Example 8.

Solution:

Example 9.

Solution:

Example 10.

Solution:

Example 11.
Solution:

Example 12.
Solution:

thah“i Probﬂbi"
21

Required Probability == —3
Find the probability of drawing a face card in a single random drayy ol
shuffled pack of 52 cards. .
There are 52 cards in a pack of cards.

=52
Total number of cases "
Number of favourable cases (face cards include the Jack, Queen and King ineq ;
o
=12
o123
Required Probability = %
A card is drawn from an ordinary pack of plz{yin'g car:%s and a person bets ek
spade or an ace. What are odds against his winning this bet? isa
Total number of cases = 52 ) ;
Since there are 13 spades and 3 aces (one ace is also present in spades), Therefore e
favourable cases = 13 +3 =16 y et
The probability of winning the bet = T |
9 Solution:
The probability of losing the bet =1— ﬁ = E
9 4

Hence, odds against winning the bet = i 9:4

A single letter is selected at random from the word 'PROBABILITY’. What is the
probability that it is a vowel? 4

There are 11 letters in the word 'PROBABILITY” out of which 1 is be selected.
Total No. of words =11

There are four vowels viz. O, A, I, 1. Therefore favourable number of cases =4

Hence, the required probability =lil

Find the probability of drawing an ace from a set of 52 cards.

Number of exhaustive cases (n)=52

There are 4 ace cards in an ordinary pack.

Favourable cases (n) = 4

Probability of getting an ace = 5~42 =-11§
Whatis the probability that a leap year selected at random will contain 2

Total number of days in 5 leap year = 366

undays?

375

_366 )

Number of weeks in a year =29 _ 52
723

=52 weeks and 2
L d;
Following may be the 7 possible co P

mbinationg

(i) Monday and Tuesday (i Tue;iz’:zt:"vo :xtra days;
(iif) Wednesday and Thursday () Thursday ang F;dnesday

(v) Friday and Saturday ) Saturday ang Iy day
(vii) Sunday and Monday nday
A selected leap year can have 53 Sunday:
Sunday
Total possible outcomes of 2 days =, =7
Number of cases having Sundays = ;=

S if these two extra days happen to bea

The required probability = %

. Two dice are tossed. Find the probabili

is (1) 8 (i) 7 (Gif) 11.

There are 36 likely chances of throwing of two dice which are given below:

ty that the sum of dots on the faces that turn up

@1 1,2)

L3 @L,9 15 @6
@) 22 23 @249 @5 (2.6)
GD G2 G3) G4 G5 a6
@1 42 @43) @44 @,45; (4,6)
G 62 53 (49 65 66
61D 6.2 63) 6.4 65 (66| 6x6=36

(i) Total number of possible outcomes = 36
Number of outcomes favourable to 8 are

(6,2)(5,3) (4,4) (3, 5) and 2,6)

ie, the ber of outy

£

ble to.8 =5
P(Sum of dots is 8) = ‘35—6 -

() The number of outcomes favourable to 7 are

o 6.1)(5,2)4,3)3,4) 2,5)(1,6)
"€ the number of outcomes favourable to 7=6

P(Sum of dots is 7) = 3‘;6 =%



ble to 11 are (6, 5) (S, 6)
ii £ outcomes favoura 1
i m:lTb:;;ber of outcomes favourable to 11 =2

e
P(Sum of dotsis 11)= 3 = m

llowing table gives the distribution of wages:

Example 14. The fo o
‘Wages per day inRs: !I =:I .
No. of wage earners: “

r s the above group. Find th
indi 1 is selected at random ffom X
S;Il:ir;dx;:: w‘:re under Rs. 50, (i) his wages were Rs. 60 or over an
were either between Rs. 30—40 or 70—80.

Total number of wages eamers are -

n=20+45+68+35+20+12=200
(#) Number of wage earners having wages under Rs. 50
m=20+45=65

Probabij;
d (iif)

ity thay
S Wageg

Solution:

Required Probability = Total No. bEeases ©~ ip'v T
(if) Number of wage eamers having wages 60 or over
m=35+20+12=67
ired Probability = = S
Required Probability =200
(iif) Number of wage earners with wages between Rs. 30—40 or 70—80
m=20+20=40
st .. _ Favourablecases _m_ 40 _1
b Meokmlil, Total No. of cases n 200 5

Example 15. Suppose an ideal die is tossed twice. What is the probability of getting asum 10in 4

two tosses?
Solution:  First die can be thrown in 6 ways
Second die can be thrown in 6 ways
Total probable ways of throwing of a die twice = 6 x 6 =36

36 possible outcomes are shown below:

6L (1,2 1,3) (1,49 1,5 (1,6)
2,1) 22 @3 249 @59 2,6)
G (2 (.3 G.A 3,5 (.6
@D @4,2) 4,3) 44 @5 &0
G 62 (53 G4 65 66
&) 62 63) (64 5 66)

i

‘ willbe: AB, AC and BC. In terms of formula,

. opatil .
Number of outcomes favourable to sym 10 are
6,4)(5,5) (4,6)=3
3 1
P(Sum 10) =— =—
( ) e
i hrow of 3 dice, find th -
16. Ina single ] s € probability of e
pant® s ¥ of getting he Same number on each of
Jation: Total number of cases =6 x 6 x 6 =216
Solutio™*

The number of favourable cases = ¢

[(1,1,1), (2:2,2), 3,3.3) ..... (6,6,6)]
The required probability = ST
216 36

o Useof Combinations in Theory of Probability

The concept of combination is very useful in understandin, the i »
always possible that the number of cases favourable to theg hap;}; ;?;y Ooffprohablhty.'lt is n'ot
determinable. In such cases, ﬂ}e concept of combination is used. The diﬂ‘erﬁnt ?“ event is easily
trat an be made out of a given set of things taking so selections(or groups)

P me or all ¢
combinations. The combinations of n things, taking r at a time is dEnooie‘:in; ?::3 time, are called
Symbolically, § i

n!
"C

r

“n =rl r!
Forexample, if three letters A,BandCaretobe arranged in t;wo’s, the number of combinations

o o 3 _3xaxl_
W3 Ixaxl o W

Example 17, A bag contains 5 b

lack, 3 white and 2 red balls, In h
-drawn and (if) 3 black balls be drawn? e e

Total number of balls in abag=5+3+2=10
( Total number of balls drawn = 3

Solutign,

+. Total number of ways is which 3 balls can be drawn out of 10

=mc3
_ 10! 10 10x9x8x7! 10x9x8
S —_— = - = =120
@ (10-3)1 31 7131 713! 3x2x1
U
Total number of ways in which 3 black balls from 5 black balls can be drawn
PR
= C‘3
8! _ st _5x4x3_

10

5-3131 2131 2x1x3!
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. d balls. Two balls are drawn. What ;

tains 5 green and7 re - What is g,

Exasple 5. Q;ﬁs}i‘s‘ green and the other 1S red? e
thebag=7+5= 12

Total number of balls in :
- from 12 balls in ¢, ways.

pmha\’i“ly

Solution:
Two balls can be drawn

There are 5 green and 7 red balls in the bag.
A green ball can be draWn in °C, ways.

C, ways.

R
The required probability 15 = TCZ——

A red ball can be drawn in

5x7_35

“Te6 66
From a pack of 52 cards, tWO cards are drawn at random. Find the probability tha |
aking and the other is queen. one
Two cards can be drawn from 52in*C, ways.

Example 19

Solution:
There are 4 kings and 4 queens in a pack of cards.
Aking can be drawn in *C, ways.

A queen can be drawn in “C, ways.

‘c,.'c
The required probability = _%C—L
2
_4x4x2 8 ‘
T52x51 663 i

Example 20. A bag coma.in 9 red balls, 7 white balls, and 4 green balls. Three balls are drawn
randomly without replacement. Find the probability of getting:

(i) one ball of each colour
(if) only two red balls
(iif) no white balls.

°c,'c,fC 9xTx4

Solution: (f) Required Probability = — L —L = =0.221
c, 1140
o . 9 1

(i) Required Probability =—2 :; ¢ _ 3___161’;:)1 =0.347
3

- 7

; - o
(i) Required Probability =1 - C] =] _1:;'_20 =0.969

3

‘v

- 379
o2l What is the probability of getting 9 cards N
gsamP bridge? © suit in one hand at a game of
me of bridge, each pl;
Jution” .- g9a ards of thegsame suE a}}"er has 13 cards wigy him. If the pargs
% ot ame suit, he must have remaining 4 . © particular player is to
Since there are 4 suits ina pack of cards, total numserz‘rgs from the other 39 cards,
- 1. 3
=4x ch x ”C‘ avourable cases will be:
4% )
Required Probability= gp x7C,
3
ExERClSE 71

1.

2

o - w

RPN

. What is the probability that a non-leap year should hav
. . py have 53 Sundays.

An umn contains two blue balls and three white balls, Fj
obtaining one blue ball in asingle draw. alls. Find the probability of a blind man
[Ans. 2/5)

What is the probability that a vowel selected at random in any English book
sh book is an 77

[Ans. 1/5]

. ‘Find the probability of drawing a black card in single random draw fror 1
m a well-shuffled

pack of ordinary playing cards.
[Ans. 172]

. Find the probability of drawing (i) a spade, (i) an ace, (jii) an ace of spade fr
3 e from a

well-shuffled pack of ordinary playing cards. [Ans. (i) 1/4, (i) 1/13, (i) 1/52)
3 % , (il

. Find the probability of having at least one son in a family if there are two children in a famil
ina family

onanaverage. [Hint: SS, SD, DS, DD]
[Ans.3/4]

[Ans. 1/7]

(i) What is the probability of total of 72

(i) What isthe probability of total of 82 [Ans. (i) 1/6, (i7) 5/36]
. AU

. Froma
well shuffled pack of cards, a card is drawn. What is the probability that it is:

(.1) acard of spade

(.'.0 aking of heart
('.") aqueen of diamond
() aace ofclub

- Find the ", [Ans. (i) 14, (ii) 1/52, (iii) 1/52, (i) 1/52]
probabili : . ’ ' () 1/52)
:;: 7 white balls, ity of a ball being green when it is drawn out of a bag containing 7 green
A at is the probabili ) [Ans. 122]
"i‘:y‘"g_ cards? ability of drawing a court card (king, queen and knave) from a deck of 52

0 Unbiased g [Ans. 3/13]
ice.are thrown. Find the probability that both dice show the same number.

: [Ans. 1/6]

ickets are !
nu
Whe ; mbered from 1 to 100. These are well shuffled and a ticket is drawn at random.

. atis the e
(")“PErfectzmubabll‘ty that the drawn ticket has (i) a number which is greater than 75 and
Quare. i [Aus. () 14, 110)

A



380 F‘robablll
£ three dice are thrown simultaneously, find the probability of getting 4 s g i
. If three
® (ii) at the most 5 and (i) at least 5. o ! =
[Hint: See Example 119] . (i) = iy L ﬁ]
: i 7 inasingle throw with a pair of dice, >
i bability of not getting a sum i . )
1:. :: fn': t:;rsr:re dr:ywn from a bag containing 6 white and 4 black balls. What is g Prol::;"{q
15. Five “y
that 3 white and 2 black balls are drawn. " 1\0]
16. Four cards are drawn from a pack of cards. Find the probability that (i) Ayl aredi n;]
. 11
(if) There are two spades and two hearts. [Ans. () L 22%]
i 25
Ibs of which 5 are defectj !
. are selected at random from ?0 bu < : s, i
17. Thr:ebl_'lgiht Z;l: :1) none of the bulbs is defective and (if) exactly one is defectiye, i the
probability [Ans. () 917228, () 10512y
18. Six cards are drawn at random from a pack of cards. What is the probability that 3 Wwillbe g
' ' 1300
[Ans, =
and 3 black? by L

0. THEOREMS OF PROBABILITY
There are mainly three theorems of probability which are given below:
(1) Addition Theorem
(2) Multiplication Theorem
(3) Bayes® Theorem
Let us discuss them in detail.
© (1) Addition Theorem
Addition theorem of probability is studied under two headings:
> Addition Theorem for Mutually Exclusive Events pabilly
Addition theorem states that if A and B are two mutually exclusive events, then the pro ﬁ
of occurrence of either A or B is the sum of the individual probabilities of A and B. Symbolicallys

P(A or B) = P(A) + P(B)

Or
P(A +B) =P(A) + P(B) ely cases o
Proof of the Theorem: Let 5 be the total number of exhaustive and equally like ythe oventA

experiment. Further let m,an

ing 0
d m,be the number of cases favourable to the happening
and B respectively. Then,

P(A):T‘

_

] 1A
prﬂbam" 381
PB)="2
n
d B are mutually exclusive, th
iheevents A and > the total nymp, : »
s[“ca;’Pten is m, +m,, then € ofways in which event A or
gcﬂ"h P(AorB)=m‘—' n
R
P(AorB)= P(A) + PB)
Hence, the theorem is proved.
generalisation

The theorem can be extended to three or more mutually
aunally e,«;]usvive events, then
P(A+B+C)=P(A)+ P(B) +P(C)
“The following examples would illustrate the applications of addition theorem,

A card is drawn from a pack of 52 cards. What
king or queen?

exclusive events, IfA,Band Care three

Example 22. is the probability of getting either a

Solution: ~ There are 4 kings and 4 queens in a pack of 52 cards,

The probability of drawing a king card is PK)= =
52

and the probability of drawing a queen card is P(Q= %
Since, both the events are mutually
cither a king or queen is
P(K or Q) =P(K) +P(Q)
4 4 8 2
= O
52152 .52, 13
A perfect die is tossed. What is the probability of throwing 3 or 5?
There are 6 possible outcomes.

The Probability of throwing 3 is P(A) =é

exclusive, the probability that the card drawn

Example 53,
Snlntiun;

The probability of throwing 5 is P(B) =%

(Sni-nsc?‘ both the events are mutually exclusive, so the probability of throwing either 3
18t

P(A or B) =p(A) + P(B)
1,12
6 6

L
6 6 3
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Example 24.

Solution:

Example 25.

Solution:

Example 26.

Solution:

g he odds against the prij,
Itant predicts that tl I Price of g o, .
Y weekare2: 1 and the odds in favour of the ricma’" Stogy

An investment cons
robability that the price of the stock w?[{em‘i“ing
80 down

11 go up during the nexty
;glsi‘:nepare 1:3. Whatis the p!

during the next week?

Let A denote the event ‘stock

remain same’- |
l =—

Then P(4) = 3 and P(B) 7

ce will either go up of remain same) = P(4U B)

price will go up’, and B be the even ¢ Stock p
e wij

P (stock pri e
=P+ PB =377 |
Now, P (sl.ock price will go down)=1— ;’(A \;} B) -
TR

A, Band Care inarace, 4 is twice as likely to win as Band Bis twice

e the respective probabilities of winning ?

likely to win as C. What are

Here, P(B)=2P(C), P(4)= 2P(B)

Since, A, B and C are mutually exclusive and exhaustive events,
P(4+ B+ C) =P(4)+P(B) +P(C)=1

2
Or 2P(B+ P(B)* %P(B =1 P(B)= 7

1
Hence, and P.(C) = 7

4
PA)= 7

Among 3 events 4, Band C only one event can take place. The odds againstdare3:2

against B are 4 : 3. Find the odds against event C.

Probability of happening of 4 event is P(4) = %

w

Probability of happening of B event is P(B) ==

N

Since, events are mutually exclusive,
P(dor Bor C)=P(4) + P(B)+ P(C) =1
By substituting values,

22,3
Lmgs e
1-[Z+Z e
5t7)7P0)

= P(0=3—65

Prvbﬂbﬂ‘

E;]I"Ple 2.

Sglllﬁﬂn:

Example28.

Solution:

| Bample 29,

Kﬂ[nﬁum

383"
5 probability implies 6 in favour out of 35 chanceg
Thus, odds against event C are 35— 6 =129
Thus, odds againstevent Care=29:6

card is drawn at random from a pack of cards.

Fi 2z
card is either a club or an ace of diamond, ind the Probability that the drawn

The probability of drawing a card of club PA)= 3
52

The probability of drawing an ace of diamond P(B) = 1
52
Since the events are mutually exclusive, the probabil
club or an ace of diamond is:
P(Aor B)=P(4) + P(B)
el LU
52 52 52 26
A bag contains 30 balls numbered from 1 to 30, One ball is drawn at rand i
probability that the number of the ball is a multiple of 5 or 5. T
The probability of the number being a multiple of 5 within 30 is given by
(5,10, 15,20, 25, 30) is P(A):%

ity of the drawn card?:eing a

The probability of the number being a multiple of 8 within 30 is given by
. 3 ’
(8,16,24) is P(B)=—
) is P(B) 30
Since the events are mutually exclusive, the probability that the ball drawn bears a
number which is a multiple of 5 or § is: '
P(dor B)=P(4) + P(B)
_6 3 9
S Ol
- 30 30 30
]" asingle throw of 2 dice, determine the probability of getting a total 7 or 9.
N athrow of 2 dice, there are 6 x 6 =36 possible outcomes as follows:

L3) L4 1,5 1,6
23) 2,49 25 @6
(3,3) 3.4 (3.5 66
4,3) 4,49 @45 46
5,3) 65,4 55 .6
6,3) 6,4 (6,5 (66

6x6=36




Example 30.

Solution:

Example 31.

Solution:

, ‘v’

p"’h_ahir

A totahof 7 can come in the following 6 ways:-
0f

60626IGHE 5)(1,6)
A total r;f 9 can come in the following 4 ways:-
66O 53,6 .
The probnbility of getting 2 total of 7 is P(4) = =

: 4
The pmbability of getting total of 9 is P(B) = %

Since the eventsare mutually exclusive, the probability of getting either atotlogy
or

9is:
P(Aor B)=P(4) + P(B)
6,4 105
“36736 36 18
ven race the odds in favour of three horses A_, BandCare1:3,2:3ag "
ming that a dead heat (in which all the three horses win),is
that one of them will win the race. >

Inagi
respectively. Assu
impossible, find the chance

0Odds in favour of horse A=1:3

: _alo b
The probability that 4 wins P(4) 153 4
0dds in favour of horse B=2:3

" 5 po2uh 2
Similarly, the probability that B wins P(B) 24375

0dds in favour of horse C=2:5

245 1
Since the dead heat is impossible, therefore the events are mutually exclus
The probability that one of them wins the race is:
P(Aor Bor C)=P(4) + P(B) + P(C)
_1.2.2 131
=—4Z4s=2
4 5 7 140 ) !

A.n urn contains 4 red, 5 black, 3 yellow and 11 green ball
Find the probability that it is (i) either red, black or a yellow b
black, yellow or green.
Total number of balls are: 4R + 5B + 3Y + 11G =23

Probability of getting a red ball P(4) = %

D=2
The probability that C wins P(C) =——=
i ive.

s. A ball is drawn 2t rm:ﬂﬂ‘-
all (if) either 8

Probability of getting a black ball P(B) =—2%

\

|

. ol

pample 32. 1fa pair of dice is thrown, find the probability that

Solution:

385
probability of getting a yellow ball P(C)= 3.
23
probability of getting a green ball P(D) <11
23

(i) Since the events are mutually exclusive,

R,Band Y is the probability ofthe arawp ey being
P(Aor Bor C)=P(4) + P(B) +P(C) .
=4;5/3 12
23 23 23 23

@) The probability of the drawn ball being R, B, Y or Gis
P(Aor Bor Cor D)= P(4) + P(B) +P(C) +P(D)

4
= T 8 e

23723 1

S 23+E=£=

(i) neither a doublet nor a total of 9 will appear.. (9 the sum is neither 7 nor 1.

There are 36 possible outcomes, we write them as follows:
LY 1,2 (1L3) (1,4 (1,5
@n 22 23) 2,9

3G (B,2) (3,3
(6,4) 4675 (6,6) |6x6=36

@1 42
h (i) A total of 7 can come in 6 ways:
6.1)(5,2)4,3)3,92,5(1,6)
Atotal of 11 can come in 2 ways:
(6, 5) and (5, 6)

The probability of getting a total of 7 is P(d) =3;‘6

The probability of getting a total of 11 is P(B) =32—6

Si
inee, the events are mutually exclusive, the probability of getting either 7 or 11is
P(4 or B) =£+l=£=2
36 36 36 9
The probability that the sum is neither 7 or 11 is
P (neither 7 or 11) =1 - P (either 7or 11)

e

9 9



Y

Probg:
- — iy

me in 6 Ways:

@i A doublet can cO! 6,9 5, 5) (6, 6)

1,262 :

A total of 9 can come in 4 ways:
6,364 4,536 )
The prcbability of getting @ doublet P(4) = g
4

i is P(B) = —

The probability of getting @ total of 9 is P(B) =

Since, the events aré mutually exclusive, the probability of getting , i
1nce, :
10_5

atotal of 9 is: oyt
P(A or B) =3—6+%;g_1_8.

