27
' 13 | uo |
Which set of bags has the highest average bursting pressure? Whi Tessure
Which et of bgshs the ighet veage o press? Wi s o o prse”
o yer? Why? 14

An investment consultan i = i i certain
and the odds in favour o: S\!:glnﬂ;;h:n?:gdsﬁf:: o T;a\hll’lf\aa i s e o
tllse :od‘ willgo down? e are 1:3. What is the probability that price 1:;;
e 0y T - ey o
busix:leess P::;r;:sls.\nbuhcn and state the conditions under which this distribution is used for solvi?g
(a) DISCU?S briefly the importance of estimation theory in decision making in the face of uncertainty.
g&;xplalr_\ the regression coefficients. 7+7=14
- o &I';yslcal fitness centre claims that completion of their weight loss programme will result in a
Weight l'Sss. To test this claim, six persons were selected at random and they were put through the
¥ ight loss programme and their weights, before and after the programme, were recorded. Test the
[aim of the fitness centre at a = 0.05. The weights in pounds of these six persons recorded before
and after the programme are as follows: :

o p

o

\

(i)
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ot (before) Weight (n;te)r) ¢ H
] ight (before s, MAHAR
. Viwponnan S ISHI DAYANAND UNIVERS|TY,
— - 19 ! Quantitative Analysy , ROHTAK
2 20 165 /] Paper: 2104
3 12 183 Ist Semester ISBA/
. 4 - 160 » Dec./Jan. 2009.1¢
5 ! 176 ] Time: Three Hours
175
L& — 14 I S Max. Marks: 70
i i i i te: lempt any five questions, select;
iving i different groups with their respective o , selecting at least )
ina table gives the cost of living index numbers for I N one question from each
e BTN e ., "
N eigl . it -
E Cost of l;;"s“g Index 7 1. Calculate mean, median and mode from the following data:
Food- 325 ' 16 Marks No. of Students
Clothing " e 10-20 A '1""" No. of Students
Lightand Ful ‘ 2 10-30 1€ 0:80; 124
Rent 180 1070 137
9 1040 % 2
Others 200 10-50 1080 10
Calculate the overall cost of living Index Number. Mr. Bose got a salary of Rs. 550 in 1982. E . 95 1090 0
Determine how much he should have to receive as salary in 1992 to maintain his same standard of A
livingasin 1982. 14 . 1
8. The following are the mean lengths and ranges of lengths of a finished product from 10 samples each 2. Define skewness. Explain briefly the different ds of — 44
of size 5. The specification limits for lengths are 200 +5 cm. Construct X and R charts and examine

whether the process is under control and state your recommendations.

Unit -1
Sample No. 1 2 3 4 5 6 7 8 9 10 3. From the following information, calculate the line of regression of Y on X:
Mean X 201 198 | 202 200 | 203 204 199 196 199 201 X Y j
Range R s ol 7l s ]a|7]2]s8]3s s Mean @ 6
 Asumeforn=5,A, = 0577,Dy=0andD, = 2.115. 14 ﬁ‘d“ Deviation (SD) L s
, Correlation Coefficient (1) =07

14
4. Fit a straight line trend by method of least squares to the following data:

1990 | 1991 | 1992 | 1993 | 199 | 1595 | 19% | 1087 |
B | © | & | 2 | ® | o | % |m]

0 |
| [0}




ICAL UNIVERSITY, JALANDHAR

uantitative Techniques

PUNJAB TECHI;

MBA
Ist Semester, Dec. 2009
Max. Marks: 60

Time: Three Hours

1

Instructions to candidates:
(i) Section-Ais compulsory

(ii) Attempt any Four questions from Section-B

Section -A
50
(a) Prove thatlog 2 + 2log5-log8-2log 7 =log 7o
(b) Find the sum of first 35 terms of an AR if t, = 2 and t; = 22.
(c) Find Geometric mean of 2,4, 6,8,10. )
(d) Find Mode of the data: 3, 6,9, 12, 15,18, 21, 12,9, 15, 12, 6, 15.
(e) Give formula of Rank’s coefficient of correlation.
{f) Show that the coeffici t of correlation is G.M. of coefficient of regression.
(g) Give different ways in which index numbers can be constructed.
(h) What is the chance that a leap year will have 53 Mondays.
(i) Give 5 properties of Normal distribution.
(j) Briefly explain F-test.
(a) A machine depreciates in value in a year by 6% of its value at the beginning of the year. If
value of new machine is Re. 62,500, using logarithms, find its depreciated value after 7 years.
(b) IfaandBare the roots of 2x2—3x -6 = 0, find the equation whose roots are o + 2 and B2+ 2.