The probability that neither a doublet nora total of 9 will appear is;

5 13

P (Neither a doublet nor 11) .=1 T

le33. There
o that both of them are of the same colour.

o8 b
Solution:  Total number of ways in which 2 balls can be drawn out of 25 balls = “C,

Total number of ways in which 2 red balls can be drawn out of 11 red balls= “cz

Total number of ways in which 2 white balls can be drawn out of 14 white balls="C,

There are two cases:
(7) Both balls are red,
1
Probability of getting two red balls = ﬁ
2
(ii) Both balls are white,
14
Probability of getting two white balls = —zs_c_z
2
Since the (7) and (if) cases are mutually exclusive, therefore,
P (Both balls are of the same colour)

= P (Either 2R or 2W)
=P(2R) + P(2W)
oy e,

\ oG T 73
11 91_55+91=15g=/0
760300 300 15

300

are 11 red and 14 white balls in a bag. Two balls are drawn. Find the probabily .

e 387
[ ¥ .
’ lusive events for wh;
d Bare mutually exc nts for which p(q) -
ﬂ"l"ey' ?,:‘; the value of p. =03, p() =pand P41+ B)=( 5,
b2 gince, 4 and B are mutually exclusive events, then
golutio™ P(A+.B)=P(4) + P(B)
Substituting the values, we get
05=03+p
-y p=05-03=02
¢XERCISE 7.2
s card is drawn from a pack of 52 cards. What i the probability of getting ither  heart o~
' r
R e [Ans. 14/52)

ere are three events 4, B, C; one and only one of which must occur. Th

2 against A and 5:2against B. Whatare the odds against C? ¢ Od?;::e‘;z; .1243]
& Band Care bidding fora It believed that A has exactly half the chancs g,
has, B in tun, is 4/5th as likely as C to win the contract. What is the pmbabili:y?::ee;l:;ttﬁ
win the contract? ) [Ans. 2/11,4/11, 5711+
Inaclass of 25 students with 1:0_[5 numbers | t0 25, a student is picked up at random to answ—e'r
the q7uestlon. Find the probability that roll number of the selected student is'either.a multiple
Sor7. - , [Ans. 8725)
A bag contains 3 red, 6 white, 4 blue and 7 yellow balls. A ball is drawn. What is the
probability that the ball will be either white or yellow? [Ans. 1320)/
. Ina giv'en race the odds in favour of three horses A, B and C are 1:4,2:5 and 3:6 respemivels;.

Assuming a dead heat is impossible, find the chance that one of them will win the race.

L. _ : i [Ans. 86/105)
» Inasingle throw with two dice, find the chance of throwing at least 8 (or more than 7).

St e \ [Ans. 5/12]

dete:ﬁ‘a sample space for the single toss of a pair of fair dice. From the sample space,
5 e lr:e the probability that the sumiseither 7or 11.-. [Ans.2/9]
d i Ty - o

.ng e throw of three dice, find the probability of éettmg atotalof17or18.  [Ans.1/54]

0. In ;
£ Melethrow of 2 dice, find the probability ofobtainipgatotalor11. [Ans. /6]

w

=

o

=

~

4 Addiion 1 '
e addlilt'T heorem for Not Mutually Exclusive Fveats
e °rlg: theoremable when the events are not mutually
morking is 4/5a2mple’ if the probability of drawing a card of spade is 13/52 and that of drawing a
h!l'ng €t pmh’a\;?l cannot calculate the probability of drawing a card of either spade or king by
by [:p ;‘:e Card ag we|l| e because the events are not miutually exclusive. The card cqu}d very well
Modifeq, asking. When the events are not mutually exclusive, the addition theorem

Y
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i d B are not mutuall:
rem states that if A an ally exclye:
feither A or B or both is eq.uPl to the probability lh:tswe Sy,
rs minus the probability that events common Cvent ﬂccul‘
to both, Annun'

Modified Addition Theo!

robability of the occurrence of

glus the probability that gvent B occul

oceur. Symbolicnlly, )
! P(A or B or Both) = P(A) + P(B) - P(AB)

we subtract P(A and B), namely the probability of the vents whigg

| i A
In this formula, The theorem is thus modified in such a way as to render A )

twice from P(A) + P(B):
exclusive. )

The following figure illustrates this
NOT MUTUALLY EXCLUSIVE EVENTS

are ¢

Byt

Muma"y

point:

AB

nlllﬂm

Overlapping Events

Generalisation: The theorem can be extended to three or more events. If A, B and'C afe g
mutual| Jexghisive events, then

\/Fg/filher Aor Bor C)=P(4) + P(B) + P(C) - P(AB) — P(AC) — P(BC) + P(ABC)
e

following examples illustrate the application of the modified addition theorem:

Example 35. A card is drawn at random from a well shuffled pack of cards. What is the probability
that it is either a.spade or a king?
13

Solution:  The probability of drawing a spade P(A) =—

i

. 4
The probability of drawing a king P(B) = —
=
Because one of the kings can belong to spade, therefore the events are n°
exclusive. :

t fnutuall

The probability of drawing a king of spade P(AB) = —512-

So, the probability of drawil;g aspade orking is:
P(A or B orBoth)=P(A) + P(B) - P(AB)

218 . ar
52" 52 52
_16 4

52 13

prob”bm
P e3¢

golution

Example 37.

Solution:

Bampg3g.

s"l"tinn:
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bag contairs 30 balls numbered from 1103 .
probability that the number of ball js 5 muhi:ieo :;"Sl‘:ll : dr
The probability of the ball being multiple of 5 5. '

(5, 10, 15, 20, 25,30);

aWn atrandom. Find the

Pa)=5
30

The probability of the ball being multiple of ¢ i
" (6,12, 18,24,30); PE)=S
30

since, 30 is a multiple of 5 as well as 6, therefore

y the
exclusive. : €vents are not mutually

1
P(A and B) = E(common multiple 30)

So, the probability of getting a ball being multiple of 5 or 6 js:
P(A or B) =P(A) + P(B) - P(AB)
6.5 1.1
30 30 30 30 3
One number is drawn from numbers 1 to 150, Find the o e
divisible by 3 or 5. © probability that it is either

The probability that the number being divisible-by 3 is

(.69 .. 147, 150) P(A)=2

150

The probability that the number being divisible by Sis
6,10, 15, .........:k.. 145, 150 P =3—0

) (B) 150

Since, the numbers (15, 30, 45......... 135, 150)= 10 are common to both, therefore, the
events are not mutually exclusive.

P(Aand B) = % (common multiple)

So, the probability of getting cither divisible by 3 or 5 is:
P(A or B) = P(A) + P(B) - P(AB)

“150* 150 150 150 15
3 number was drawn at random from the number 1 to 50. What is the probability that
Will be a multiple of 2 or 3 or 10.

PTObability of getting a multiple of 2 :
25
PA)=2
(A) 50



Probability of geni_n
P®)= 5,

ga multiple of 3 ©
1

Probability of getting a multiple of 102

P(O)= % .
robability of getting a multiple of

Common Pi
2and3 s Common multiple of 2 and 3
2 (Aand B) % =6, 12, 18, 24, 30, 36, 42, 43 =

|

il i iple of 3 and 10
Probability of getting a multip]
commen™® 1 Common multiple of 3 and 10
PBandC) =g, Zap |

Common Probability of getting a multiple of 2 and 10

5 Common multiple of 2 and 10

PAmdC) =55 = 10,20, 30, 40,50 = 5
;Common Probability of getting a multiple of 2, 3 and 10

[Comon multiple of 2,3 and 10]

1
P (AandBand C) —5—6 =30 =1

Probability that it is a multiple of 2 or 3 or 10 =
P (A or B or C) = P(A) + P(B) + P(C) — P(A and B) — P(B and C)
—P(A and C) + P(A and B and C)

1_33
25,165 8 1 5,

50750750 50 50 30 50 50

. ility that
A card is drawn at random from standard pack of cards. What is the probability the
(i) it s either a king or queen, (if) it is either a king or a black card?
|

Example 39.

X | 4
Solution: (i) The probability of drawing a king card P(K) = 5

i F ) 4
The probability of drawing a queen card P(Q) = 2
o ili o
Since, !)ov.h the events are mutually exclusive, the probability that
drawn s either a léing or queen is

{P(K or Q) =P(K) + P(Q)
ad,4 8 4.2
52752 52 26 13

Pro”""i"

Solution:

| Bampleqy,

Snluﬁun:

Example 40.
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(ii) The probability of drawing a king carg PK)=2
52

The probability of drawing a black carq P(B)=26

52

Since, black kings are common to both, the events are i
not mu

utuall; R
P (Black Kings) = 2 b
52

Thus, the probability that card drawn js eithera
P(a king or black) = P(aking) + P(a
’ 4 + 26 2

52 52 5275

king or a black card is
:;ack card) — P(a black king)

. A chartered accountant applied for a job in two firms XandY He estimated that th
. at the

bability of his being selected i Tas : . .
probability g selected ina firm X is loandhemgrejected InYisiandthe

probability that he wil be selected in both the firm js 4.

T What s the probability that

he will be selected in one of the firms?

P (Chartered accountant is selcted in firm X)= l
. 10

P (he is selected in firm Y) =1 -p (he is being rejected in firm X)

155
10

P (he is selected in both X and Y firms) = i
3 10

P (he will be selected in one of the firm) = P(X) + P(Y) -~ P(X and Y)
g 5§14 8§ -4

A card is drawn

king out of a pack of cards. Find the probability that the card is an ace, a

2 queen or a card of clubs.

The Probability of drawing a card of ace, a king and a queen = P(A) =%

The Probability of drawing a card of club = P(B) =;—z

Because the ¢,

i it
7ot mutya] ly ards of ace, king and a queen can belong to club, therefore the events are

T exclusive,
© Probability of drawing a card of an ace,  king and a queen of clubs
g

" =P(AB) =53—2



P
392 = Ly
: f an ace, a king, a queen -
ity of drawing a card © ora carg
he probability © Of gly »
So, e B arboth) = P(A) + PB)~P(AB) biy
P(Aor 12,13 3 _2_11
Tt 2 26
EXERCISE 7.3 m e .
i ing a heart or a king card from a pack of cardsp
; robability of drawing a ; i [Ans, 41
1. Whatis thep. s 50 balls numbered from 1 to 50. One ball is drawn at random, Findu}
2. A bag contain lisamultiple of5or7. o

ility thata drawn ba : E
3 1’01’5: lils";’rawn atrandom froma standard pack of cards. What is the Probability thy Ditis
. Acar

i itis a ki d card. [Ans. () 2113
- ing or queen (i) itisaking or are 5 (i) 245y
:t::;a::i insq3° balls numbered from 1 to 30. One ball is drawn at random, Fiﬂdlhl

[Ans.q

4. i amultiple of (i) 5 or 9 (i
probability that the number of drawn ball will be ple of (i) [Ang?o337lros(,m -
5. A bag contains 50 balls numbered from 1 to 50. One ball is drawn at random, Find
. probability thatitisa multipleof 20r3 or 10. . [Aus. 33/5?]
6. A book contains 100 pages numbered from 1 to.100. A Page fls opelr(l)ed at random and js
’ selected, find the probability that the opened page isa multl.plle 066 oril . [Ans. 23710
7. A card is drawn out of a pack of cards. Find the probability that the card is a club oran

honour card? (Cards of ace, king and queen are the honouf cards). K [Ans. 1125]
8. A card is drawn out of a pack of cards. Find the probability that the card is a spade onla |flu1:;'
card? (Cards of king, queen and Jackel are the face cards). ) ) [Ans. ml
9. Adieisthrown. Find the probability of getting a number which is arrllultlple of20r3. [!Imsrlmi
What s the probability that a leap year selected at random will contain (f) 53 S“"‘!‘*Y sn('?‘,;l l
53 Sundays or 53 Mondays (iii) either 53 Sundays or 53 Fridays? [Ans. @ 2/:7(”)13”:51”!
. Probability that an electric bulb will last for 150 days or more is 0.7 and ﬂla‘ﬁl:)"é; i
most 160 days is 0.8. Find the probability that it will last between 150 o 1 y[ Ans0d
[Hint: 0.7+0.8-P(AB)=1] i e
. There are 10 boys and 20 girls in a class, in which half boys and half glrlsb 1'11?:;‘;;‘ heyisu
One representative is selected at random from the class. What is the probabi
boy or his eyes are blue colour? b
[Hint: See Example 127] . ility that ke
The probability that a contractor will get a plumbing contract is 2/3 and p;:bcj; t);lis‘":]’
will not get an electric contract is 5/9. If the probability of getting at least 0 [Avs: 14’_1
what s probability that he will get both? /

A student applies for a job in two firms X and Y. The probability 9fhi5 be

—
=

st

5.
2 Jected ™,
n ing o

in
(A

firm X is 0.7 and being rejected in the firm Y is 0.5. The probability. 'h'?l select
being rejected in both the firms is 0.6. What is the probability that he !
the firms? p

o0

t his 8PP e

I
propl® 393

amination given to a clag,
¢ result of an e iled in o3 Papers A, i
e ey mnPap‘_T ;\’.30% failed in Paper B, 2avg fail;g ia::nd Caregiven, It is estimated
4 B both, 12% failed in paper B and Cboth, 103, failed in]mper 3 e s
i all the papers. What is the probability of randomly e oynd C both and 334

st one of three papers. selected candidate passing in

[dint: See Example 126]
\[A“"O'w]
0 (2 Multi -

) PIPTTI .
Multipli cation theorem of probability is studied under two headings.
» M“m’plication Theorem for Independent Events

Multiplication theorem states that if A and B are two in,
e simultaneous occurrence of A and B is equal to th

symbolicallys )
) : P(AB) =P (4) x P(B)
Proof of the Theorem: Let m be the number of cases favourab
Aoutof nlexhaustive and equally likely cases.

plication Theorem

dependent events,

, then th il
product of thef € probability of

ndividual probabilities,

le to the happening of the event

m
P(4)=—L
"l
Let m, be the number of cases favourable to the haj

ppening of the event B i
and equally likely cases. £ Mk il

m.
P(B)=—2
m

Now, by the Fundémental Principle of counti
happenmg of the event AB is m m, outpof nn .

E p(AB)=ﬂ=[ﬂ] . ('"_]
nn, n n,

=P(4).P(B)
P(AB)= P(4).P(B)

g, the number of cases favourable to the

Hence the theorem is proved.
Genemlisation .

. he thegre, \
"““Dendent ev::l;altlh:: extended to three or more independent events. If A, B and C are three

P(ABC)=P (4) x P(B) x P(O)|
g e ‘?xﬂmples {llustrate the application of the multiplication theorem.
" L00In is tossed 3 times. What is the probability of getting all the 3 heads?

Probati: :
v 1obability of heyd in the firsttoss P(A) =%

y The f?dk)win
Ty

llllinn:



Example 43.

Solution:

Example 44.

Solution:

P(B)=<
Probability of head on the second toss P(B) 5

1

i C)==

Probability of head on the third toss P(C) 5 | v
. dent, the probability of getting all heaqs ;

?ince, the events aré independent, the i - %

P(ABC)= P(A) XP(B) xP(C)
1 1,11

=Ix=X—=c
2527278

From a pack of 52 cards, tWo cards are drawn at random one after the

is the probability that both cards are kings?

anothey With
replacement. What i

The probability of drawing a king P(A) = %

: - 4
The probability of drawing again a king after replacement P(B) = 5

Since, the events are independent, the probability of drawing two kings is:
P(AB)=P(A) XP(B)

s L

T52 52 169 ‘
A man wants to marry a girl having qualities: white complexion—the probability of
getting such a girl is one in twenty; handsome dowry - the probability of ge.ttingihlis
one in fifty; westernised manners and etiquettes - the probability here is one in
hundred. Find out the probability of his getting married to such a girl when the
possession of these attributes is independent. |

1
Probability of getting a girl with white complexion = P(A) = T 0.05

. 1
Probability of getting a girl with handsome dowry =P(B) = 75= 0%
|
Probability of getting a girl with westernised manner = P(C) = 100" a0l
L
Since, the events are independent, the probability of the simultancous ot
all these qualities is: :
P(ABC)=P(A) xP(B) xP(C)
I B SV
20 50 100
=005 % 0.02 x 0,01
=0.00001

{

P ,obﬂ","i

oo i 45.

solution’

Example 46.

Solution:

Example 47,

Solution;

The Probability of a black ball in the second draw = 3

395
Aclass consists of 100 students. Out of theg !

S €25 i
are rich and remaining poor. 20 of them ar:r?fi;ﬂs and 75 are boys. 10 of them

probability of a fair 1 edtich gty d. What is the
Probability of selecting a girl student = P(A)= 25 1
100 3
Probability of selecting a rich student = pg)= 10 _ 1
100 10
Probability of selecting a fair complexioned student < PC)= 21

. L 100 5 .
].:f)‘g: ;ﬁ%‘::z::::::j::fmﬂg rich; fair complexioned girl student. The events
The probability, of selecting a fair complexioned rich girl is:

P(ABC)=P(A) x P(B) X P(C)

fland oy T e

4 10 5 200
A bag containing 5 white and 3 bla
anothger with rep%acement. Find thec:rzzl::;}{ft‘;‘:h:?ll:soa:t:: i::!llsa tdrr:n\s: :::Ta:iﬂ

Probability of drawing black ball in the first draw = P(A) =3
vl 8

Probability of drawing black ball in the second draw = P(B) =2,
8

Since, the events are independent, the probability that both the balls are black:
P(2 Black) = P(1st Black) X P (2nd Black)

A bag contains 4 red balls, 3 white balls and 5 black balls. Two balls are drawn one

:::eli( the other with replacement. Find the probability that first is red and the second is
ck.

Probability of a red ball in the first draw ﬂiz

12
Since, the events are - ; rond
o are ind lity that first is red and the secon
i black will oo ¢ independent, the probability tha ! is
=P(IR). P(IB)
J4, 5 2 105
12712 1447 72 36



396 Lrotayy,

. & A who isnow 38 years of . X

titis 11to 5 againstaperson A WIS 2 F T Ofage livip, ..

Example 48- %iﬁzs;tﬂ'oz :;gainst a person B now 43 living till he is 78 years. Finq “::‘:i Ell hejg
hat both will die 35 years, hence bl

ili ill die within 35 years is:
The probability that A will die ;’Vll in35y

PA=1157 16

Solution:

The probability that B will die within 35 years is:

5
P(B)"S__E—g

Since, the events are independent, the probability that both will die is
P(AB)=P(A) . P(B) :
IR
“16 8 128

ic device i A, B and C. Th ",
le 49. An electronic device 1S made of three com}?onents . . The probabi
Example failure of the component A is 0.01, that of B is 0.02 and that of Cis 0.05 in SOmegx:g

period of time. Fi ind the probability that the device will yvork satisfactorily during the
period of time assumingt.hatthefhreeu 1 ivoﬂ( d p dently of i
Let the three failure components are denoted by A, B and C respectively.
P(4) =0.01, P(B)=0.02, P(C)=0.05
Probability that these components do not fail
P(4)=1- P(4)=1-0.01=0.99
P(4)=1- P(B)=1-0.02=0.98
P(C)=1-P(C)=1-0.05=0.95
Probability that the device will work satisfactorily is
P(ABC)=P(4). P(B). P(C)
=0.99 % 0.98 x 0.95
=0.92169 = 0.92 (approx.)

Solution:

EXERCISE 7.4
(Aus. 11

safely &°
[AnS il

1. Find the probability of getting 3 tails in 3 tosses of a coin. B
2. Three aeroplanes fly from Bombay to London. Odds in favour of their arfi
2:1,3:1and 4:1. Find the probability that they all arrive safely. atainité
3. Two balls are drawn one after the other at random with replacement froman " c?) Ep
4red, 3 black and 5 white ball. Find the following probabilities, (i) £, » both 2 -
is red and second is black. (iif) E,, the first is black and the second is white]-
[Ans. () 7

ving

5
e
iy 8

L 307
. and a wife appear in an interview for 2
of selection of husband is 4/5 and that of Yacancies for the g

f % Wwife " ame post. Th
Fthem will be selected (i) none of them wil] be;i;ﬁ:;‘::(‘ﬁ; probability 'hate
i) only wife will be

i1, favour of passing driving test by Mohan i [Ans. (375 (i) 120 iy 3120

Theodds in S v Y an is 3:5 anq P ]
- metest by Ram is 3:2. W'hat is thevprobablhty that both wil] p;g‘:;:;l faxcur of passing the
A university has to appoint examiners to evaluate Paper in Stati; :est. [Ans. 9/40]
g examiners, 10 are women, 30 of.them knowing Hindi e ofltsl:xcs. Out of
» robability of selecting a Hindi knowing Ph.D. women teacher to eVal::::: Ph.D. Fj
e papers.
[Ans. 3/128)

pusband

i) poth ©
gelected-

w

/—' =
pility of happening o least o
o Probability ent events

. independent events A i
If we are given n indep Ay 24, A, A with respective
; 12 A babilities of
ing 85 PpoPs 1Py s P then the probability of haj o indepone
]:S:;Alg,Az ’{:13 ~-?A"is given by: ppening of at least one of independent
p (happening of at least one of the events) = 1 — P (happening of none of the events)
=I-[-p).q =P)-(1-p).(1-p))]

The following examples illustrate the applications of this theorem:

Example 50. A problem in statistics is given to three students A, B and C whose i
4 : chang
itare 1/2, 1/3 and 1/4. What is the probability that the problem will beczlzfezlvmg

Solution:

Probability that A will solve the problem = P(A) = -
: 2

Probability that B wili solve the problem = P(B) =l
3

Probability that C will solve the problem = P(C) = A
" 4

Probability that A will not solve the problem = P(4 )=1- % -
Probability that B will not solve the problem =P(B )=1- %=

Probability that C will not solve the problem = P(C )= 1-% = %

WIN

Since, all the events are independent, so

P (that none will solve the problem) = P( 4).P(B).K( C)

237373
P (that problem will be solved) = 1 — P (that none will solve)
1.3 e

=l--=
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Example51.

Solution:

Example 52.

Solution:

X)is intef

Y

Probab“. '

rviewed for 3 posts. For the first post, there ire

3 cang;
A candidate (Mr. e 4 and for third there are 2. Whatare the cnanc:“ndma‘hl
for the second post, theqre ar s oer'X
being getting selected? - "
Probability of selection for 1st post = >

1
Probability of selection for 2nd post = P(B)= i

1
P i =P(C)=
robabihty of selection for 3rd POS( P( ) -
post =P = 1. 52,
i A)=1—-==1
Probabllity of not selecting on 1st post ( ) T

|
i = T
Probability of not selecting on 2nd post=P( B') =

ol 1
Probability of not selecting on 3rd post = P( »C )=1- 5=

Sing

osts is: _ _ =

. PABC)=PA .P(B).P(C)
23,11
T3%3777 s

. Probability of selection for at least 1 post
=1-P (not selected at all)
3

=]-—==

4 4

L 2ot &
Itis9:7 against person A who is now 40 years of age lwmg _tll] heis 6? an:i:r;: :?;::n ‘
person B now 50 years living till he is 70. Find the probability that at leas

will be alive 20 years hence.

The probability that person A is not alive 20 years hence = P(4)= 16

3
4
1

2

the events are independent, the probability that Mr. X is not selected for three Y\
ce,

e

s B
The probability that person B is not alive 20 years hence = P(B)=%

Since, the events are independent, the probability that both the p

20 years hence is:

= =._9 .3 27
P(A)XP(B)==x==2_
)XP(E) 16 5 80

The probability that, at least one of them will be alive 20 years

"
ersons aré notali¥

hence it

| pxample 54. The chances of survival after 25 years are 3 out of 10 for a
|

ot 399

erson is known to hit the target in 3,y of
nn,ple 53. k‘?l Opwn to hit he target in 2 out of 3 shots, f‘[ind the :r::m; l?vhereas another person js
128 n they both try. ability of the target being hit at
all whe Y

probability of hitting the target by A s p(ay = 3
s 3
wunon
Probability of hitting the target by B is p(R) < 2
3
Probability that target is not hit by A is P( 4 Y=l 31
4

Probability that target is not hit by B is P(F )=1 2 _ ]
'sin ce, the events are independent, the probability of not hitting by both A and Bis
P(AB)=P@@).P(B)=Lxlol
43 12 :
Hence, probability of hitting at all =1 —P (not hitting at all)
1 11

=
12 12
man and 4 out of 10 for a

woman. Find the probability that (i) both will be alive after 25 years, (if) at least one

of them will be alive after 25 years.
Solution: (7) The probability that a man will survive after 25 years P(M) = =i
10

The probability that a woman will survive after 25 years P(W) =%

Since, the events are independent, the probability that both will be alive after

25 years is
P(MW) = P(M) xP(W)
3.4 123
_ 10710 100 25
(i) The probability that man will not alive after 25 years
= 3 7
P(M)=1-2="1
) 10 10
Th ate W . 8
© probability that woman will not alive after 25 years P(# )=1- 0°10
Since, the events are independent, the probability that man and woman will not

alive s

P(W)=P(1\7I).P(W)=I76x%

.
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Example 5.
Solution:

Example 56.

Solution:

Y

Probability that 6 is not thrown in the 5th throw =

P’“habi]- P robabi"
i least one of them will be alive is
lity that at
. The probabi
=1- % %%
4 _ 58 _ 29
=170 100 50 o
2 ing 6 at least once in six throws with a iy, -
. ility of throwing - . V.
Find the probabl e oy
ili ing 6 at least once ok

The pmbablllty of throwing \ ol s R

Probability that 6 is not thrown It the 1st A
5

Probability that 6 is not thrown in the 2nd throw = 7 e
5

i i d throw = —

Probability that 6 is not thrown in the 3¢ t
5

Probability that 6 is not thrown in the 4th throw = %
9,
6
5

Probability that 6 is not thrown in the 6th throw = -é

Since, the events are independent, the probability that 6 is not thrown in any throw

=\ iy pTIY. POIV ). P(T ). PCTT)
=P(I).P(11)-P(”I)'P(16) ) Example 58.
5.5, 8. 85,9 5)

=g"g"5x6 56 \6 Solution;

Hence, the probability of throwing 6 at least once

o

A and B decide to meet at Hanuman Temple between 5 to 61
that no one would want wait for the other for more than
probability that they meet?

: difon
m. with the con
g minutes. What B

s

The probability that A will meet B

The probability that A will not meet B=1-

Uy
up|
The probability that B will meet A o

The probability that B will not meet A =1—- % %

401
Since,the events are independent, the robabiy gy gy g1 meet=2,3_ 9
7 16

The probahility that they will meet=1— % - <
A husband and wife appear in an interview
probability of husband’s selection is 1/7 an,
probability that:

() at least one of them will be selected.
(i) both of them will be selected.
(iii) None of them will be selected.

t P(H) and P(W) denote probability that h ;
L’l‘;en(m ty usband and wife are selected respectively.

for two vacancies for

th
dthat of wife selection iy 175 G-

nis 1/5. What igthe

P(H)=1/7,P(W)=1/5
PUE)=1-1/7=6/1, (7 )=1-1/5=4/5
(i) Now the probability that at least one of them is selected:
=1-P(H).P(W)=1-6/7x4/5=11/35
(i) The probability that both husband and wife are selected
=P(H) . P(W)=1/7x1/5=1/35
(iii) Probability that none of them is selected

=P(H).p(7)=5x2. 2

—Xx-==

7 35
Let p be the probability that a man aged x year dies in a year. Find the probability that
out of n men 4,4, 4,

..... A, each aged x, A, will die and be the first to die.
The probability that a man aged x year dies ina year=p

The probability that a man aged x year does not die in ayear=1-p
The probability that out of 7 men none dies in that year:
=(=-p)(1-p)(1-p)...ntimes=(1- p)"
The Probability that at least one man dies in that year
=1-P (none dies in that year)

=[-@0-p)]

Also the probability that out of n men, 4, will die is L
n

Thus, requireq probability = % [1-1-p)"]

A o ) ) ;

an;"d B are two independent witnesses. The probability that A will speak truth is x

: le‘he Probability that B will speak the truth is y. A and B agree in a certain
ment. Find the probability that the statement is true.



402 . ' Prokay,
P(B)=Y

P(B)=1-»
either of them speaking the truth or (i) .
makmg fil:e

Given, P(A)=%
p(A)=1-%
A and B both agree when ()

S(ﬂteme“‘s.
" The probability that both A and B speaks the truth = P(4). P(B)<

. The probability that both A ami B makes false statements
=p(4).P(B)
=(1-x)01-»)
ases agreeing both =xy +(1-x)(1- y)
No. of cases speaking the truth
Total no. of cases

Solution:

Thus, the total number of ¢

. P(the statement is true) =

AN T— .
w+(1-0)(1-2) s

———————

1. A problem in Statistics is given to four students. Their chances of solving it are 12,153, 14
and 1/5 respectively. What is the probability that the problem is solved? [Ans'4s]

2. AandB decide to meet at Durga Temple between 5 to 7 p.m. with the condition that noare

would wait for the other for more than 30 minutes. What is the probability that they meet?

EXERCISE 7.5

3. The probability that a boy will geta scholarship is 0.90 and that a girl will getis 0.
the probability that at least one ofthem will get the scholarship?

4. A can solve 75% of the problems in Statistics and B can solve 30%.
that at least one of them will solve the problem?

5. Acan hitatarget3 times in 5 shots, B 2 times in 5 shots and C3 ti

[Ans.098]

‘What is the probabily
[Ans. 3340]

volley. Whatis the probability ofthe target being hit at all? [Ans ‘”'5:' v
6. Find the probability of throwing 6 at least once in three tosses of adie- {Ans 91211
there are 2

7. A candidate is called for interview by three companies. For the first company
candidates, for the second there are 15 candidates and for the third there are
Whatis the probability of his getting selected at least at one of the companies? : I

8. Supposeitis 11to 5 againsta person who is now 38 years of age livingtill e S H ﬂ:willb'
against B now 43 living till he i 78, find the chance that at least one of these pers” el
alive 35 years hence. 3 #2 1B

9. The probability that India wins a cricket test match against England is given © *
’"_d'a and England play three test matches, ‘what is the probability that:

(#) India will lose all the three matches:
(if) India will win at least one test match, AT 0 "

andide®s

700 wl

‘ Depen

[Ans. 716] |
80. Whatis~ |

imes in 4 shots. They fires |

[Ans. 23100 ‘

v

Dabili .
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ainst A solving a sum are 7 : 6 and o !

3 10 8. :V;:fis:lie pr.o.b ability ﬂ-lﬂt the sum is solved i: ::t;ln::‘:-.o; ]rgufB- solving the same arel] :

’ Find the probabxhty of having .at leastone head is 5 throws withtry “_? [Aps. 181/247i

W hree dice are thrown. What is the probability that at |eas St [Ans.3132)
12 being greater than 4? ) one of the numbers turnin, u

¢ p be the probability that a man aged y years will gje ina (Ans. lggml;

year. Find the ili
) probabil;
and will be the first to du:,ty tat

1
[A"s'z[l‘(l—p)‘]

13 autof4men A, B, CandDeachagedy, A will die in the year

0 conditional Probability - . p

The multiplication theorem d above is not applicable i

dent events are those in which the occurrence of one. event a;‘ case of depend
events. The probability of the event B given that A has occurred is Il e
B, Itis denoted by P(B/A). Similarly, the conditional probabili o fe
genoted by P(A/B)- Yo
p Definition of Conditional Probability

IfA and B are two dependent events, then the conditional probability of B given A is defined
1s define

events.

cts the probability of other

d tl_ne conditional probability

A given that B has occured is
~

- and given by:
P(AB)
P e S i
(B/A? PA) provided P(A) > 0
Similarly, the conditional probability of A given B is defined and given by:
P(AB)
P(A/B) =—= i
(A/B) P®) provided P(B) >0

9 Multiplication Theorem for Dependent Events

Multiplication T| o i
i n Theorem in Case of Conditional Probability
ten the events are not ind y

1,

e has to be mods dependent, i.e., they are dep events, then the multiplication
tepengent evem;m::ﬁed.-'!’he Modified Multiplication Theorem sates that if A and B are two
thabi[ity of °"e’evee!: the !;r(.)babi]ity of their simultaneous occurrence. is equal to the

nt multiplied by the conditional probability of the other. Symbolically,

P(AB) =P(A) . P(B/A)
or P(AB) = P(B): P(A/B)
Probability of B given A

): Conditional Probability of A given B.
Xamples will illustrate the application of the modified multiplication theorem:

Where
» PB/A) = Condits
= Conditional
e PAB )
efollowing




404 Lotay pl =
' d 5 black balls. Two balls are drawn a

itesi ¢3. Four cards are drawn without replacement, What
tains 10 whi

- ra is the probability
Example 60. A bag conta ¢ replacement. Find the probability that both balls d’:sv:m One ity wmp“ aces? . ty that they are all
the cthe W‘_‘:T;“ £ drawing a black ball in the first attempt is; e mﬂck probability of drawing an ace in the first attempt = A
jon:  The probability © jotion’ 2
Solution: 5 _5 sol - .
P(A)= m T probability of drawing 2nd ace after the | ace has beep drawn = 1
. ball gi -
The probability of drawing the second black ball given that the firg drawn j e Probability of drawing 3rd ace after the I and Iy aces have been drawn =
‘ andnotreplacedis: . "5
PBIA)= i = ﬁ f Pprobability of drawing 4th ace after I, IT anq TII aces have been drawn = —
Since, the events are dependent, sc‘v the probability that both balls drawn areblagg Since, the events are dependent, the required probability is:

P (st Ace X 2nd Ace x 3rd Ace x 4th Ace)
232l 1
T | 52751750 49 270725
1 . : Two cards are drawn from a well shuffled pack of 52
. ility of drawing a king, a queen and a knave in that order fro p . i
F;nd t:e i‘:m?;:ecutive dgmws, the cards drawn ot being replacad, they are both aces if the first card is (i) replaced (i)
of cards

P(AB)=P(A) . P(B/A)
s 4 2

ample 64.
Example 61. m ﬂvpack Ex

cards. Find the probability that
not replaced.

. _4 Solution: (i) When the first card is replaced
Solution:  The probability of drawing a king =P(A) = 52 Probability of drawing 1st Ace = P(A) = 4/52
i i Probability of drawing 2nd Ace = P(B) = 4/52
ili drawing a queen after a king has been drawn
g ey ok 4 ged Since, the events are independent, the required probability is:
P(B/A)= T . 45017

P(AB)=— x 4 _

=—X—=—
The probability of drawing a knave after a king and a queen have been drawn 5252 13 13 169

4 (i) When the first card is not replaced >~
P(C/AB)=—. I - : . 4
50 . . a8 Probability of drawing 1st Ace in the first attempt =P(A)=—
Since, thf: events are fiependent, the required probability of drawing ék‘"gv aq . . 52 3
and ace in that order is: 1 Probability of drawing 2nd Ace after the first ace has been drawn =P(B/A) =3
4 8 .
PABC)=—x Ay 4 __8

5275150 16575

. nsecutive
Example 62. Find the probability of drawing two kings from a pack of cards in two ¢
draws, the card drawn not being replaced.

\

Since, the events are dependent, the required probability is:
P(AB) = P(A) . P(B/A)
4 T
=—X—=—
52 51 221
Abag contains 5 white and 8 red balls. Two successive drawings 0ftjhbal:l»lasllmm:1 :ftl;
. 3 i i 3
The probability of drawing a king in the 2nd draw, given th rech that (1) the balls are replaced before the second trial, and (i) th balsar
Provebily of drawing a king in the 2nd dra eplaced before the second trial. Find the probability that the first drawing will give 3
already been drawn and not replaced = P(B/A) = 31 Sl White and the second 3 red balls in each case.
2 on;
) When balls are replaced
Total balls in a bag=8+5=13

3 balls can be drawn out of 13 balls in °C ways.

4
Solution:  The probability of drawing a king in the 1st draw = P(A) = 52 Eample g5,

at the first King s

s st

Since, the events are ‘dependent, so the required probability of 2 L
4.3 1
SoX—=—
5251 221
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3 white balls can be drawn out of 5 white balls in 5C3Ways,
s
C
i = = 3
Probability of 3 white balls PAW) = c.

the balls are replaced after the first draw so again there

-y in® are 13 by ;
b:;g 3 red balls can be drawn out of 8 red :)alls in 03Ways. alls )
c
= =T
Probability of 3 red balls = PGR) = c,

Since, the events are independent, the required probability is:
P(iW and 3R) =P(3W) x P(3R)
=—s—c3—x<-c—’=£xﬁ= 140
ncJ 13&3 286 286 m
(if) When the balls are not replaced before second draw
Total balls ina bag=8+5=13
3 balls can be drawn out of 13 balls in *C, ways

3 white balls can be drawn out of 5 white balls in °C,ways.

5
Cc

The probability of drawing 3 white balls = P(3W) = #

3

After the first draw, balls left are 10. 3 balls can be drawn out of 10 balls in
mC:,ways.
3 red balls can be drawn out of 8 balls in xC3w21ys.
¢
Probability of drawing 3 red balls = mcﬁ
3
Since, both the events are dependent, the required probability is:
fc, s 1_1
X2 = X—L=—0
, "’CJ 143 ﬂS 429 /
g . t an
Example 66. A bag contains 5 white and 3 red balls and four balls are successively dmy;mlly wd
not replaced. What is the chance that (i) white and red balls appear alternativey’
(i) red and white balls appear alternatively? .

() The probability of drawing a white ball = 2
8

ic
P(3W and 3R) =#

Solution:

The probability of drawing a red ball = 2
1 7

The probability of drawing a white ball = :

ol =
o 407

The probability of drawing a red bayj 2

Since, the events are dependent, therefore the required .
P(IW IR IW 1R) =§><}~x 4 ) Probability js:
8

Ciae»
(i) The probability of drawing red ball _=3
The probability of drawing a white ba]] = g
The probability of drawing a red bal| =;
‘ The probability of drawing a white ball =§

! Since, the events are dependent, the required probability is;
P(IR 1W IR 1W)=%><.éxg 1.1

50
Example 67. Four cards are drawn without replacement. What is th ili Y
3 () They are of same suit, and e probability that

(if) They are of different suits?

Solution: () Since the events are dependent, the required probability is:
2.2 0 u
52751750 49 4165
(if) Since the events are dependent, the required probability is:
| 2,93 13201
! 52 51 50 49 20825
EXERCISE 7.6-.

Wiﬂ?ogutigtims 6 White and 4 black balls. Two balls are drawn at random one after another

. Fing the ll_’ :‘:el‘nfnt. Find the probability that both drawn balls are white. [Ans. 1/3]
1w} COnSEczfablhty of drawing a king, a knave and an ace in that order from a pack of cards .

Rt e draws, the cards drawn not being replaced. [Ans. 8/16575]

pmbubilityat‘;:s 7 red, 5 white and 4 blue balls. Three balls are drawn successively. Find the

Teplaceq at these are drawn, in order of red, white and blue if the drawn ball is not

4 Fing thelp b il i [Ans. 1224]

robabilj . .

SUecessiye d,: bility of drawing a king and an ace in this order from a pack of cards in two
WO cargg an W assuming that first card drawn is not replaced. [Ans. 4/553_]
e firg gy, f drawn from a pack of cards. Find the probability that they are both queens if
S () replaced, (if) not replaced. y © [Ans.()1169(iD 1221]

o

o

/
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er coins. TWo sum.:essivf drawings of 3 cotn
the second drawings (i) the coins are oy o Mage g
find the probability that the first drawing wil{]ac.e i
[Ans. (1)35/3465 lllve 3 g
S

6. Abag contains 10 gold and 8;1];;
" that () coins ar® replaced befO ©
the second drawing. In each case,

econd 3 silver coins. ) o . :
and m::bability that a trainee will remain with a company is 0.8. The propgyy i') 5
7. The p! e earns more than Rs. 20,000 per year is 0.4. The probability that ap emplo, taty,
employee d remained with the company or who eant.; m,_;{: t;g“ YTy pé? )
. robability that an employee earns more than Rs. 20,000 per yeg, -
0.9. What is the p! iy it :

iven the
he is a trainee who stay! 10 76]
int: See Similar Example X X [Ans,
8 A[Hll)ox contains 8 tickets bearing the following numbers: 5.30g)
' 1,2,3,4,5,6,8and 10 : Nl
One ticket is drawn at random and kept side. Then a second ticket is drawn Find g
probability that both the tickets show even numbers. . [Ans, 1y
hite and 4 black balls and 4 balls are successively drawn oyt and not

. A bag contains 5 W 5 €
9. repl:ied What is the chance that white and black balls appear altemanvely? [Ans, 5163)

Use of Addition and Multiplication Theorem

there are certain problems where both addition and multiplication theorems
we first apply multiplication theorem and then

© Combined
Under probability,
are to be used simultaneously. In such cases,
ultimately we apply addition theorem.
The following ples illustrate the combi d use of addition and multiplication theorems.
Example 68. A speaks truth in 80% cases, B in 90% cases. In what percentage of cases are they
likely to contradict each other in stating the same fact. g i
Solution:  Let P(A) and P(B) denote the probability that A“and B speak the truth. Then,

80 4 - 4_1
PA)=— == P(A)=1-P(4)=1-_=%
W=jqg=5r  PA=I-PA=I=575
% 9 = 9
P(B)y=—=—, P(B)=1- e
(B) 10°-10 (B)=1-P(B)=1 1010 e
They will contradict each other only when one of them speaks the truth and ¢
speaks a lie.
Thus, there are two possibilities:
() A speaks the truth and B tells a lie
(i) B speaks the truth and A tells a lie. e have
Since, the events are independent, so by using multiplication theore™ g
(#) Probability in the 1st case = i X l = i
10 50
(i7) Probability in the 2nd case = £ X UE &
10 5 50

Prnhf’b"i

mﬂllﬂe‘s :

golution

Example 70.