(a) Find the 7th term in the expansion of (SXZ _XLJJ

(b) Find mean and standard deviation for the data:

o [ 07 [ 714 [ 1421 | 2128 | 2835 | as4z | 4240

[ Frequency: | 19 3 36 , 72 51 43 28
(a) Calculate first four moments about mean of the distribution:

IL [ 20 25 30 35 4.0 45 5.0

[e [ s 38 65 92 70 40 10

Also calculate B, and .

(i)

5.
J 6.
it E(pens:s on
Prices 1991:
Prices 1992:
(b) Acanhitatarget4 timesin 5 sh i
: ots, B3 times in4 shotsand C2 timesi
valley. What is the probability that at least 2 shots hit the targ:"‘a nR Tt
7. Fit Poisson’s distributi ‘ '
' (a) Fit Poisson’s bution and calculate theoretical frequencies:
} . Deaths: 0 1 2 3 4
4 F jes:
! Tequencies: 122 60 15 2 1
! (b) 5dicewerethrown96ﬁmsandnumbers4.50r6warelhmwnasgivenbelw
J No. of dice throwing 4, 5, or 6: 5 4 3 2 1 0
” f 7 19 35 24 8 3
} Calculate y2.
I
(ii)
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URUKSHETRA UNIVERSITY, KURUKSHETRA
BUSINESS STATISTICS
MBA
Semester-|
2012
Time Allowed: 3 Hours]

PART-A
1. List out applications of probability in business decision making

2. Explain with examples difference between classical approach and relative frequency approach of
probability.

3. Explain with le multiplicati bability model.

4. What is Central Limit Theorem?

5. Explain the terms ‘Sampling distribution’ and ‘standard error’ of a statistic.

6. Explain cluster sampling and simple random sampling techniques.

7. Describes the difference b Pa ic Test and Non-Pa ic Test. Also explain Wilcoxon
signed Test.

8. Briefly explain statistical estimation.

9. Describes the use of Microsoft Excel in data analysis.
10. If two dice are thrown, what s the probability that the some of the numbers on the dice is (i) Greater

than 8 and (ii) Neither 7 nor 11?
PART-B

11. Probability that a man will be alive 25 years hence is 0.3 and the probability that his wife will be alive
25 years hence is 0.4. Find the Probability that 25 years hence.

(i) Both will be alive

(ii) Only the man will be alive
(iii) Only the woman will be alive
(iv) none will be alive

(v) Atleast one of them will be alive.

@



tandard deviation %15
thousands and the st
wp—" N o:w many branches have sales between.

ily sales of 5 A
- bution to be normal, indicate h

12. The avera f0
thousand. Assuming the distri

(i) ¥120 thousands and T 145 thousand.

nd T 165 thousand.
for the increasing popul

ey in a representative sample.

inq which help us to obtain pi - - »
ke as taken over a period of 14 days in order in establish attributes control
0 times W bl :
found, what should be the upper and lower control limits of the proportion

(i) ¥ 140 thousands a .

fly the reasons

arity of sampling methods. Explain briefly

14. Adaily sample of 3
limits. If 21 defective were

O 22 of 220 housewives in Mumbai and 39 of 300

ow everyday. Atthe 0.05 level of significance, test
f housewives who watch talk show in these

15. Itis found that 35 of 250 housewives in Delhi,
housewivesin Chandigarh watchatleastone talk sh
that there is no difference between the true proportions of

cities.

(i)

S

ey

KURUKSHETRA UNlVERSlTY, KURUKSHETRA

BUSINESS staTIsTICS
MBA
Semester-]
2013

Time Allowed: 3 Hours]
Note: Attemptany eight questions from Part-A. of5
Part:B. etk achiandthree

Maximum Marks: 70
questions of 10 marks each from

© PN e wN e
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1

jan

- How does aNormal distribution differ from Binomial distributi
12,

13.

PART-A
What is the importance of Probability in business decision making ?
State the Multiplicative theorem of Probability,
Explain Bayes's theorem.
What do you mean by Non-sampling error?
What is Central Limit Theorern ?
Define Statistical estimation.
In test of hypothesis, how p-value is interpreted ?
Explain the concept of Standard error.
What do you understand by Non-parametric methods ?

- Explain how hypothesis testing is useful to decision-makers.