" Solution:

9, Abag contains 5 white and 4 black balls, A

409

Since these cases are mutually exclusive, 5o by using addit;
Required Probability = i+ S_13_ 2 8 addition theorem, we have
eq 50" 50 50 26%

= . ball is dray s
and then second dl:aw ofa b all 1s made. What is the :rr;l;io;l this bag and is replaced
different colours (i.e., one is white and one is black) ability that two balls are of
There are two possibilities: )
@) Ist ball drawn is white and the second drawn is black
(if) Ist ball drawn is black and the second drawn ¥ w:i i
. ite.
Since the events are independent, so by using mlﬂﬁplica:ion ik
4 rem,
(i) Probability in the 1st case = 3 X 4 = @ 4 we have
Ly .. 99 3l
7 = /
(iz)/Probability in'the 2nd case = i x §= 2_0
/ 5 9 9 g8 . .
Since, these possibiljties are mutuall § C A o
have N ally exclusive, so by using addition theorem, we

Required Probability =\E+ 20 A0
8l 81 81
The chances of survival after 25
. af years are 3 out of 10 for a man and 4
woman. Find the probability that only one of them will be alive :ﬁer ‘Z)gt;efa}: fore

Let P(A) and P(B) denote the probability that man and woman will survive. Then,

3 Z

Py==, P(A)=1->-1
w00 PO ~ 10 10
4

PB)=2=, P(B)=1-2-8
10 S TRET:

There are two possibilities:
(ll) Man is alive and woman is not alive
s@ Woman is alive and man is not alive.
Ince thy i i
© events are independent, so by using multiplication theorem, we have

() Probability in the 1sf case = > x &
k 10

10
() Probability in the 2nd case = & x -
Since, both the 10 10
?  cases are mutually exclusive, so by using addition theorem, we have

6. 4.1
Lkl
1071010
18 28 46
X 100" 100, 100

Required Probability = 2 X
/ 10
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Example 71-

Solution:

Example 72.

Solution:

Since the events are dependent, so by using mﬁltiplication theorem, we have
P(lRlWlRlW)=%x%x%X§=ﬁ . 4
- . Ht i
Since, () and (if) cases are mutually exclusive, so by using addition thearem e
Required Probability = L + b = 2 = . ‘
14714714 7 1o and S
One bag contains 4 white and 2 black balls. Another bag contains 3 w.h lte}fi':e ando®
balls. If one ball is drawn from each bag, find the probability that oneis ¥
is black. " 1
There are two possibilities: the 214 L

N
Prabgy

: d balls and four balls are success;
ins 5 white and 3 1€ i i
A :’ :f ?::e‘zf"\;zhat s the chance that they are alternatively of dj ffcremr::l'“ ry
:“;8": of alternative colours ¢an be either white, red, white, red or o, w‘:’s?
ite,
white. %
Beginning with White Ball:

. B
The probability of drawing a white ball = 8

of drawing ared ball =

The probability

The probability of drawing a white ball = 3
. = 2

The probability of drawing a red ball = 5

Since, the events are dependent, 50 by using multiplication theorem, we haye

Sl 2ol
PAW IRIW IR)=2 X2 X e X5= ], -
Beginning with Red Ball:

3
The probability of drawing a red ball = 2
. 5
The probability of drawing a white ball= 7
2
The pmbaflllty of .dmw'nkga red ball = 5

The proﬂabnllity of drawing a white ball = g\ i

(9) either 1st ball is white from 1st bag and the 2nd ball is black fro™ nd bo:
(i) or l’Sl ball is black from 1st bag and the 2nd ball is white i ‘hewe hev?
Since, the events are independent, so by using multiplication ot L

4

FW,.,m

E,nmP"‘ 7.

Solution?

Erample 74,

Selutig,

.

/
411
® Probability in the Ist case = 4 x3_20
68 43
(i) Probability in the 2nd case = 2 3_6
48
since, the possibilities are mutually exclusive, . -
have: > 80 by using addition theorem, we
Required Probability = 20,6 _2_13
~- 48 48 43 24

A six faced die is so biased that it is twice as likel,
number when it is thrown twice. What is the prob,
thrown is even?

Let p be the probability.of getting an even number in a
that of an odd number.

Given: Even Number : Odd Number::2: |

2 3],
. p=P(Even)=-, ¢=P(0dd)=~
.e) 3~ ( ) 3

y to show an even numb
€ er as odd
ability that the sum of two numbers

single throw of a die and gbe

There are two mutually exclusive cases in which sum of two numbers may be even:
(i), Odd number in the first throw and again an odd number in the second thro“;
(i) Aneven number in the first throw and again an even number in the second thrc.ow
Since, the events are independent, so by using multiplication theorem, we have

Lt

9

2.2 4

B S

39

:;r\r:, these possibilities are mutually exclusive, so by using addition theorem, we

(7) Probability in the 1st case

(i) Probability in the 2nd case =

Required Probability = %+ ; >

ft;l}xll:lgersonf) are chosen at random from a group containing 3 men, 2 women and
tidren. Find the probability that exactly 2 of them will be children.

There are three possibilities in this case:

( 2.children, 1 man and 1 woman
(."l) 2 children and 2 men

Gid) 2 children and 2 women.
SersieTRC; _6x3x2_36

® Probability ;
i =2
ty in the first case i, 126 126




Example75. Three groups

Solution:

Example 76. The probability that a management frainee will remain with a comp:

probability that an employee earns more than Rs. 50,000 per year i
remained

Solution:

‘sz 3C1 _6X3_ 18

(i) Probability in the seeond €258 =5 T 56 = g

‘c,.’c, 6x1_ ¢
(iif) Probability in the third case = o, T e

Since, the three possibilities are mutually exclusive, so by using addition

have: 186 _60_10

.36 18 =
Requimdehabxll‘Y']‘z‘g+126+125 126 21

and 3 women. 3
that the group selected consists of 1 ma

There are three possibilities in this case:

n and 2 women?

-

P"‘hahm

lheorem W

of workers contain 3 men and 1 woman, 2 men and 2 Women, and |
One worker is selected at random from each group. What i

Probakly,
/

(i) 1 manis selected from the first group and 1 woman each from 2nd and 3rd group
(if) 1 man s selected from the 2nd group and 1 woman each from 1stand 3rd group,
(iif) 1 man is selected from the 3rd group and 1 woman each from Ist and 2nd group,

Since, the events are independent, so by using multiplication theorem,
3 18

i _3.2,3_18
(i) Probability in the 1st case 2 X 2 X s
3 6

1
(if) Probability in the 2nd case = % *® 1 X & = 7
(iif) Probability in the 3rd case = l X l X Z = i
4 4 4 64

we have

Since, these possibilities are mutually exclusive, so by using addition theorem, We

have: ;
d RequiredPmbability=5+i+£=§=2.
6464 64 64 -32

probability that an employee is a management trainee who L
company or who eams more than Rs. 50,000 per year is 0.70. What is
that an employee earns more than Rs. 50,000 per year, given that he s
trainee who stayed with the company? 1

Let 4= Anemployee who earns more than Rs. 50,000 per year
B = A management trainee who stayed with the company
Then, P(4) = 0.50; P(B)=0.60; P(4u B)=0.70 -
To get the value of P(4 B), we shall use the following formule:
P40 B)=P(dy+ P(B)- P(An B)

any is 0.60.T

s 0.50.
with e

the probﬂb“i'y
2 managem™®

4

/

)

gampl® -

golution?

Bxample7g,

~ Volution,

413

substituting the values, we have

0.70=10.50 +0.60 — P(4 ~ B)°'P(AF\B)=040
2 E

- ppy=—208) 040 2
Therefore, ( PGB 0603 0.67

it a target 4 times in 5 shots. B 3 tj i

2,:8: vt:lley. \%Ihat is the probability tl?attl I:teli:;: t:l: S,:?}S;}Wice in 3 shots, They
There are four possibilities: '

A and B hit and C does not hit.

(i7) A and C hit and B does not hit.
(iii) B and C hit and A does not hit.
(i) A, B and C hit the target.
Since, the events are independent, so by using multiplication theorem, we have

(i) Probability in the lstcase=ix2x(l_g _12
5 4 3) 60

(i) Probability in the 2nd case = % X Z X (1 - E) = 1
3
3

2)7%0
(iii) Probability in the 3rd case = x 2 x (1_5 _5
73775 %
(iv) Probability in the 4th case = 4 b3 2 X % 2
57373760

:ince, these possibilities are mutually exclusive, so by using addition theorem, we
ave: "
Required Probability = E+ 1+ i+ 24 = 30 =§
60 60 60 60 60 6

g’rwo cards are drawn ?rc?m apack of 52 cards at random and kept out. Then one card is
awn from the remaining 50 cards. Find the probability that it is an ace.
There are three cases for first two cards be drawn:
(i) two cards drawn are aces, (if) one is an ace, one is not, (iii) none of them is an ace.
(® Probability in the first case = (Probability of getting 2 aces) x
(Probability of getting third card to be an ace)
6 21
“%c, “50 5525
2
“ic xBC 3
= 50
¢,
N
5525

() Probability in the second case =



Py

414 mhahni

“C, 4 _376

<t idcase =g X e = teae

(ii) Probability I" the thir 7c, 50 5525

Since, all the three cases are mutually exclusive, so by using addition theor

nce, m)w

have: 48 . 1 .

. Required Probabiliy = 5555 5555 5525 13"

ns and 3 silver coins, the second purse contaj

ins 4 copper coil :
talliller coins. A coin is taken from any purse. Find the pr Dbabi“‘; l;:tpr'
o itis

376 _ 1

mple 79. A pursecontd

Framp coins a’ﬁd 25

\ a copper coin. . ) i .

Soluti The! PPm equal chances of choosing either purse, i.e.,
olution:

P (Ist Purse) =P (2nd Purse) = 3 1

14
27

The probability that the first purse is chosen and a copper coin is drawn =

5 P 1
The probability that the second purse is chosen and a copper coin is drawn =ix§

Since, the events are mutually exclusive, so by using addition theorem, we have;

_1_4 1X§=2+3=16+21=£ )

“2%772%87778 6 6

Example 80. A bag contains 6 white and 4 black balls and a second one 4 white and 8 black blk.
One of these bag is chosen at random and a draw of 2 balls is made from it. Find the
probability that one is white and the other black.

There are equal chance of choosing either bag, i.e.,
1
P()=P(ID) 2

The probability that the first bag was selected and a draw of 2 balls gives on¢ whit
and one black -

. Required Probability

Solution:

1 fepxie;

=-x
10
¢

4 '

T15

2

The probability that the second bag was selected and a draw of 2 balls 8
and one black”

ivesonewhi®

4 8
6x¢ 8

c, "33
Since, the events are mutually exclusive, so by using addition the!
4,8 _84 28
15 33 165 55

1
=X
2 "
orem, we 12"

+ Required Probability =

Erample 85,

Slutiop,

Py -

A :
r palls. A ball is drawn from first bag and put it into sec

415

bag contains 1 black and 2 white balls, Another by i
'8 contains 2 black and | whif
ite

ond bag and then » ball is drawn

from the second bag. Find the probability that it s a white bal]

There are two possibilities—
(i) The ball transferred is black one or
(if) It is a white ball
(@ When black ball is transferred:
Probability of drawing a black ball from st bag = 1
3

Now second bag has 3 (2 +1) black and 1 white balls
1 1

Probability of drawing a white ball from 2nd bag =

@+D+1 2
- Probability of the compound tzvent=l % 5 il
37412 -~
(I) When white ball is transferred:
Probability of drawing a white ball from 1st bag = 2
3
Now second bag has 2 (1+1) black and 2 white balls
Probability of drawing a white ball from 2nd bag = — "\ _ _2
2+(1+1) 4
. Probability of the compound event=Z X 2 =l (i)
3,4..3

Siml:le, (#) and (i) possibilities are mutually exclusive, so by using addition theorem,
We have:

1_5

3 12

?lr)lle bag A contains 10 white and 3 black balls. Another bag B contains 3 white and
ek balls. Two balls are transferred from bag A and put into the bag B and a bl is
;aWn from the bag B. Find the probability that the ball drawn is a white ball.
bl:eLe are four possibilities— (T) Either both white balls are transferred, or (II) both
(IVc balls are transferred, or (III) 1st white and 2nd black balls are transferred, or

) Ist black and 2nd white balls are transferred.
@ When both white balls are transferred:

Required Probability = é-{»

;15

10915
12 26

Probability of drawing 2 white balls from bag A = 5

Now, bag B has 5 white and 5 black balls.
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|°reg,a . 2,
bj il
14a e a7
Probability of drawing a white ball from bag B = m 4 % Alternative Method: .
ro o=l 3 LTS Baga
. Probability of the compound eVENt=o = 15 = 060" " 10W + 3'3"
) (i
() When both black balls are transferred: s
Probability of drawing 2 black balls from bag A = = x T 5 o ‘ g’ '
; X === P (to get 1w .
Now bag B has 3 white and 7 black balls. : - p(to get 2W) Bc, 26 mcg e 115;) P ity e o
an i i | frombagB=—0>____3 =" _ =7
. Probability of drawing & white ball from bag e ‘ B c, VI3 c
po L3 !
.. Probability of the compound event=2 £ 75 =50 | Bag B
() When first white and second black balls are transferred: | 3_W \‘;J 5:35‘; 2w 3W+SB+1W+1B WesBL
Probability of drawing first white and second black ball from bag A [ =5 2B
0,33 1£2W is added from A 1w -
=—XT= and IBis .
B2, 5 added from B 1£2B is added from A
Now, bag B has 4 white and 6 black balls. B gt Iy = I& _5 P (to get 1W) e
il ing a white ball from bag B'=——— 1 ___ 4 ' g1 ‘oo g P(o get W)=t =2
. Probability of drawing a white bal g EFSIPYE) B =F =ﬁ c,
-G
L g 5.4 1 o -
-, The probability of the compound event = % X 0 _~13'\ . (i) Required Probability= 5 « % . % ’ 4 ) 1 y 3
(IV) When first black and second white balls are transferred: ~ T—_ i 310 12]68 1(5)9
Probability of drawing first black and second white balls from bag A = 560" 260 %=ﬁ=m
10 | I i s
= % X 2 =%. Solu:: 11:- 8. z"]‘d the probability of 53 Sundays in a year selected at random.
y election of a year aa e
Now, bag B has 4 white and 6 black balls. # Teky om0 I TPy "‘e““} that either it may be normal (non-leap) year or a
3+1,., _ 4 .
. Probability of drawing a white ball from bag B = m “10 rmhbth ©f 53 Sundays in a non-leap (normal) year
5 4 1 o "«“,(.iv) s::el:)::sasl-g:.mt’ the'e’hf'e 365 days, i.e., 52 weeks and 1 day extra. Following are the
+ Probability of the compound event =— X — = Totlities of this 1 day extra:
i . piaitn 34 - addition theo™ A S,M,T,W,T,F,§=7
Since all the four possibilities are mutually exclusive, so by using selected norma] yearcan have 53 Sundays if this are extra day happen to be a Sunday.

we have:

P o
Required Probability = 1> >4 L. L robability of 53 Sundays ina normal year=% ()
260 260 1313 " Probability of
118 59 Ina ey of 53 Sundays in a leap year
T260 130° Seven pzs:i;i there are 366 days, i.e., 52 weeks and 2 days extra. Following are the

ties of these 2 days extra:
"M, Tw, WT, TF, Fs, §5 =7

\



Example 84.

Solution:

- ’)’ F
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4 leapyear canhave 53 Sunday> ifthese 2 extra days happen s, g5, Three coins are tossed simultaneously. What s the o it ;
A selecte . _ 2 esu,m rnPl‘ di tail? P blllty that th a
- of 53 Sundays ina leapyear=— ays, 2 an X ey will fall 2 heads
probability of 7 2 . WO heads and one tail can came in either of 3 ways:
1 or leap) is mutually exclus; {i) solutic HHT :
tion of any year (norma’ Or &4 x 1Ve. How, ®
};h: n;elle;r s a leap year. So the probability of selection of norma| (“On-I:Z;;’;V"y ) HTH
5 e 2
3 and that of leap year is - 5 (i) TH:‘I P
1 ince, the events are independent, so by ysj PRI
Probability of 53 Sundays in a year selected at random Sin 1 o Y ulsmg multiplication theorem, we have
P 1 3 le__i‘:_ 2 _.5 (i) Probability in the Istcase=5x_x_=l
=7t 77 T s 2
A box contains 3 red and 7 white balls. One ball is drawn at random and i, itspl, i b 2 * 2 X % =1
ball :‘;f other colour is put in the box. Now one ball is drawn at random frop, tl?::" v . W 8
Find the probability that it is red. ox. (i) Probability in the 3rd case =E X 3 % 1 = 1
i if (i) at the first d | 28
Atthe second draw red ball can be drawn in two ways if (7 rawball dayy tall these three possibiliti "
is red or (i) at the first draw the ball drawn is white. h ?v'; e possibilities are mutually exclusive, so by applying addition theorem,
() When the first ball drawn is red 3 4P 111 3
A . = Required Probability =+ -4+ -=2
. The probability of drawing a red ball = T equ ability s + - + 3
Now in the box, a white ball is put in place of the red ball so the box contains | -
2 red and 8 white balls. | EXERCISE 7.7

. 2
-, The probability of drawing a red ball in the second draw =1—0

e, 2
fas, et

i n ;
Probability of the compound even TR ]

(if) When the first ball drawn is white
The probability of drawing a white ball = %

P

insd
Now in the box, a red ball is put in place of white ball so that the box contains

red and 6 white balls in the box.
. The probability of drawing a red ball in the second draw
=i 4,
10 ’
Probabili 2744 o
robability of the compound event=— X — i
_ 1010 L onteor®
Since, the two possibilities are mutually exclusive, so by using®
we have S
e 4 )
Probability of drawin (3.2)(Lx ~)
g ared ball 10x10 + 10710
6,28 34
100 100 100

~

" The odds that book wil

-
e s

The odds that A speaks truth is 3 : 2 and the odds that B speaks the truth is 5 : 3. In what
percentage of cases are they like to contradict each other. [Ans. E]
. . T

A box contains 10 white and 5 black balls and 4 balls are successively drawn ‘and not
teplaced. Find the probability that they are alternatively of different colours. [Ans. E)]
91

Thy : 5 %

Un?s‘;eer:;e t¥l? sectlons. A and B in Statistics at B.Com Examination of Kurukshetra

Setich Bt)x,s g Se prcbab_lllty that a candidate passes in section A is 0.60 and he passes in

two Sec(ions'i. 0. What is the probability that a particular candidate passes only in one of the
¢ : [Ans. 0.50]

ad?;3 g C I be favourably reviewed by three independent critics are 3:2,4:3
Spectively. What is the probability that of the three reviews a majority will be

favourably?

[Ans. E]
Abag contat 175
ball i d,amams 5 red and 3 black balls. Another bag contains 6 red and 4 black bals. Ifone

e ey Wn.i.hm €ach bag, find the probability that (i) one is red and the other is blnck3 (i) bo;h
and (nQ both are black. [An,'(,)i% (,-,)E (;;,)’_0]

[int: Fop rrq: g
Ormajority at least two critics should be favourable.]
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B
| mbabi'
i i i in 7 shots and 0 %
6. Acanhita target 2 timesin 5 slTots, 1t3 3 tl:;es in nd C2 times - Shms.
2 P t only one shot hit the targe -
probabxhty thatonly [AHI'S\;

hite and 4 red balls and another bag contains 4 white

7’ A bag contains 5 Wi dom and a draw of 2 balls is then made. Find the p':;::hsilri:;lb

bag is chosen at ran

I| o
allg
5.0p
white and the other is red ball. at opg i

that
(Any 9
}:‘; Selecte, o ;“l
Ten, ang (i) “tlh:
[Ans, (‘);\; ; (,-,-)1\19)

: n balls. Another bag contains 4 red an 1y

9. ::::ri 2:::131535;3;:; :n%‘?:placed in the seconﬁ. A ball is then dr::ng ::nb:;“m& Aballjy

o i
second bag. What is the probability that it is red? the

of 4 men, 3 women and 3 children. Three persons

ists
8. A group consis Find the probability that (i) at least 2 of them are ¢|

group at random.
most 2 of them are children.

[Ans, 4!
10. A bag contains 4 white and 6 red balls. Two draws of one ball each are made Vitog
_replacement. What is the probability that one is red and the other white? '[ Ao i}

| 1

11. There a:e two bags. One bag contains 4 white and 2 black balls. The second bag containg 5
white and 4 black balls. Two balls are transferred from first bag to second bag. Then one ball
istaken from the second bag. Find the probability that it is white ball. [Ans"ljl

| B

12. A purse contains 2 silver and 4 copper coins. A second purse-contains 4 silver and 3'COWr

coins. Ifa coin is picked at random from one of the two purses, whiat is the probability thati

e s 19
isasilver coin? [Anaﬁ]

13. From each of the three married couples one of the partners is selected at random. Whatisthe

= 1,11
probability of their being all of one sex? [A“’-‘sf |

14. The odds that A speaks the truth are 3 : 2 and the odds that B does so are 5 : 3, In wh.:;
percentage cases are they likely to contradict each other in stating the same fact. [Ans. 47-;
Iha group of equal number of men and women 10% men and 45% women are unemployed:
What is the probability that a person selected at random'is employed? G 19]

[Ans. Exi—o’fg"ﬁ'm

15.

' 1gid
16.  Three groups of clfxldren consist respectively of 3 girls and 1 boy, 2 girls and fxzy;!:“‘
and 3 boys. One child is selected atrandom from each group. Find the chance L ”(il)l’
consists of (7) 1 girl and 2 boys ()2 girlsand 1 boy. fhos 0 Xy

I
i : : - ts placer 8
17. A box contains 3 red and 7 white balls. One ball is drawn at random and in its P Find ¢

other colour is put in the box. Now one ball is drawn at random from th b°)7(. i‘ﬂ
probability that it is red, ] e~

[Ans. 5% 10 10

T
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5 Find the probability of 53 Fridays in a year selecteq atrandom,
G
lf;goth are of different colours.
e vestment firm purchases 3 stocks for

ins 5 white and 7 black ball e

pag contains 5 white an ack balls, and other by, . . ‘74 28

¢ ball is drawn from each bag, find the 1:wolml:~ilitygtl(::tn E?.;ZZZ}\“;‘::E ?::j 6 black balls,
€ same colour

[Ans. () 7711 56 (if) 79/156)

in s % one week tradj
20. obability that the stocks will increase in value over the week :,;noggpg?ose. It assesses the
What is the chance that: -,0.7,and 0.6 respectively,

(i) allthe three stocks will increase and

(if) at least 2 stock will increase?
Assume that the movement of these stocks are independent
Three players A, B ar}d Cplay a game of hitting atarget. As perthe p;
the target accurately in 2 out of 7 shots, B in 3 out of § hitsand C in
the target simultaneously; then what are the chances that: @it

2 p]ayers?

[Ans. (7) 0378, (i1) 0.834)
ast experience, A canhit
1 out of 3 hits: If they fire
stands hit and (if) it is hit by

1 . 81
Ans. () — —]
e (021(")10

21

| 0 Useof Bernoulli’s Theorem in Theory of Probability

Beroulli’s theorem is very useful in working out various probability problems. This
. are % 3 th
states that if the probability of happening of an event in one trial or gg’erime‘:t is kxlxsow:? :‘::lll

:II:: g::nlﬁll:l:lty of its happening exactly, 1,2,3,...r times in n trials can be determined by using

P()="C, p" .q"" r=123,.n
Where,
P(r)= Probability of  successes in 1 trials.
P= Probability of success or happening of an event in one trial.
7= Probability of failure or not happening of the évent in one trial.
"=Total number of trials, ‘
m;:°;?W;ng exawples illustrate the applications of this theorem:
- Three coins are tossed simultaneously. What is the probability that there will be
exactly two heads?
_?lil:ze We have to find the probability of exactly two heads, the use of Bemoulli
"em will be convenient. According to this theorem:

P()= ncr T

s“"l(inn;

i .1
Given, = 3, r=2, p= probability of head in throw of one coin g
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422 Crotay,
N (1 3-2
PH)=>C z[g) (5)
3t 1 ., 1.3
“G-pi2E 88
. . Find the chance of obtainj;
1e87. Eight coinsare tossed simultaneously. N8 exactly g heags,
BrppERs ility of getting head in one coin =~
Solution:  Given, n=8, p=probability of & ]
on: ’
olu . _l [
g=1- 2 =2
0P B, 128 7
P(6H) = *C; (5) ‘(5 T61217256 25 64
. i be married and th, o
. 3/5 of the soldiers are knf)wn to d € remainge
Ermph &5 I;sam::“ém:lm the probability of getting exactly 4 married soldiers inargy
of 5 soldiers. 2 X . :
. < d the probability of exactly 4 marne.d soldiers, the yse of
Sl glenrft;un,ie Ttll;‘;ere‘r: \T:lll be mzre convenient. According to this theorem,
PO="C, p.q""
. 3
Given, n=5, r=4, p= probability of married soliders = 3
RCIE 1 i
q=1=p= 575 :
3\ (2
P (4 married soldiers) = *C, (g) (3)
__5! 3x3x3x3 2
CAISx5x5%5 5 N
5 3x3x3x3 x2 162
Sey— e, S ! :
I 5x5x5x5 5 625 S
- is one g!
Example 89. If there are three children in a family, find the probability that theré 1s
family.
¢ " L sl o |
Solution:  Given, n=3,r=1, P = probability of a girl child = 2 v
11 i
=l--== b
'{ o272 3
1h N2 }
P(r=1)=P(IG)="C (l (-3, 13
"\2)\2) 21178 8

Prﬂb,pili
g »

solution*

Frample 91

Solution:

Example 92,

Solution;
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chance that a éhip safely reaches 5 Pport is 1/5. g} n.
;rh‘;;s expected at least one would arrive safely, - Find the probability that out of 5
I 4

—,g=1--=2

3’
P(at least one ship arriving safely)

Given,n=5p =

=1=I(none ariving safely)
e

gy

=1—(§xi‘xﬂxi‘xi},_mﬁ=m
555 Ts) T35 T3

Find the probability of throwing 6 at least once in six throws witha single die.

p = probability of throwing 6 with a single die =é
1

£ [
=%

1 5
n=6,p=g»q=g

P (at least one six)=1- P[none six in 6 throws]

1)° (5)° 5\

=1-|c,[=] [2] ka-[2

, [ °(6) (6) }1 )

Three dice are thrown. What is

up being greater than 47

P = probability of a number gre.ater than 4 (i.e., 5 and 6) in a throw of one die
1.1

the probability that at least one of the numbers turning

Plat least one number greater than 4) =1- P(none of the number greater than 4)

) 6]

, 2 19
=1“G) 21-2x242-2

333 27
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osabilty that Indi wins  cricket 65t Ha(ch against Englang j Bivenjyy |
Example 93. Thep Jand play three test matches, _ﬁnd the probability tha o 3
If ln:]i;i ;I;d;;f matches and (if) India will win at least one test magey, Ingiy Wi
lose
e Given, 1= 3,
Solution: ) _1 )
p=probability of wining the match =2
1 L
B (Y (27 s
_— _ - - s
(0 P (osing all mtches) = P(0)="C,o (3) ' (3) 27 >
3 =1]- P(does not win none |
(i) P(at least win one test match) ( wpir )
=]- 3, — -
=e(3) ()
8
27
12
27
. EXERCISE 7.8
ek is 2 Fi Sili that out of 5 ships |
1. The chance that a ship arrives safely at a port is 0 Find the pl‘O\babllﬁy af ”wl
[Ans.—— |
expected exactly 4 will arrive safely. [An 0000
[Anaig
’ 2 =5
2. Whatisthe probability of getting exactly 3 heads in five throws of a single coin? ,,]
i . s i1 fall alke?
3. Ifthree coins are tossed simultaneously, what is the probability that they will [Anl%l
/
E dsand
e 311 fall 6 hea
4. Eightcoins are tossed simultaneously. What is the probability that they will [An*%
2 tails up? 'Jll
B . [A“LJ’Z
5. Find the probability of having at least one head in 5 throws with a coin- i .
in i ix ti . re hea® 1)
6. A coin is tossed six times. What is the probability of obtaining four o]‘ mo! [ArS 0¥
' ‘/
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tical Expectation
. i articular amount

o of oAby of Ut vt (15 eV 0E S s v,
hen iilg of the event is known as matical expectation, Symbolica.lly, received with
pappe” M.E.=Px M
E.=Mathematical expectation
= Probability of happening (or success) of the event
M =Money to be received on the happening of the event.

athem?

Where, M.

; bability of happeni is )
forexample if the probabi |ty. ofhappening of an event(P)is Eand the money to be received on
h event (M) is Rs. 600, then

ohappening Of S 1
M.E.=x600=Rs. 100

th Co

The following examples illustrate the of

pample 94. A bag contains 2 white balls and 3 black balls. Four persons A, B, C, D in the order
named each draws one ball and does not replace it. The first to draw a white ball
receives Rs. 50. Determine their expectations. -

First of all, the ball will be drawn by A. Hence, the probability of drawing white ball

Solution:
by him P(4)= 2 = z

2+3-'5
A’s expectation = % X50=Rs. 20
If A draws a black ball, then the probability of drawing white ball

by B, ie.,
P(Z)xP(B/Z):%x%: 3

10
B’s expectation = % X50=Rs. 15

If A and B both draw blacE balls, lhﬂl the probability of drawing white ball by C
"~ =P(4)xP(B/4)xP(C /4 B)
1

C’s expectation =§ XS0=Rs. 10 .
IfA,Band C all draw black balls, then the probability of drawing white ball by D
=P(4)x P(B | 4)x P(C | AB)x P(D / 4BC)
39 2P
F=X=X=X—==—
5<d 2Ty
D’s L1
©€Xpectation = The 50=Rs.S



426

Example 95-

Solution:

Example 96.

Solution:

Protay
2e of Rs. 1000. A s to throw a diefirstand s g . .

bl

ri Al -
Aand Bf;lla;ny?; fopthraw and is to win if thrm:vs 6 or.S, Ifhe fails Al :: lfh‘lhmw!
6. (ljft };ewin if he throws 6, 5 or 4 and so on. Find their respective expectati?w iy
an o
S 1st throw (i.e., he throws 6) < 1 5
Probability of A’s winning 1 the 1sf (: s 6) :
S, . "
i » winning in the 2nd throw (i.e., he throws 6 or 5y=5,2 5
Probability of B’s 2 3 6=E
g =S s
Probability of A’s winning In the 3rd throw (6 or 5 or 4) 5 x3.3_5
5 4
babili *s winning i 4th throw (6or Sordor3)=25 24,3 4
Probability of B’s winning in the ( ) . % ! 5 - x?zi
ili ’s winning i 6or5ordor3or2)
£ A’s winning in the Sth throw (
Probability o v : 2 s i }i
=566 6 6 324
Probability of B’s winning in the 6th throw (6 or 5 or 4 or 3 or 2 or 1)
5 4 3 2. 1 6_5
=IX=—XZX=X—X—=—
6 X 6 x 6 x 6 6 6 324
1.5, 25 169
A’s total chances of success = E+ E+ 24328

: 5 5 5 155
B’s total chances of success =E+E+ ;2—4 = ﬁ

For a prize of Rs. 1,000
169

A’s expectation = p X m= 4 %1000 =Rs. 521.6

:; 55 . Solution:
B’s expectation = p X m= e x1,000=Rs. 478.4

) ; ; ‘ s
A and B play for a prize of Rs. 99. The prize is to be won by_a player W::f;: o
6 with one die. A first throws and if he fails B throws and if he fails A 28
and so on. Find their respective expectations.

L
The probability of throwing 6 with a single die = 3

3 1.5
The probability of not throwing 6 with single die =1~ riar

)
If A iis to win, he should throw 6 in the 1st, 3rd or 5th...throws
IfB i to win, he should throw 6 in the 2nd, 4th, 6th...throws
A’s chance of success is given by :

D

Example 97. A bag contains 6 black and 9 white balls. A

427

5, (5)!
) [l+ (E) + (z) +... m] (Infinite Gp series: §

Sltata s o

1

=1 -1,36_5s
6 (3 276 11 11 ( S_=1L= First Term
-] - o \
6 @ 1-Common Ratio]

5 6
A’s expectation = p X m=— x99=
Tl 99=Rs. 54

B’s chance of success is given by

B’s éxpectation =Rs. 99 x % =Rs. 45,
: person draws out 2 balls. If|
ball he gets Rs. 20 and on every white ball Rs. 10, find out his ex;ec;g::w plack
'l.'here may be the following three options for drawing 2 balls:

(!) Both are white, (if) Both are black, (iii) One is white and other is black.

() Both balls are white
9

C
PEW)=p=2 12
C, 3

Expectation= p x m= % Xx10x2=Rs. 6.86
(#) Both balls are black .
6
C, 1
P2B)=p=—oa2 —_
)=p=v3 c,”7

Expectation = p x m=%x20x2=Rs. 571
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i k
is white and the other is blac
(ii) One ball is white GCI ! 9Cl i
POW1B)=pP= /'SCZ =3

.18
. _8 —Rs. 154
Expectation = p>*n<3 G (20+10)=Rs. 15.43
Total Expectation = 6.86 +5.71 +15.43=Rs. 28
a taxi driver can eam Rs. 1000.per day. If it is fair,

. > he can Joge Rs
it rains, iy By ) = .10,
Example 98. Ifit It!xt‘he probability of rain is 0.4, what Elu&@ectanon? 0 per

aey: v .
Solution: The distribution of eamnings (X)is given as:
X, =1000
A= 04

. E(X)=P X, +P, X,
=0.4x1000+0.6 % (—100)=Rs. 340
1 of Rs. 80,000 on a rainy ¢
! dealer sells an average petro s. y day and oy
Example 99. I:VE:;ZZ opt}l g 95,000 at a clear day. The probability of clear weather is 76y, m
Tuesday. What will be the expected sale?

Soluti The distribution of earnings (X) is given as:
X X, =80,000 X,= 95,000"
P 1-076=024 0.76 |
E(X)=80000x0.24+95,000%0.76
=Rs. 91,400

ir coi i i Rs. 8 if 2 heads appear
Example 100.A player tosses 3 fair coins. He wins Rs. 12 if 3 heads appear, } 3 ;
’ and Rs. 3 if 1 head appears. On the otherhand, he loses Rs. 25 if 3 tails appear. Find
the expected gain of the player.

Solution:  If p denotes the probability of getting a head and X denotes the corresponding
amount of winning, then the distribution of X is given by:
Heads: OH 1H
Favourable Events TTT HTT, THT, TTH |HHT, HTH,
P 1.0 2141 1.1 .1 3 L -
23278 | 3754578 | 878"
) X o 3 dtorrl
Winning amount

The expected gain of the player is give;f by:,
1 3...3 1
EX)==(-25)+= (3)+ 2 (8)+ - (12
g E+3(®+202)

STBHOHU412_ 20 _5_ oo s0.
8 2

ot 420

tosses two fair coins. He wj, .
1.A player : NS Rs. 5 if 2
E“mplc 10 appear and Rs. 1 if no head appear. Find his EXpeq::ads appear, Rs. 2 if one head
If p denotes the probability of | getting aheaq

2ain of the player,
of winning, then the probability distributio corresponding amount

and X denotes the
n of X is given by:

The expected gain of the player is given by:
E(X)=P|X1 +P2X2+P3X3

sglllﬁ”":

1 1 1L
=—X1+= L8
T2 2X2+4x5 Rs.2.50

Frample 102.A survey conducted over the last 25
mild, in-8 years it was cold and in th
1000 woolen coats in a mild year, 1

Years indicated that in 10
€ remaining 7 it was very

1300 in a cold year and 200
awoolen coat costs Rs. 173 and is sold for Rs. 248,

Years, the winter was
c?ld. A company sells
0 inavery cold year. If

find the yearly expected profit of
company. B
Solution: .
State of Nature Prob. P(X) Sale of woollen coat Profit (X)
Mild winter 10_04 1000 1000 x (248 - 173)
25 /
Cold winter 8_ 032 1300 1300 x (248 - 173)
25
Very cold winter 2_'ls =028 2000 2000 x (248 -173)

Expected profit is given by
E(X)=1000x 75x0.4+1300% 75 % 0.32+2000x 75X 0.28
=30,000+ 31,200 + 42,000 = Rs. 1,03,200

1

" Abg . -
One ki(;;)ntams 3redand 4 green balls. Four persons A, B, C and D in the order named draws
teirgy, does not replace it, The first to draw a green ball receives Rs. 56. Determine
L gy ations, [Ans.Rs. 32, Rs. 16, Rs. 6.40, Rs. 1.60]
e i, pflay for a prize of Rs. 99. The prize is to won by a player who first throws ‘3" with
fing e -+ tTOWS first and if he fails, B throws and if he fails A again throws and so on.
ir Tespective expectations. [Ans. Rs. 54, Rs.45]

1
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R i die first and is to wip : x g . )
ze of Rs. 500. Aisto throw a > and s to win if : Consider the graph .
3 A .and B plat)l'1 lt:oo:‘vﬂ a':;; is to win if he throws 6 or 5.1fhe fall.s Aisto throw ag:i‘h_mws 6.1 f o ofthe Theorem ‘ ph given below:
fails B IS’:‘; 5or4andsoon. Find their respective expectations. [Ans, Rs.2 60‘;;“ to Wiy e} prof
hethrow " iteand 6 black balls. A person draws 2 balls and is iv i . 23, it
A box contains 4 Whi o ¥ BlvenRg, | ) 4
* whit;a ball and Rs. 7 for every black ball. What is his expectation? [A.n: for Svery \
Ifit rains, a dealer of an umbrella can earns Rs. 300 per day. If it does not rain, hel; 195 - \
5 of Rs. go’per day. Whatis his expectation if the probability of rainy days ig 0.57 ears log \ \
. [Ans, A\
6. A person receives Rs. 400 for a head and losses Rs. 300 for a tail when a coin is ‘0}::;13:60]
A : - Fing
his expectation. 4 . - [Ans, g ;
ot 3 ds appear, Rs. 6 if 2 h -50) | )
tosses 3 fair coins. He wins Rs.10if3 hea' pp if2 heads g .
7. ?::i‘:-p:es:m- On the other hand, he loses Rs. 25 if 3 tails occurs. Find the eﬁ(ptet:gﬁz it Since, /ail and 4,are mutually exclusive events and since the event B occurs with only one of
Mof {hem, SO
the player. 4 . [Ans.Rs, - -
8. Am’;owsacoin 3 times. Ifhe getsa heat:l all the three hn:tes heisto ge.t aprize ofRs, 120‘;: B=BA +BA, or B=4 B+ 4B
entry fee for the game is Rs. 12. What s the m‘he‘"a"callexpectatlm; of A? o by the addition theorem of probability, we have ;
[Ans. B(A) =120 x g+ (© 12) X 2215 - 105 g 4 P(B)=P(4,B) + P4, )
Now, by multiplication theorem, we have =
0 (3) Bayes’ Theorem " ertes P(AB)=P(4,).P(B/ 4)) i)
Bayes’ Theorem is named after the British Mathe!'na(icia‘i,n ")l:?.omgs Bay‘es al‘ld it was publisheq . P(4,B)=P(4 L,)-P(B/ 4,) - i)
in the year 1763. With the help of Bayes’ Theorem, prior probabi ity are revised in the/light of some Substituting the values of P(4. B .
sample information and posterior probabilities are obtainfad. This theorem is also called T!:eoremo! & ( , B)and P (Az B)in (i), we get
Inverse Probability. Suppose in a factory, two machines 4; and 4, are manufacturing goods. P(B)=P(4,).P(B/ 4,)+P(4,).P(BI A,) W)
Further suppose that machine 4, and A, manufacture respectively 70% and 30% <?f the total with 5% Hiice gy 2 2
and 3% of total defective bolts. Suppose an item is selected from the total production and fou.nd tobe g (B)= Z,I P(4,).P(B/4,) )
defective. And if we want to find out the probability that it was manufactured by machlne Aot A byt i iy
machine Ay, then this can be found by using Bayes’ Theorem. Take another example, SUPP"“““,“ corem of conditional probability, we have
urn contains 6 black and 4 white balls. Another urn contains 4 black and 6 white balls. Al:: "l" P(4 B)
drawn from one of the urn and found to be black. And if we want to find out the probability e | P(4,/B) =ﬁ (i)
came from 1st um or 2nd umn. This can be found by using Bayes’ Theorem. i Sibtiting g (B)
P Statement of Bayes’ Theorem ot 8 the values of P (4, B)and P(B) from (if) and (iv) in equation (vi), we get
. b ) i oc
Lf 4, and 4, are mutually exclusive and exhaustive events and B be an event Whil“::‘n"&"e et Py /B)= P(4,).P(BI 4,)
i?‘;;v‘e“a‘t)m" with 4, and 4, , then the conditional probability for event 4 and 42 & ; 1 P PB4 )+ P PBIAD
n by: ] Sinila E A ). g
Y,
PAB) = PZ(AI)'P(B;A )P(B/A—) , r
il (4,).P(B/4,)+P(4,). 2 P(4,/B)= P(4,).P(BI4,)
4 Thep ' P(4,).P(BI4)+P(4,).P(BI 4,)
P(A4,).P(B] 4,) Htp, PrObabilitie, o
P(Ay/B)=——- "Ml A T4 o o e S P(4,) and p ot bilities P(4,/B) and
al| R (4,) are called prior probabilities and probabilitizs P(4,
P(4,).P(BIA, )+ P(4, ). P(BI4) "dposterior probbilitis, |

-
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+ Theorem can be expressed by means of the following f‘B\lre;
Remarks: Bayes

P P4y) . P(BIA;)
1
First Brangy,
PAr)
P(4y) Second Brangy
PBIAS) P(dy) . P(BIA)
or Probability ~ Conditional Probability .Lt;l:lt)abmty
P?A and 4, of B given 4; and 4,
or 4
Joint probability of the first branch
Now, PR = Sum of the joint probabilities of the two branches
P(4,).P(B/A)
TP(4,).P(BI4))+P(4,).P(B/ 4,)
N Joint probability of the 2nd branch
P/B)= Sum of the joint probabilities of the two branches
P(4,).P(B/ 4,)
- P(4,).P(B/ A4, )+P(4,).P(B/ 4, )
Generalisation

e mutually

are thret
Bayes’ Theorem can be extended to three or more events. If A, iy and 4; e

exclusive events and B is an event which can occur in combination with 4;, 42 8“5’ Ay
P(4,).P(B14,) N

P(4,).P(BI 4, )+ P(4,). P(B 4,)+ P(4; ). P(B/ 45
P(4,).P(B/ 4,)

P(4,).P(BI 4))+ P(4,).P(B /AZ)+P(A3)'P(B/A’)

_ P(4,).P(B/ 4,)

" P(4,).P(BI 4,)+ P(4,) .P(B/ 4,)+ P(4}) - P(E

P(4,/B)=

P(4,1B)=

P(4, /B) 145)

ol 43
following examples will illustrate the applicatiops °f Bayes’ Theorem,
0} . 3
y 03. Ina bolt factory machine A, Bang ¢ anufacture respestiyey 55y
the total. Of their output 5, 4, 2 per cent are defective bojs A);: e
from the product and is found to be defective, What i, olt is
manufactured by machine C?