PART-B
?Whatarethei
of normal distribution and how are they useful in business decision-making ?
How would you plan a survey to study the employment pattern of MBA students of your university?
Draft a Questionnaire giving at least 10 questions.
A production supervisor is i d in k if number of breakd,
independent of the shift using the machines. Test this hypothesis based on the following sample
information:

e

is

on four

Shi Machine 4l
A B c o l
Morning 15 i " ”
= 2 8 15 10
(ii)
I——



fact

14. A company manu o
turned out are fit for use up t0 40,

. From each of the 10 batches o

proce® red in thousands

data, with and_measu!

Construct an ¢l

Explain.
15. Write a detailed note on SPSS fo

tures tyres. A qua

lity control engineer is

km. He monitors the life of !

£ 900 tyres, he has tested 5 tyres @

of km.

hart using the above data. Do you think that the pr

respo!

nsible to ensure that the tyres
he output from the production
nd recorded the following

oduction process is in control?

r the purpose of descriptive analysis of the data.

(iv)

s

KURUKSHETRA UNIVERSITY, KURUKSHETRA

BUSINESs STATISTICS

MBA
Semester—|
2014

Time Allowed: 3 Hours

Note: Attemptany eight questions from PartAof5
Part B. marks each and qu

Maximum Marks: 70
estions of 10 marks each from

-
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—
o

11.
12

13.

PART-A
Explain the use of probability distributions in Business decision-making.
Describe Addition Probability theorem by giving example.
Explain Baye’s theorem with example.

What ate ling errors and no pling errors?

Explain ing and ch istics of sampling distribution of sample mean.

Show the difference between Point estimation and Interval estimati of Population mean.
Write a note on Kruskal-Wallis test.

Write down properties and applications of T-Test and F-Test.
What are the uses of SPSS software in Data analysis?

. Explain the purpose and logic of constructing Quality Control Charts.

PART-B
Explain probability sampling methods and non-probability sampling methods.
Suppose the waist measurements W of 800 Gils are normally distributed with mean 66 cms and
standard deviation 5 cms. Find the number N of Girls with waists:
(a) Between 65 and 70 cms
(b) Greater than or equal to 72 cms.

Aproblem in Statistics is given to two Students A and B. The odds in Favour of Asolving the p\::; lem‘
are 6 to 9 against B solving the problem are 12 to 10. If both A and Battempt, find the probability of
the problem being solved.

(i)
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igating the same group of 3 KURUKSHETRA UNIVERSI
e while invest Is. The results are as ; TY, KURUKSHE
ng techniau gence levels BUSINE
dopted different sampling in different intelig® : SS STATISTICS
lop! ing 4
14. Two R&amhzﬁ,:e umber of students falli MBA
to fint
Students sl 1 2015
follow= No. of Students is each le! _— Total Time: 3 Hours
2 ent Note: Attempt any five questions in qf], : Maximum Marks:
Researcher Average s 10 200 marks. Question No, 1 i compulsory. All questions carry eL'lZu?l
Below aversd® a“ 100
6 60 2 — Compulsory Questions
X: . - Z 300 : 1. Explain briefly of the following:
Y: = §_2 =
16 EX) Researchers are significantly (a) Descriptive Statistics,
126 two
- sampling techniques adopted by the respectively). (b) Mutually Exclusive events
e

49
Would you say that th f,are 7.8220d

4d. . 5 e -
: 7 Gioen 5% vahes of X?for 3 d.f. and sled the following number of defective (c) Conditional Probability
diferr® samples of size 400 each from 10lots reve (d) Range
- es Ol
15. Aninspecionof 10521P (e) Random sampling
units:

(f) Type-II error
17,15,14,26,9,4,19,12,9.15

t the control limits and the observations

1 limits for the number of defective units. Plof (@ .Concept of Splicing. . - .
Calculate control limit -« under control or not. 2. Explainthe concept of Conditional Probability. Also give proof of Baye'stheorem, 14
and state whether the process is un 3. Explain various sampling methods used for Data collection, Also di ling and noy li
X errors. c T 1a
4. Write notes on the following:
(a) Interval Estimation
(b) Statistical Quality Control 14
5. Write notes on the following:
(a) Differentiate Correlation and R ion. Also write the properties of Regression coefficients.
(b) Writea note on Coefficient of Determination. 14
6. Samples of two different types of bubls were tested for length of life and the following data were
obtained:
Type 1 Type I
Sample Size 8 7
Sample Mean 1234 hrs. 1136 hrs.
Sample S.D. 36 hrs. 40 brs.
Isthe difference inMean life of two bubls significant? b

(i)
(ii)




7 Write notes on the following:
L |

{a) Index numbers, uses and problems of index numbers?
{b) Method of moving average for the determination of trend in a time series. 14
8. mmm@mmmdmdmwadmmwm 1