Let A, B and C be the events of draw;

ing a bolt rodu
respectively and let D be the event that the bolt ispdefec(:ie

E“mple | 35%and 40% of
drawn at random
s the Probability that it was

golution \?e.by machine A, B and C
We are given the information: The conditiona] Probabilities are;

25
B 2= gy~ 15 P(D/A) = 5%= I?To =005

£0.35

35
P(B)=35%= 100\

P(D/B)=4%=4 _
et s Top 00

40 |
P(O)=40%= =040 P(D/C) = 2% =% =0.02

Putting the given information in the table given below:

Events Prior Conditional Joi i
A P(A)=025 P(D/A)=0.05 m
B P(B)=0.35 P(D/B)=0.04 0.35%0.04
P(C)=0.40 P(D/C) =0.02 l 040x o.oﬁ
We have to calculate P(C/D), i.e., the probability that the defective item was produced
by machine C.
P(C/D)= Joint l"rohability. (-:fthe hi C.
Sum of Joint Probability of three machines
r 0.40%0.02
T 0.25%0.05+035%0.04+0.40%0.02
0.008 0.008

N 0.0125+0.014+0.008 _ 0.0345
=0.2318 or 23.18%.

firm produces steel pipes in three plants with daily p_roduct_io.n
volumes of 500, 1000 and 2000 units respectively. According to past experience, it is

nown that the fraction of defective output produced by three plar_lts are respecllvel:y
0.005, 0.008,0.010. Ifa pipe is selected from a day’s total production and found to be
defective, find the probability that it came from the first plant. N
B E, +E, and E, be the events of selecting steel pipes by plants I, [l and Il and Ie

be the event that the pipe is defective.

By
mple 104, o Manufacturing

snluﬁnn:

A |
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e the information: Conditional Probabilitjeg e
4 .
— =4 P(D/E,) = 0,005
. S—
P(E}) = 550+1000+2000 7
o0 _2 P(DIE,) = 0,00
P(E,) = 550+ 1000+2000 7
a0 4 P(IE,) =001
P(E3) =550+ 1000+2000 7
Putting the given information in the table as shown below:
il
ior Probability | Conditional Probability Joint P, ~
e ® Co.
PE)=11T P(D/E) =0.005 00
P(D/E,) = 0.008 X008
P(E;) =417 P(D/E;) =0.010 47x0010
We have to calculate P(E, /D), i.¢., the probability that the defective pipe was produced
lant.
i Joint Probability of the Ist Plant
B ———————————————T
P(E /D) Sum of Joint Probability of three plants
—1— x0.005
= 7 7
Ly >(()4005+Z x0.008+—=x0.010
7 7 7
0.005 0,005 _5
" 0.005+0.016+0.040 0.061 61
res 70% of the

ufacture scooters. Plant I manufactu
Example 105';::3252{{}?1:: oﬂl:xllzf;:cz;ri:s 30%. At Plant I, 80% scooters are rateds zl;;:r 1
quality and at Plant I, 90% of the scooters are rated standard quality- I?ance o
picked up at random and is found to be standard quality. What is the cl
comes from Plant I?
Let 4, and 4, be the events that the selected scooter is manufactlfre
Plant Il and let B be the event that the scooter is of standard quall,ty.- ol
We are given the information: Conditional probabi]mes gr 3

P(4)= 0% = 1% P(B/A,) = 80% 7 10
100 90

P(B/A,) = 90% 100

Plant! and
Solution: d by

30
P(4,)=30% =30
) =305 100

pn’bapi" 435

putting the given information in the table given below:

Events Prior
Probability Pl"nbnb“ml Joint Probability |
)] @) ® ity Col. ) x (3)
A
: P(BIAl)=ﬂ, - D&
= 100 100 100
A.
2 P(dy)=— =90 -
) 100 T

100”100

We have to find P(4,/B), i.e., the probability that the stand

produced by Plant I. . ok scooterfv *
P(41B)= Joint Probability of the Ist Plant
1 Sum of Joint Probability of Both Plants
70 80
- 100 %100 70x 80 56

=—100 100 ___ "70x80 _s6
70 80,30 90 70x80+30x90 83

100 100 100 100
Example 106. An insurance company insured 2000 scooter drivers, 4000 car drivers and 6000 truck
drivers. The probability of accident is 0.01, 0.03 and 0.15 respectively. One of the
insured person meets an accident. What is the probability that he is a scooter driver?

Solution:  Let Al ,Az and A3 be the events that the insured person is a scooter driver, car driver
" and truck driver respectively and let B be the event that the insured person'meets an
accident. :
We are given the information: Conditional Probabilities are:
2000 1 1
P4)=——=- P(B/4,)=0.01=—
( X 12000 6 ® ) 100
4000 1 3
P4)=——=- P(B/4,)=0.03=—
“)= 12000 3 G4 100
6000 1 15
P4,)=——=— P(B/4,)=0.15=—
“) = 120002 B4 109
Putting the information in the table given below: i
N o= s il Joint Probability
Events Prior Pl;bablhty. Cnndmnn-(lsl)’rohnblh'y ogol.k{;) “®)
1 il lx_l_ k
P(A|)=g PEIA)= 1 6_100
— T T3
. P(Az)=§- P(B/4,) =10 - 37100
e ] 15 185
P(d)=3 P(B/dy) =10 27100
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Wehavetofind P(d,/B), e the probability ofascooter driver givep g,
& “-mem
! accident. o
By Bayes’ theorem, I y 1
__si0
PAB=T— 1 1_3 _1_15
I X—F =X —F X —
5100 3 100 2 100
1
’_/g__z 0166 o0.166
= S8 e =0,
1x1+lx3+lx1s 0.166+1+7.5  8.666 = 0191
6 3 2
A are three machines A, B and C in a factory. Their daily- outputs are in the
Example 107 :2129:";1. Past experience shows that 2%, ‘!% and 5%'°£t~h£l_t°mprq dced b; :“1:
and C respectively are defective. If an item selected at random’is foyng to ,be
defective, find the probability that it was produced by A or B.
Solution:  Let A, B and C denote events that the item i§ manufacm'red by A,BandC Machines
respectively and let D be the event of selecting a defective item. o
We are given: n
2 2 = _2
== P(D/A)=2%=—
P& =331 6 100
3 3 4
= e P(D/B) =4%=—
P23+ 6 100
11 5
P(C)= = P(D/C)=5%=—
O 5r3+1s 100

Putting the given information in the form of the table as follows:

" . i Joint Probability
Ev(ell;is Prior P?Z);Jabuhty (;::::tl:‘i’l'ilt‘;'l oglnl. {1) «G)
A S 2 Ty 2,2
P(A)—E P(D/A)= 100 : 130
B ) _ 4 3ud
®)=2 P(D/B) =100 7 120
€ po=L1 PDIC)=—~ 510
6 100
achim’aA"rB
We have to find P(A/D) + P(B/D), i.e., defective item is produced by ™
By Bayes’ theorem,
' 3, 4. =4 4
10 BAD)= 6 100 o600 =3
‘ e TN PO W e S, £+@
% 10076 100" 6100 600 600

Prubf,nili ar
3
P(B/D)= s % o
@ 2)(24_3\415 = . 600 12
x=y2y t 15 2 T
67100 6" 100" 6 ¥ 755 ﬁ*m*s%o H
Hence, the required probability = el
21 21 21
08.A company _produces c'ertain type of sophisticateq i
Ex’ml,le 1 respectiveida'ly prodl.l(ftlon figures are: Machi:;a:‘;(;?rnz s _machines. The
and Machine C 250 units. Past experience shows that the :er, Mt:chme . 450'““5
the '-h.‘ee machines are 0.1, 0.2 and 0.7 respectively for thepm::l:in iy
temis dra\'Vl_‘l at rand_O{n from aday’s production and is found to be;s ?’ -y An
the probability that it is not produced by machine C? i
.. LetA,B, Cdenote the events that the item is '
o ; manufactu i
Solutio! respectively and let D denote the event that the defectiv:g:n}; Zﬁmﬁmﬂd <
We are given: |
300 300
PA)y=o— e =
300+450+250 1000 A0
450
P(B)=——=0.4:
(®) 1000 >
250
P(C)=—==02
© 1000 >
The conditional probabilities are:
1
P(D/A)=0.1%= =0.00
i el
2
P(D/B)=0.2% = —=—=0.002
) * 1000
7
P(D/C)=0.7%= =0.007
) * " 1000

Putting the information in the table given below:

Events Prior Conditional Jnint. )
® o e Col. 2)x()
& P(A)=0.30 P(D/A) =0.001 0.30 x 0.001
B i P(B) =045 PD/B)=0.002 0.45% 0002
c P(C)=0.25 P(DIC) = 0.007 0.25% 0,007

[fthe def_‘ecﬁVe item is not produced by machine C, it means that either it is produced
¥ Machine A or by machines B.
= e
P(C /D)= P (either A or B) = P(A/D) + P(B/D)
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By Bayes Rule, we have 0.30x0.001 e
-
. P(A/D)= 130%0.001+0.45 % 0.002+0.25 x0.007 = 355
0.45x%0.002 %
—_
PB/D) =3 3050.001+0.45 0.002+0.25 0,067 = 33
C/D)=P(A/D) + P(B/D)
s POPTR 00 10 _24
=205 295 205 59
i i d 6 red balls. Urn IT h ”
ms. Umn I contains 1 white an : 25 4 White 4,
Example 109. There Sme t:"f’;e urn is selected at random and a ball is drawn from it and foypg ?0
ba}llifé \?f},at is the probability that it is drawn from the 1st urn? be \
Wi . 4 i
ts Urn I is chosen and Urn 11 is cho, -
Solution: Let 4, and Azstand for the even sen "eSPEtllve}y

and let W stand for the event that white ball is chosen.

Thus, we are given: .

P(A|)=% POWIA) =7

4 :
1 == d
P(Ay) % P(W/A;) 7

Putting the information in the table given below:

ior Probabili Conditional Joint Probability
Ev(e‘r)lts frior :lz))ﬂ - Probability Col. 2)x(3)
3)
1 Ll 11
A P(Al’=3 P(W/A)) 7 2°7 1
4 1.4
4 P(A2)=% P(WIA)=3 e

. : um!
We have to find P(A,/W), i.e., the probability that the white ball comes fn?m :
Using Bayes’ Theorem, . 5

Joint Probability of the Ist urn

P(A/W)=
e Sum of Joint Probability of two ums
1.1 1
S =
27 _la_l
Lolyloar 5705 ,
] 277277 14 | any. T
Example 110. A,-B and C are three in-a w{np M.'f

: candidates for the post of a Director ity the
respective chances of selection are jn the rﬂlt,io of4:5:3.The p{Obn? . Simll:rlll‘y;
pabilty

selected will introduce the internet trading in the company i
. s g In (] ;s
probability of B anqu are 0.50 and 0.60 respectively. Find the po

mhabi“ =
P .
any will introduce internet trading. Also £ ili
?:‘:J%umd A — compan;, ind the Probability that Director B
- Let 4, ’Aza'mj'l A,denote the events that the Persons 4, B and ¢ respectively are
it selected as Director of the company and Jet be the event of introducing j
s ey, iy Al oducing internet
4 4 5
Bl Yo = R ] : 2
=5 a 0 2) 44543 12 P(A3)=4+s+3=ﬁ
P(E/4,)=0.30 P(E/4,)=0.50

: 30 . P(E/4,)=0.60
Putting the information in the table given below:

Events Prior Probability y | Joint Probabil
o @) Cols. 2)x(@3)
Y _5 P =0.

, rAa)= (E/A;)=0.50 lizxusn
A PAy=3. P(E/A;)=0.60 3
A=1 1210

() Now, P(Internet trading is introduced in the company)
P(E)= P(A,Eor 4, Eor A,E)= P(4, E)+ P(4,E)+ P(4,E)
=P(4,)- P(E[A\)+ P(4,).(E]A,)+ P(4,) . P(E[4,)
4 5 55 11

T ><0.30+E><0.50+Ex0.60=m=2—4
(i) We have to find P(4, [E), i.e., intemet trading is introducing by Director B

By Bayes’ Theorem, we have

P(Director B introduces internet trading)

P(4, /E)=
/) Sum of the joint probability
s 5.1 \
EXOISO. r Eﬁ=i
) 11 1
iX0A30+~5—>(0.50+-3—)<0.60 =

Riamy 12 12 12 2
e1lLIn, railway reservation office, two clerks are engaged in checkirig reservation forms.
Onanaverage, the first clerk (4,) checks 55% of the forms while the second () does

the remaining, 4, has an error rate 0f 0.03 and 4, as much as 0.02. A reservation form
 selected at random from the total number of forms checked during a day and is

found to have an error. Find the probability that it was checked by 4, and 4,
TeSpectively,

S



“

440 Crotay
; p.and B,be theevent that the forms are checked by clerk (4, ) anq "
L ;e; :he eveznt that a form selected at random has an error. 'k(A,)_ I
e
Now, P(B,)=05% P(B,)=0.45
P(A]B,)=0.03, P(AlB,)=0.02
Putting the information in the table given below:
Events Prior Probability CPO“:i:?;'mI P —
m @ rol a )I ity Cols, (;);b(g,)‘y
B, P(B,) = 0.55 P(A/B,) =0.03 0sSeom
B, By =045 P(A/B,) = 0.02 045x00;
We have to find P(B, /A)and P(B,[4)
ing Bayes’ Theorem,
g Joint Probability of the 1st clerk
_Jowmt o
® P3[4 5y of Joint Probability of the two
0.55%0.03 0.0165 :
P =
U55%0.03+0.45%002  0.0165+0.005 07
. )= Joint Probability of the 2nd clerk
(@ P(B, = Sum of Joint Probability of the two
O 045x0.02 _ 0.008
T 0.55%0.03+0.45%0.02 0.0165+0.009
=0.3529
EXERCISE 7.10
e
1. A factory has two machines, machine I produces 30% of the items of output and thachinell

produces 70% of the items. Further, 5% of the items produced by

random, what is the probability that it was produced by machine1?

»

was from Room No. I1? .

3. Apurse contai_ns three one rupee coins and four 50 paise coins. Another puxs;t
one-rupees coins and five 50 paise coins. A one-rupee coin has been Jekes [A

the purses. Fi in.d outthe probability that it is from the first purse.

There are two identical boxes containing respectively 4 white and 3 red
balls. A box is chosen at random and a ball is drawn from it. If the balld
the probability that it is from first box?

There are 4 boys and 2 girls in Room No. I and 5 boys and 3 girls in R?om e
one of two rooms laughed loudly. What is the probability that the girl who 18

3w]1i!v
balls, 3 it
[A“"4

the machine ['Wer™

defective and'only 1% produced by machine IT were defective. Ifa defectivg item[f“

ern 15

hed

d
s.

contains

m O
5.2

rawn at
52l
girlfron™
lo\ldly ¥
[An,.sml

four
0 of

nd ™
il

o]

e ' A
facturing firm produces sheet pipes in three ’

ui p i l ith daij
P 350 and 400 units respectively. According to s with dail

k ly production voly
50, : ast experie; 7P Olume of
B fective °“§"“‘i‘§éiﬁ"°$2$’i’f"‘“““ are respetively 0,05, .0 o At faction
seleﬂted from aday 18 P 1on and found to be defemvg ﬁ;\d and 0.02. If a pipe is
itcame from 15(de: b i > incoutthe probability that
i ical boxes containing re: i e [Ans. 25/6

ere are three ! ent g respectively 1-white 9]
palls whf!? and3 red:allls: One b'ox is chosen at random a:n: ;r::ba“s’ 2whiteand | red
] e probability that the balls are white and red, (i) if the balls are wh;::;? dl'dawn: () find
red, what is the

obability that they are fro.m the sec.ond box? [An

note that your officer is happy in 60% cases of Your calls. You h; i 73“26;. U2ty

" peishappys he accedes to your requests with a probability of 0 4 Wheave a_lsn nfm“d that if

heaccedes t0 yow(?esﬁ Wlth: ‘:?babi“ty of 0.1 You call o‘n’him ;rel:sd:'l}e l; :ot ;i
t.-‘What is the probabili is bei yan

o your req\lg} i p ility of his being happy? wacesdes

e ]
m‘“"0.6x0.4+0.4x0.1]

ES

You

[Ans.6/7]

Three persons A, B and C are being idered for the . Vice-Ch
University whose chances of being selected for the plo;t are in thl: o~ i ¥
respectively. The pl:obability that A, if selected will introduce de’l:lr:por_tlon_ i
University structure is 0.3, the corresponding probabilities for B and C dCr_ansahon e
| respectively 0.5 and 0.8. What s the probability thatd T
| the University. Also find the probability that Vice Chancellor B introd:::eJ "e et

inthe University. [Ans 235 )
A 453
. Inauniversity, 30 per cent of the students doing a course in Statistics use the book authored

ofa

k! by 4,45 per cent use the book authored by 4, and 25 per cent use the book authored by A,
-

;li'he_ %rz%omon of students who learnt about each of these books through their teachers are:

] r}anTn ; ;;b; J:zzh = 0b.301,(and 'A, 5 0.20. One of the students selected at random revealed that he

vy e book he is using thmugh.the teachers. Find the probabilities that the book

uthored by 4, , 4, ,and 4, , respectively. [Ans. 0.45,0.40,0.15]
\

MISCELLANEOUS SOLVED EXAMPLES

bray ;
ple112, i
tf;‘ebag contains 7 white, 5 red and § black balls. Two balls are drawn at random. Find
S""ln'nn: T probability that they.will be white.
2 :tal number of balls in the bag =7+ 5+ 8=20.
alls can be drawn from 20 balls in 2C, ways.

S
White balls can be drawn from 7 white ballsin ’ C,ways.

o i i
Required Probability = % = 129—10
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" d balls. Five balls are drawn
tains 8 white and 4 rel : a
T 113-;0?’:%;;; that 2 of them are red and 3 white?
Total number of balls in the bag = g+4=12
=5
Number of balls drawn C
5 balls can be drawn frot:n 12 balls in “C jways.

Tandop,

Solution:

2 red balls can be drawn from 4 red balls in »‘Czways.
3 white balls can be drawn from 8 white balls in *C jways.
. The number of favourable cases to 2 red and 3 white balls = ‘cz X3

o fc,xfcy 14
- Required Probability = —ug - =
5

c!

Example 114. A committee of 5 members is to be formed out of a group of 8 boy:

i there will be S and 7 gl g
the probability that in 2 committee— (7) there wi 3 boys and 2 girls and iy
least one girl. ;

Lot x’c, s6
Solution: (i) Probability of 3 boys and 2 girls is = T Fis
(ii) Probability of at least one girl is:
8
Probability of no girl ==
Cs
; °Cy 8 421
Probability of at least one girl =1-—— o

Be, T 49 a9
Example 115. Five men in a company of 20 are graduates. If 3 men are picked ?ut at randorr'l,, what
is the probability that (i) ll are graduates and (ii) at least one being graduate’

5

G _ 1
20 N

c,-114
(i) Probability of at least one graduate: _

1

e (& 91
Probability of zero graduate = ¥
20
Cy 228

Solution: (i) Probability of 3 graduates =

lsc3 -l i 13;
e e Py,
Example 116. If 4 and B be events in a sample space such that P (4) = 0-3; P(B)” s

P(AUB) =023, find
() (AN B)and
(i)) P(AN B)

Probability of at least one graduate = 1—

Frouﬂuili 443
) i We know that
saI“‘i"“' P(AV B)=P(A)+ P(B)—P(Amg)
= P(AuB)=P(A)+((1—P(§)}_p(AnB) - .
~ 0-3=°-3+(1—0-4)—P(Am3) “P(B)=1-P(BC)]
= 0.8=0.3+0.6—P(Am3)
P(ANB)=0.9-0.8
=0.1
. ANB)=P(AUB) =1-p,
(i) Now, P40 (4u B) (By De Morgar
o ety organ’s Law]
bag contains 4 white and 2 black balls. A, 0 .
Exﬂ"“’le 1174&7155. Ifg one ball is drawn from each bagsfm:zte;lzfa;?gm‘x iwhne i blm_:k
(if) both are black and (i) one is white and one is black. 12t both are whie
Solution: (i) Probability of drawinrg a white ball from the 1st bag = L

o

Probability of drawing a white ball from the 2nd bag = 3

Since, the events are independent, the probability that the balls are white

(i) Probability of drawing a black ball from the 1st bag 2

Probability of drawing a black ball from the second bag =§

Since, the events are independent, the probability that both the balls are white

(ifi) There are two possibilities, viz. (a) either 1st is white and the 2nd is black or
. (b) 1st is black and 2nd is white.

The probability that one is white and one is black.
=P(WB) + P(BW)

= (O[5 (2)(3)- 2,6 26_1
6) \8) \6)\8) 48 48 48 24

drawn from a pack of playing cards and then another card is drawn without
Ing replaced. What is the probability of drawing (i) two aces (if) two spades?

b
Tampe 18, o card is &
the first be

sﬂl“““u:

@ The probability that the first card is an ace = %

When an ace has been drawn, there are three aces in 51 cards left



R

B,
444 LObay,
hould also b 3
ility that the second card s Canaces 3
. The probability tha 3 3 : 5
o sis=—Xx—=___
Hence, the probablllty that both are ace: 5275175

13
i de=22,
(i) The probability that the first card is a spade =

When a spade card has been drawn, there are 12 cards of spade in5] gy

dsg
The probability that the second card should also be a spade = 1\2 .&,

s1
=3, 12
- th ecardsofsp;,“je,s=“x‘:i
Hence, the probability that both ar 21
: . Find the probability of gettin,
i rolled s1multaneou‘sly

g nmh:edi:e;zi) at least 15 and (iii) exactly 8.

;rfl‘c:hre dice are thrown together, the total number of exhaustive cases i
€

g a tota] of

Solution: =6X6X6=216
e Die Il Die Il
i 1
1
2 2 2
3 3 3
4 4 4
5 5 3
6 6 £

(i) The favourable cases showing a total of not more than 5 (i.e., 3,4,5)
Number of cases favourable to a total of 3 are: (1+1+1) =1
Number of cases favourable to a total of 4 are:
(142+1), (1+142), (2+1+1) =.3
Number of cases favourable to a total of 5 are:
(142+2), (2+142), (2+2+1), (143+1), (1+143), (3+1+1?= 6 i
Total number of cases favourable showing not more than 5 (i.e., 3,4,
=143+6=10.

10 _ 5
+ Probability of getting a total of not more than 5= 216 108

18)
. (i0) The favourable cases showing a total of at least 15 (i.¢- 15,1617
Number of cases favourable to 15 are:
(3+6+6), (6+3+6), (6+6+3), (4+5+6), (4+6+5),
(5+446), (5+6+4), (6+4+5), (6+5+4), (5+5+5) =10
Number of cases favourable to 16 are: 5)=6
(4+6+6), (6+4+6), (6+6+4), (5+6+5), (5+5+6), (6+5F

f
(ot

.

pm”’bi" 445
No. of cases favourable to 17 are; (5+6+6) (5+5+6)
No. of cases favourable to 18 are: (6+6+6)= | s (6+6+5) =73

Total Number of cases favourable toatleast 5 ie, 15,1617
>+ 13,16,17 and 18

=104+643+1299
Probability of getting a total of at least 15 = 20 S

. 216 s

(iif) The favourable cases showing a tota) of exactly § are.
(1+5+2), (14245), (5+142), (542+1), (24 '
(1+146), (6+1+1), (2+2+4), (

30, (245+1), (14641,
(3+3+2), 3+1+4), (3+4+1),

2442, (44242), (24343

4 g , (3+2+43),
(143+4), (1+443), (443+1), (4+1+3)) =21
. Probability of getting a total of exactly 8 = 21 1

7
paportant Note:

The probability of getting sum from 3 to 18 can be easily ascertained b X
the following probability distribution in case of three dice: Y remembering
X_»345678910111213l4|5

2121 25 21 15 10 6 3

Example 120. A can hit a target 4 times in 5 shots. B 3
fire a volley. What is the probability th
There are four possibilities:

() A and B hit and C does not hit.
(i) A and C hit and B does not hit.
(iif) B and C hit and A does not hit.
(i) A, B and C hit the target.

(9) Probability in the 1st case = g X % X ( - 2) 12

times in 4 shots and C twice in

3 shots. They
at at least two shots hit?

Solution:

3) 60
(i) Probability in the 2nd case = 4 X 2 X|1= 3) 8,
53 4) 60

(iti) Probability ; =32 1-H=8
Uity in the 3rd case 4x3><1 o

() Probability in the 4 I I
. ty in the 4th case 5x4x3 s
Since, these are mutually exclusive cases,

’ 24 50 5
Required Probability=%+i S0 0

6076060 60 6

P
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i t to throw a he .
d C, in order, toss & coin. '.l'he':lrs one ad wing, - s
Example ut A’dB(}?:ir re;pective chances of winning. . i,
fin ) ] 1
i d with a single coin
f throwing a hea >
jon: The chance O
Solution:

. . 1 1
. i lecoin=1--=_
The chance of not throwing a head with a single coi 5

head in the 1st or 4th or 7th, 1
B in, he should throw a !
IfA .15 to W:: he should throw a head in the 2nd or 5th or 8th,
1B ?s © :in’ he should throw a head in the 3rd or 6th or 9th, throws ™~
IfC 1; to s t,;ha‘ ahead is thrown in the Ist, 2nd, 3rd, 4th, Sth, 6th,
The chan

L

AR LA
A’schance=i+(i) + 7) T

1 First T
[s =1+ a+a2+...m=E=\em

1~ Common Ratig

C’s chance =1~ P(4) - P(B)=1-——-==—.

do
Example 122. An urn contains 5 red, 3 white and 4 black balls. Three balls are drawn atran
after the other. Find the following probabilities:
() E,, all the three balls are red
(i) E,, one is red and two are white
(ifi) E,, at least one is white,
Solution:  Total number ofballs inthe urn=5+3 + 4 = 12 l_Z_)ilLXl/O o0

Number of ways of drawing 3 balls out of12= 2c,= 3x2x]1

mone

g 1.1

447
o) Number of ways of_ drawing 3 req balls out of 5

st 10 1
. Required probability = ZO = %

(i) Number of ways of drawing 1 red ba||

5x3x2
. = 34 _
3 white balls = CIX CZ—Z\XI

Required probability = 21—250

=%c,<3x4x3

3><2><1=10

from S red balls and 2 white balls from
=15

(iif) Number of ways that no ball is White, i.e., number of
e ~ 9 9IX8x7
white balls from 5+ 4 (=9 balls) = C3 =TZX1

ays of drawing 3 non-
=84

84
ite ball) =<+
P (zero whlte/ba 1) 20

P(at least one white) = 1 — P (zero white ball) = 1— % 136

0 220
'
Erample 123. In each of a set of gamés, itis 2 to 1 in favour of the wi

xal J

inner of the previous game,
what is the chance that the player who wins the first game shall win at least three of
the next four games.

The player who has won the first game has the followi;
the other games:

" Solution: ing chance of winning or losing
(i) Of losing the first game and winning the remaining three
2.2 4
“x-xixi_2
373 :3 381
(if) Of losing the second game and winning the remaining ﬂ_\ree
2,112 4
3333 81
(i) Of losing the third game and winning the remaining three
2,2,1.1_4
323:3.:3 81
() Of losing the fourth game and winning the remaining three
P et S L
3%3%3%3 55
() of Winning all the four games
2,2,2,2_16
3737373731

ired probability will be:
Since, these events are mutually exclusive, the required probability Wi
4.4 8 16 36 _4

. —_— —_— —+—=—.—
81 81 81 81781 81 9
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" i 5 to 2 and odds in fav.
Jagainst a certain eventare ouroty
Example 124.6Th:005d(::si:§ the probability that at least one of these events wiy) hap::ler eventar
2 . ‘ ‘
on:. Odds against firstevent i1 512
Solution: ity that the first event will not happen = S s
. The probability S

0dds in favour of 2nd event:: 6: 5
second event will not happen = S S
6+5 1
Since, the events aré independent, the joint probability of not happening ;4
: Oth th
events

. The probability that the

25

77

g
7 11
25 _52
ST
in a certain city. If 3 men check into hotels
Example 125-;:;;5;;?[1“;1 l;:(t:‘lemlscllnt:kcintc @) ati'l'ifferent li;)tel and (ii) mezin"; :;:{, fir
(zj ‘Each check into a different hote;

Hence, the probability that at least one will happen.=1—

Solution:

Required Probability =

(i) Each check into the same hotel
1_4 1
16

464

4 1
Probability=— X = X =

Required ot

Example 126. Three newspapers A, B and C are published in a certain city. It is estimated froma |

survey of adult population, 20% read A, 16% read B, 14% read C, 8% read hqthA
and B, 5% read both A and C, 4% read both B and C, 2% read all the three. Whatisthe
probability that a normally chosen person read at least one of the papers?

16
, P(C
100 ©

8 5 4
P(AB)=8%=— =5%=— =4%=—; P(ABC)
(AB) = 8% 100,P(AC) 5% 100,P(BC) 4% T

14
=14%=—
14% 100

Solution:

Given, P(A) = 20% = % P(B)=16%=
s
100
TS,
P(A*B4C) = Probability that the person read at least one of the PF*
= Probability that the person reads A, B or C o)+ (480
=P(A) +P(B) + P(C) - P(AB) — P(AC) - P(B
s 42 _ 3B _3

100" 100" 100 100 " 100 100 100 100 Jshavet
Example 127. There are 10 boys and 20 girls in a class; in which half boys ond hﬂ!fﬁ:: prob’h“ir/
eyes. One representative is selected at random from the class. WHat s
that he is boy or his eyes are blue?

A

ind the

5

pmb’”i“

soluﬁall.

- Solution:

pample 128.In 2 box, there are 5 red, 3 blue and 2 white balls,

The given information in tabular form

Blue eyes
Not blue eyes

10 S
= PA)=—
Let A =Boy, (4) 0 and B=Rjye eyes,

AN B = A boy with blue eyes
5
* P(ANB)=—
) 30

Hence, required probability = P(4 or B)

=P(A)+P(B)- P(AnB)=10,15 _5

s 30

with replacement. Find the probability that:
(i) all three balls are red

(i) no'ball s red
(iii) at least one ball is red

(iv) balls are either red or blue,
() GR=PR).PR). PR)=—- x> 3 125 _1

10 10 10 1000 8
(if) No ball is red, i.e., all the three balls are non-red. F

-2 20 2
30 30 30 3
Three balls are chosen randomly

llowi :
possibilities of 3 non-red balls, wepacite
Blue  White Probability
3 0 33,32
10710710 1000
2 1 “3,3,2,3.2.3,2.3.3_54
1071071071010 10 10 10 10 1000
1 5 3.2 2.2 3:3.0.2.3 3%
SEX Xt XXt XX =
, 10710710 10 10 10 10 10 10 1000
Required Probability = 21— + >+ 4 36__ 117
; 1000 1000 1000 1000
@) P (at least one ball isred) =1—P [no ball is red]
- ball red)=1- 21 38
’ =1-P [all 3 balls are non-red] 1000 1000
™) P (Bither 3R or 3B) = PGR) + P(3B)
=P(R).P(R). P(R) + P(B). P(B).P(B)
‘ 5 5 5 3 3. 3 125 21 _152

LI O N O Pl L. B
—10x10x10+10x10x10 1000 1000 1000
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Example 1

Solution:

Example 130.4 letters to each of which corresponds an envelope are placed i

Solution:

manufacture the same machine parts. Each part is gjpq.

" manufacturing defects. The joint probability for th?:?;ﬁed
8i

29.Two factories ag
hay;
”eﬂheln'ff

either0, L, 20T

Number of Defects
1
0.1250 0.0625

0.0625 0.0625 0.1250 m
d to have no defect. What is the probability that W
as

l)rodu%‘l

(ii) A part is known to have been produced by .manufacturer X. Whyt «
probabilit)’ that the part has no defects? . i at is g,
(iif) A part is known to have two or more defects. What is the probability that
manufactured by X? it v
(iv) A partis known to have one or more defects. What is the probability ghy itwag

manufactured by Y?

Let A, B, C and D denote part of having 0, 1, 2 and 3 defects.
Joint probability of zero defects by X

@ P(X/ A) = Total joint probability of zero defects by X and Y
_ 0.1250 _p.lﬂ_
" 0.1250+0.0625 T0.1875
Joint probability of zero defects by X 0.1250 ,
(1) P4 )~ BRI YR 20 g
Total joint probability of zero defectsby X  0.5000
Joint probability of 2 or 3 defects by X
il CorD)=
G P(X[Cor D) =10 probability of 2 or 3 defects by XandY both
_03125_ -
0.6875

i) A part is observe
@ by X manufacturer?

0.455

Joint probability of lor2 or 3 defects by Y

iv) P(Y/BorC =
() P(Y/BorCor D) Total joint probability of 1 or 2 or 3 defects both by Xard!

c c ; ) 7 10
random. What is the probability that (i) no letter is placed in theright emllrfcez‘)e

letters are placed in the right envelope, and (iif) all letters 21 S
envelopes.

Jopes
n the enve .z:;l“
in g

Total number of letters = 4

Total number of envelopes = 4 lopes e’
nt enve

Total number of ways in whi t into differ®
ch 4 t into CI
S st i \letters can be put 1

’
o 451

() Letus mark the letters by A, B, C, D anq envel
0]

Because A isnotto goin L. pesby L, 11, 1L, v

If A goes in I the others will go j;
goin
. ™ By Wrong envelopes as under
B A D e
C A D B

D A B C
If A goes in I1I the others will go in wrong envelopes as und;
nder

I I m v
D C A B
B D A C N

cC D A B
Similarly, if A goes in IV the others will go wrong as under
1 I m v
D C B A
B o] D A
cC D B A

Thus, in all there are nine cases in which all the envelopes have wrong letters

Probability that no letter is placed in right envelope = 2 = 3
HIF ) . ! 24 8
(if) Since, there is only way in which correct letter can go in correct envelope.

Probability that all the four letters go in'right envelope = s
24

(iif) Continuing from part (i), Prob. that all letters are not put in right envelops
23

=l
24

Exam [ e
Ple 131. The probabilities of X, Y and Z becoming managers areg ,% and %TCSPGCﬁVﬂY- The
_P"’bﬂbiliFies f.l;at 1the B‘:mqs scheme will be introduced if X, Y and Z become
Mmanagers are 10°32 and 5 respectively.
((_i) What is the probability that the bonus scheme will be introduced?
i) If the bonus scheme has been introduced, what is the probability that the

s"'";iun. ) Mmanager appointed was X?
" Given PX) = 4 2 1
h = P(Y) =2, Z)==
3 m=5 KO3
P(B/X =i =l (B/Z =£'
) v PeM=3 P@BZ) 5



Putting the given inforth

Prior
Probability
2)

Conditional
Probability
3

P(B/Z) =

P(B)=P(XB) + P(YB) + P(ZB)
= P(X).P(BIX) + P(Y)-P(BIY) + P(Z).P(B/Z)

(U]

4 12+10+24
43,2, 11,4 12410424 46 3
9710 9 2 3 5 90 90" %
(i) Using Bayes theorem, the required probability is:
4.3

Joint probability of the X BXE ¢
P(X/B)=-’f—..f—m=\
Sum of the joint probabilities 1145
X —4=X—g-x B

9 10 9723

ility that a person stopping at a petrol pump will ask to have his tyes

e lsz.ghheilferg ‘ljsa gﬂll;},l tthhe progabilily the?tphe will ask to have his oil checked is 0,29 anll‘lylh:
probability that he will ask to have both of ﬂ}em checked is 0.07. (i) What s te

probability that a person who has oil checked will also have tyre checked? (i Whats

the probability that a person stopping at the petrol pump will have either tyres orol

. o 1
checked? (iif) What is the probability that a person stopping at the petrol pump V{I“ f

have neither his tyres nor oil checked?
Let A denote the event that a person stopping at a petrol pump will have tyres checked
and B denote the event that he will get his oil checked. Then we are given:
P(4)=0.12, P(B)=0.29, P(4B) = 0.07 ; il
(i) The probability that a person wha has oil checked will also have tyre 1=
given by:

Solution:

0.24
P(B) 029

el
N ¥ res check
(if) The probability that a person stopping at the pump will have —

or oil checked is given by:

P(AUB) = P(4)'+ P(B) - P(4B) d
=0.124029-0.07 = 0.41 —0.07 = 0.34

ither his Y™ g
(##) The probability that a person stopping at the pump will have a
oil checked is given by: °

PANB)=PUUBY =1-[P(4+ B)]
=\=[P(4)+ P(B) - P(4B)}= 1 - [0.34

1= 066

- P 2. Theorems of Probability

453
3.A problem of Statistics is given to two students A and whose ci

1
P independently are

E aT\d 3 What is the pmbabflity that: (i) the
(i only one of them solve the problem, (i) only A will solve

1 o= 1. _ 2
Given, P(A) = 2 P(B) 3’ ey 2 N =§

(i) P(the problem will be solved) =1- P(7) P(B)=1- 1 210

S=1=

ances of solving it .
problem is solved,

the problerﬁ,

1.2
n. 373
(if) P(only one of them solves the problem) = P(4B)+ P(BA)
=P(4).P(B)+ P(B). P(7)

2,11 271 3

Xt =xX—="g_=2
273732765,

(iif) P(only A will solve the problem) = P(4B)= P(4). P(B)= . x 2
23

" IMPORTANT FORMULAE

b 1. Definition of Probability
(i) Classical Definition ~

P(A)=

Number of favourable cases m
Total number of equally likely cases  n

m

(if) Statistical Definition

ro-tn

() Addition Theorem
(a) When A and B are mutually exclusive events, then:
P(A +B) =P(A) + P(B)
(8) When A and B are not mutually exclusive events, then:
P(A +B) =P(A) + P(B) - P(AB)
@ Multiplication Theorem
(@) When A and are independent events, then
P(AB)=P(A) X P(B)

b ]
) When A ang B are dependent events, then

P(AB)=P(A). P(B/A)
=P(B). P(A/B)

\




Pmbﬂhir

= » Theorem Mariaine. -
' (nl)ll;nyesvem B can only occur in combination with one of the twq
an €

4 and if B actually happens, then the probability lhatni-;u‘i,u ally CXelyg;
e s gven by as Precee, Ve
i p(A‘).P(B/A,)
P4 IB)y=3—

EP(Ai).P(B 14,)

events 4, and
the particular eve
where, i=1

QUESTIONS

1. Define probability and explain the importance of this concept in Statistics, -
2. Explain various approaches to probability.
3. Explain the following: .
(i) Mutually Exclusive and Equally-likely Events.
(ii) Simple and Compound Events.
(iii) Independent and Dependent Events.
(v) Exha\'xstive and Complementary Events.
4. State and prove addition theorem of probability.
5. State and prove multiplication theorem of probability. §
6. Explain the concept of conditional probability. E” i
7. Explain with examples to the rules of addition and multiplication in the theory of probabiliy. |
8. State and prove Bayes’ theorem.
9. Explain:
_ (?) Sample space
(iti) Equally likely cases
(v) Bayes’ theorem.
10. E)fplain with suitable examples the mathematical and statistical definiti
Discuss the importance of probability in decision making: ]
11. State th_e addition and multiplication theorems of probability, with
illustrating the application of these theorems.
12. Shtate and prove multiplication theorem for fwo independent events. What will
the theorem if the two events are not independent of one another.
13. State and prove addition theorem for two mutually exclusive events.

form r‘:f the theorem if the events are not mutually exclusive?
. 14.  Explain the following:

————

(ii) Probability of an event |
(iv) Additive and Multiplicative rules i

ons of probail
owo different eTmP"‘

e the fome!

What would belé

pability Distr.ibutions\
I,ggomial and Poission
=

al NTRODUCT|0N
. atistics, we study different types of distributions, They are broadly classified j
1tied into two

i
Ileaf‘(ll)g(s) bserved Frequency Distribution

) Theoretical or Probability Distribution

alt) 0BSERVED FREQUENCY DISTRIBUTION

Observed frequency distribution refers to those frequency distributions ‘whi i

5 s ich
xtual observations or experunenrs_. For example, the observed frequency di stribmim O;Jt:med by
abtained by 70 students of a class is as follows: oL ie Aty
Marks: 0—10 10—20 20—30 30—40 40—50
No. of Students: 5 15 20 25 | 5

The observed frequency distribution are generally analysed by using various statistical devices

- lkeaverages, dispersion, skewness, etc.

(2 THEORETICAL OR PROBABILITY DISTRIBUTION 0

Ohse'l;il:g;ent;cal frequem_:y distribution refers to those distributions ‘which are not obtained by actual
“sebrsn frcu' experm.len.ts I?ut are mathematically deduced under certain assumptions.
e requency distributions are also called Probability Distributions or Expected

ney Distribution. For example, if four coins are tossed 160 times and the probability of

elting a head is considered a i ry € €
S success, thea on the basis of th ili
f istribut a x : eory of probability the expected

() Dependent events

(i) Complementary evens, i Tickpsnies

No. of Success Probability . Expected Frequency
) ® i
0 1/16 160x 1/16 =10
1 ane 160 x4/16 =40,
2 6/16 " 160x6/16=60
3 4/16 160 X 4/16 =40
4 /16 160 1/16 = 10
% p=1 160

Us, the
" - - .
e"Nlticall)’l:im:}retmal frequency distributions are not based on actual observations but are
€ducted under certain assumptions.



Probabili

eoretical Frequency Distribution

an important role in statistical theory. The Main yseg :
Ofth

iy

hi
o UsesofT :
Theoretical distributlo.n play
distribution are as foII.ow_s. )

1) Theoretical distributio
certain assumptions-

(2) The expected freque

i ical decisions. . .
mkgf;;irmﬁca] frequency distributions helps in comparing actual and expecteg

oy > frequep,:
then to determine whether the difference between the two is significant or is due to ggc;ﬂ:lesm
en to

samp:“;eureﬁcal distribution helps in making predictions, projection and fDl‘ecasﬁng‘

8 Theoretical distributions are useful in .so.lving many bus'me§s and other
distribution is useful in ‘making important decisions regardmg_ quality f:ontroi.
helps in determining the stock of ready market garments of dlft.'erent S.lzes,

(6) In such cases where the actual expedrr}epts are not pos'sm}e or in case of high cost invalyeg
in the collection of actual observation, theoretical frequency distribution can be substituteg iy place
of observed frequency distributions.

From the foregoing discussion, it is thus clear that thc? stuc!y ?f ﬂ}eoretical frequnsy
distributions is very useful. To quote Meril and Fox, “Theoretical distributions play importay(
role in statistical Theory”. g

1 are useful in analysing the nature of givep distriyg
ion

Ungy,
ncies obtained from the theoretical frequency distributioh 2
Usefy
0

Problems, Poi
Normal distibugiy

0 Types of Theoretical or Probability Distributions
‘The main type of theoretical distributions are:
A. Discrete Probability Distributions
(i) Binomial Distribution
(i) Poisson Distribution
B. Continuous Probability Distribution (Normal Distribution)

pres of C
i us Probabilty
Discrete Probability Conlinuous F o
Distribution Distribulo |
n
Binomial Distribution ‘Normal DistroUt

Inthis chapter, we shall stud,
‘)’,"” be discussed in the next ch:

Poisson Distribution

i orma
y only Binomial and Poisson Distribution. The™
apter,

| s

tiongp |

D-smbulions"Bimmial and Poisson
i I
i

rV

NOMIAL DISTRIBUTION
1) B

g™ ol aistribution is @ discrete probability digtrpyioy .
pinoml matician James Ber{mulll. !t 1s used in such situatiop,
i es - SuCceSS and failure. Binomial dis ;

(o tribution is 5
os the probability of one set of two allematives—sug

distribution was discovered by

iwhere anexperiment results in
screte Probability distribution
: ess (p) and faj,

ure (g).
o Do ution is defined and gi
| distribution is defined and given by thefollowingprohabilityfunction'

sV
|5\V:Jossih1|lt
h‘:\zch"‘press o R g

of Binomial Distribution

pinomia

P(X =x)="C_q"= =
= probability of success, g= probability of failure = 1
P(X =x) = probability of x successes in » trials,

py substiuting the different values of X in the aboye
disﬂig“'i""’ we can obtain the probability of 0, 1, 2,

Where, =P, n=number of trials,

probability function of th Binomi
..... » 1 Successes as follows: e i

Number of Success Probability of Success
PX =x)
0 =
"Co 0P =g
1 "C, g =g r
2 n, - n(n-1)
G, R g -2 2
24P o 1P
x "C, P
n C, =g

0 iti . )
C.ondmo"s or Assumptions to Apply Binomial Distribution
:T;‘:m_al distribution can be used only under the following conditions:
ety L‘:;;N“mber of Trials: Under binomial distribution, an experiment is performed under
itions for a finite and fixed number of trials, i.e., number of trials is finite.

@ A .
Oy Mm“a"y Exclusive Qutcomes: Each trial must result in two mutually exclusive

es— n

he tgj) Tsuccess or failure. For example, if a coin is tossed, then either the head (H) may tum up
(T) may turn

e up.

Sogegg

ey n »den

Dlt)::gnbimy of success in each trial is constant: In each trial, the p{-obabilitx of

* change %p femains constant. In other words, the probability of success in different trials

gy the " FOr example, in tossing a coin, the probability of getting a head in each toss
§

0= =L

iy, \Hals g s i e
e, ie, a:zmdepe"dem: In binomial distribution, statistical independent nmongltrlnls is

Uteome of any trial does not affect the outcomes of the subsequent rials.




ertieleharacieristics of Binomial Distribution

©0 Prop .o are the important properties or characteristics of binomia) dists

The followl‘ll?B 1 Frequency Distribution: The binomial distribution s 4 'eo

cal > . X .

" (;);:e‘:;?ch is based on Binomial T:heoFem of algebra.. WIﬂl the help of this dis:ne't{:‘- fmq“%y

d{)sgiln‘:he theoretical frequencies by multiplying the probability of success by the ¢ otal n"mtk": “’!c;,,
of —— Probability Distribution: The binomial dlstributit.m is a discrete "o

distr(ibution in which the number of successes 0, 1,2, 3,......n are given in whole "“mber:::l;abi“iy

Notjy

tions. gt -
frac 3) Line Graph: The binomial distribution can be. presented graphically by me
(h The number of successes (X) is taken on the X-axxs_ and the probability
5: I‘;Ie Y-axis. The following line graph is based on tossing of a coin twice:

Number of Heads
X)

ibulion:

ans of ali
Of succesges ® M:“‘
&n

Probability
P(X =x) 4 P=g=}

2
0 2 1]=1
C"(z 4

PX)

(4) Shape of Binomial Distribution: The shape,
binomial distribution depends on the values of p and g.

WIifp=gq-= %, then the binomial distribution is

symmetrical (see figure A).

(if) When p;eq#E, the binomial distribution is skewed,
n 0 . s 1 : i
Le., asymmetrical. It is positively skewed when p < g (i.e-,P<E) and negatively o

. 1
whenp>g (z,e., p> 5) See figures (B) and (C) given below:

Binomial Probability Distribution for n = 4
p=01(p<05)

b 4
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in Pparameters: The binomial distribution has

two param,
(6 M be known from these two parameters, © Parameters n and p. The entire

| <blmon & s - ”
gistr! ts of Binomial Distribution: The cong; PR
nstan tants of Bip, e
u(sgf\{;‘e formula. omial distribution are obtained
Mean = (X)=np Moment coeff, of skewness = B =2-pr
B, =1=2

3 Jnp
Variance =0 =1pq g

g.0.=0=npq

(For Proof of X and o? see Example 52]

(1) Uses: 1t has been found useful in those fields where
nd failure. In other words, it is useful in coin experiment, dj

scompany, etc-

Moment coeff, of Kurtosis = Bz =3+ ]_ﬂ
npq

the outcome is'classified into success
ice throwing, manufacturing of items by

o Appli of Bi ial Distrit
The practical applications of binomial distribution are studied under the following headings:
(8) Application of Binomial Distribution Formula '
(B) To Find 1, p and ¢ from X and ¢
(C) To Find Xand ¢ when n, p and q are given
(D) Fitting of Binomial Distribution.

» (4) Application of Binomial Distribution Formula

. Wl:ien weare given the probability of occurrence of an event relating to a problem, i.c. the value
! “fan g are given, then we can find the probability of the happening of the event exactly x times
ofn trials by using the formula: [P(X=x)="C_q"*p*]

b e
“ample L. A fair coin is tossed thrice. Find the probability of getting:

() exactly 2 Heads
(if) at least 2 Heads

(i) at the most 2 Heads
Sluton, Letp= - . . 1
P = probability of getting head when a coin is tossed = 2

9= the probability of tail = %
and p=3, PX=x)="C S o

@ Pery= 3¢ (L) (1Y) axlylo3
) Cz(z 5 _3x2x4 3
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Example 2.

Solution:

Example3.
Solution:

Probabili Distributionssmnmmal
2ng P°I“w|
s) =P(2H) +PGH)

1 2 0
1) (1 3 1y
- = - C,|- —
=G (2) (2) ¥ ‘(2) (z)
LEARTOR S |
=3xg+1X5=372
- P(1H) + P(2H)
= t most 2 Heads) P(OH) +
(iii) P (@ —1-PGH)

1 0 1 3
=1-3c, (= —)
32 2
7
=1—1x1=1—l=—
8

@) P (at least 2 Head

Four coins are tossed simultaneously. What is the probability of gettip,

g () Noky
(ii) No tail and (i) Two heads only? ead

- =il
Let p= probability of getting head when a coin is thrown = 3
. 1.1
. g=the probability of tail =1- p=1-===
and n=4P(X =x)="C, ¢"*.p" 2
PO . I kol e
0] P(OH)= Co(ﬁ 2) =165 16 ‘
0 4
1 LY oo st g
0] P(0T)= P(4H)= ‘C, (E) (5) AT NT:
TNy 1_6_3
2. = 4 - = —_—=—=—
(i) PRH)= Cz-(g) (2) =616 s

A ds.
Eight coins are thrown simultaneously. Find the probability of getting at 1"1335‘ 6 hea
Let  p = probability of getting a head. g = probability of getting a tllll s

1
Here,p:i,q=%,n=8,

PX=x)="C_q"* p*
P (at least 6 heads) = P(6H) + P(7H) + P(8H)

R [ORCOR)

1
.=28xi+8xL+1

/s
256 256 256

P,obﬂhi"

4 The probability of a bomb hitting a target is
mple

solution

Example 5.

| Solution:

S Binomial and Poisson —
otributions—’
D 461

1

. Two bomb:
5 S are enough to destro:
pridge. If six bombs are fired at the bridge ya

, find . )

destroyed. - Ind the probability that the bridge is
= probability of a bomb hitting a tar. = o .

Letp=P L 4 g“ 2%, 9= probability of ot hitting the target.

Here, p=3  + 4=5 C g=1-p)

Also,n=6  P(X=x)="C_ g™ pr

The bridge will be destroyed if two or more of 6 bombs hit it
Required probability = P(2) + p(3) + P(4) +P(5) + P(6)
=1-[P(0)+P(1)]

e w @)

6 s
=1—|:1x(§) +6x(4—)6]=1_46"";"“’s

5) 5¢
i M= 15625-10240 _ 5385 _ 0345
15625 15625 15625
A die is thrown 5 times. If getting an odd number is a success, what is the probability
of getting (i) 4 (ii) at least 4 ?

Total No. of cases in a die= 6
Favourable cases (for odd number) =3
Let p = probability of getting a odd number

3.1
Here, =-==
=62
1 1
S e i
SR i
Alson=5

P(X=x)="C_ g™ p*
LY (1) . 1.5
i) P4 =5 =]z ]=5x—==
® P(4 Successes) = 5¢ . (2) (2) 5% T
() P(At least 4 successes) = P(4) + P(5)

5
_ s 1Y (1) 5 l)
= C‘(E) 5 + °Cy 2
1 1 541 6 3.

=5x§+1x3—2-=—3-2—=§—1_6’
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and
262 : Ry,

: : in an industry is such th
incidence of occupational dl_sease inan in su at the v,
Example 6. TI}; '";::;s  saffering from it. What is the probability that o ogrlfem hav,
20% ¢ four or more will suffer from disease? - six Worke
£ a man suffering from disease.

ol

P 00 s

4

5

chosen at random,

Solution:  LetP= pmbability of

e L
775

Alson=6 i
Px=x)="C,q"" P

Required probability = P(4) + PC) P(6)
T s s s\5) s 63)(3)‘
16 4 1
=15x——+6X——+——C #
=15% 5625 "0 Ts625 | 15625
=240+24+1= 265 _ 53 — 001696
15625 15625 3125 )
A ing that half the popul is vegetarian, so that the chance of an individual
being vegetarian is 1/2 and assuming that 100 investigators each take 10 individuals
to see whether they are vegetarian, how many investigators would you expect 0
report that three or less people were vegetarian?

x

Example 7.

Solution:  Let p = probability of vegetarian =51'

11
5 gelo—=—,n=10,N=
q 5% n N =100

P (three or less people are vegetarian)
=P(X =0)+P(X =1)+ P(X =2)+ P(X =3)

1 1’1

10 1 m 1 # 10, 1 ’ 1 i 1 ' 1 f wC (l) (‘]

-re§) 5+ G) () +res(3) () W
1 1 1 1 176 _ U
=IX—— 410X — — =TT ied
102 1% 022t ¥ o0a 120 To2a " 1024 64

No. of investigators who will report 3 or less vegetarian

_ 11
=100x% i 17.2 0r 17 persons approx.

Example 8. It is observed that 80% of television viewers watch “Sas Bhi ]fnb rando™

programme. What is probability th %% of the viewers i
of five watch this programme;y ik s

et
i B0 T

~p

P,plzﬂbi"

solutio”

pample 9

Solution:

' Erampl

Sﬂlu(ion;

Dismbutiﬂns"aimmial and Poisson .
463

[f viewing the programme is a success then

2 80cs
P 100~ 0%
and g=1-08=02
go‘y? of 5 = 4. Therefore, we are to find the probability
programme.
Required probability= *C, (0.2)°% (0.8)" + 5c_(0.2)%(.8y°
=5x0.2x(0.8)" + (0.8
=(0.8)* (1 +0.8)
=0.4096 x 1.8
=0.73728

If 8 ships out of 10 ships arrive safely, find th e
arrive safely out of 5 ships selected at random. ® probebilty that at leat one would

p = probability of safe arrival of a ship.

{hat4 or 5 viewers watch the

and g=1- :]-i:
E 5

w| -

P(X=x)="C,q" p*
Probabili i
! :?e 1;_ ility of at least one would arrive safely means that 1 or 2 or 3 or 4 or 5 arrive
P (at least one) = P(1) + P(2) + P(3) + P(4) + P(5)
=1-P(0)

1 5 4 0
P (at least one) =1-°C, (g) (—)
5

g 1314
) 3125 3125
r:bdll: is thrown 6 times and getting 5 or 6 is considered & success, obtain the
Probability of getting 0, 1,2, 3, 4, 5 or 6 successes. A

H . 3
€re, getting 5 or 6 is considered a success,

10.

So, _2_1
6 3
Hence, q=1_l=3
and 5
n=6

P(X:x)=. nC'x qr,.‘.x '_px

> .
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@E Probability }
= 6 0
° <) (5) -7
| e

3

o
—
wi

2
0
=P
@S
A

—
W
a=

n
o
gle

)

(X}
3
o
~
—

w
-
£

—
G |Gie |G
%
|
el=
M
1
2
=)

Dby Rkl

a
o
G
—
win

—

“w
o
D
—
wiN

fedhn)

)6 -

o
o
a
o
—
winy

Example 11. Out of
have (i) at
and girls.

Let p= probability foraboy =

least one boy (i) at the most 2 girls? Assume equal probabilities for boys

N —

Solution:

n=4, N=1000

N —

g = probability for a girl =
(i) At least one boy:
P (at least one boy) = P(1B) + P(2B) + P(3B) + P(4B)
=1-P(0B)

LY (1) oy L8
-, (3) () %

15 =+ o
Percentage of families with at least one boy = 72X 100=9375%

(i) At most 2 girls:
P(at most two girl) = P(0G) + P(1G) + P(2G) = P4B) + P

1 1Y |2
Sie (N, e (L (l)m,[—) (z)
_‘C‘(i) (E) +°Cy 2) 2 2
1 4 6 11
— ==
16 16 16 16
Percentage of such familjes = :—é x100=68.75%

P(2B)
(SB)’F z( 1:

£ 1,000 families with 4 children each, what percentage would you expectty

E— v

L goutio™

Solution:

fyn‘plel " that out of 5 students (¢) none (i) one (iii) at least e

prample 13.

Di smwﬁons—Binomial and Poisson
i

The probability that an evening student wil| graduate s 03

Let p = probability that a student will graduate
p=0.8,g=1-p=1-08=02,n=5
P(X=x)="C_ g™ p*

o P (none graduate) =P(0G) = °C, (0.2)° (0.8)°
o P (one graduate) =P(1G)= °C, .0 (0.8
(iif) P (at least one gmlduate) =1-P (0 Graduate)= 1 -

In a binomial distribution consisting of 6 ind

the distribution.

Given, 1 = 6, P(2 successes) = 0.24576, P(3 successes) = 0.08192

According to B.D., )
P(X=x)="C_q"*.p*
PX=2)=°C,q* . p?
=]
P(X=2)=°C, (1- p)* . p*=0.24576 (given)
P(X=3)="°C,(¢)* .(p)’
and g=1-p
2 P(X=3)=°C, (1- p)’ .(p)*=0.08192 (given)
Dividing (i) by (if)
°C,(-p) p*_0.24576
°C,(1-p)* p* 0.08192
1 == 4
5-p)*.p° _
20(1- p)* p*
3(-p)
2E7P) 4
4 p
3(-p)=12p
3-3p=12p
15p=3

sl Roroie)!
5 ..p--5

Thy
US, the value of the parameter ‘p’ equals %

8-Determine the
Wwill graduate,

465

probability

0.00032 = 0.99968

endent tri e
and three successes are 0.24576 and 008192 epmpm_ e,;';’in ";eull’e’;‘;::m“lg;{ ;“:;;

()

i)
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s thrown 7 times- If getting a total of 7 is considereg "

H ice . .. S|
air of dic £ gtting (i) no success (i) 6 successes and (i) at | o, 'é‘cs'-l‘;ess, fin i,
Coesses,

Example 14. Ap

probability o oty 2ot gl %
Solution: Letp= Pmb"bility of getting a total O /= 36 6
1.5 _
‘l=|‘17="§=€"—7’
p(X=x)="C, 4" P

sY (1)=(5Y
(@ PO Suceess) = Co (E) '(3) =(g) A

sY (1) 1Y
(i) P(GSucccsses)=7C6 (E) (g] =35x(€)

(ii) P (at least 6 successes) = P(6) + P(7)

afg] ) e )

e ) )
(i) ) (2)

Ang! . ..
Example 15. The probability of a man hitting a target is T (#) If he fires 7 times, what is e |

probability of his hitting the target at least twice? (i) How many times must hefireso |

that the probability of his hitting target at least once is greater than 2/37

1
Solution: (i) Probability of hitting the target p = 2

i 1043
Probability of not hitting the target g =1 — i
Here,n=7 P(X=x)= "cx q"" _p’

3\ (1)\°_(3) _ 2187
ro=o="c (3) (L) o(3) =218
@0 C°(4) (4) (4) 16384
03
o (Y1) 7X@ _7x729_ 5!
PX=1)= Cl(‘_‘) (’Z) =@y 16384 16384
P(X22)=1-P(X=0)- P(X=1)
21875103 _ 9094 _ 555

. 16384 16384 16384
(i) Probability of at least one hit = P(}( >)=1- P(X=0)

Px=0)="c, G] G)o =G)

-
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=i (3
P(X2D)=1 (4)

'It is required that P(X 21) should be greater than %
3

3" 2
Hence, 1-(;) 25

Taking log on both sides,

1 3
log |~ |>nlog|=
o(3)5(3)
log 1 —log 3 >n (log3—log4)
0-0.4771 > n(0.4771 - 0.6021)
—0.4771 > n (- 0.125)
0.4771 <0.125n
0.4771 2
0125 "
or n>3.82
n=4 as it cannot be fractional.
EXERCISE 8.1
%
I ircoin i s
Afair coin i tossed six times. Whatis the probability of obtaining four or more heads.
% Ak : ) [Ans. 11/32]
©is thrown 4 times. Getting a number greater than 2 is a success. Find the probability of

i .t TY
(D exactly 1 success (ii) less than 3 successes (iif) more than 3 sugcesses.
[Ans. (7) 0.0988, (i) 0.4074, (iii) 0.1975]

3 Onae
t af:l}::p o °_f 10 was sunk on an average in making certain voyage. Find the probability
" Outof's ships, 4 would arrive safely. o :
Bing; p. 9 1. - o
e 0 =19 o
'S of a certa; i apedtonaie

in breed lay eggs on 5 days a week on an average,

Uring g sessi " 3
at] ion of 100 da ith 5 heris of this breed, will expect to recgive
east 4 eggs? ys a ptfultry keeps with 5 heris o ns, 5577561

A
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5.

o

b

w

. ly. Show that the probability of obtainiy
= d simultaneous " heag
(comsmmsse =

I ildren each, what percentage would be expecteq 64
Outof320 ﬁrnlllis ;Vs't";::::g,q Assume equal probability for boys ang gi:l‘;;lave(,)zbﬁh
and 3 girls (i) at 1€ ¥ b[Ans. (31259, 96,

s isting of 5 independent trials, probabilities of 825
o binmzi:\: g?:;goﬁ:ﬁ'e pargameter ‘p’of t!le distr'ibution. ! a"d[i ::Jci
are 0.409 of 'ca‘ ching cold by workers working in ice factory during Winter ar:;);z]
The clhances bability that of 5 workers, 4 ormore will catch cold. A 00/,,
What is the pro ceds twice as many times as it fails. Find the chance that in 6 ¢; 1 06

7
Eigh 5

%

. An experiment succ trial, e
will beat least 5 successes. [Ans, Eﬁ

& gy
Alot of manufactured items contain 20 per cent defectives. A sample of 10 items from this

ot s chosen at random. What is the probability the sample contains at most 3 defectiyy

items? o [Ans. 0.8791)
The probability of failure in Chemistry practical examination is 60%. 1f 125 batches of 5 sty

" each take the examination, in how many batches 3 or' more students would pass?
o

[Ans. 992/3125, 39.68 ~ 40 batches]

Probability that a bomb dropped from a plane hits the target is 0.4. Two bombs can destroya

bridge. Ifin all 6 bombs were dropped, find the probability that the bridge will l[)e destroyed.
' Ans, 0.76677)

A pair of dice is thrown 7 times. If getting a total of 9 is considered a success, what s the

1
probability of at most 6 successes? [Ans. 1 —9—,]

. How many tosses of a coin are needed so that the probability of getting at least one head is

=)
08759 i [Ans.n=3]

> (B) To Find n, p and ¢ from X and o ) "

5% i omial distribution,
When we are given the mean (X) and variance (6.%) or S.D. (o) of the binomial distributio
we can find out , p and g. The following examples will illustrate the procedure:

then

Example 16. The mean ofa binomial distribution is 20 and standard deviation is 4. Findn, e
Solution: InaBD.,, Mean=np
SD.=fnpg . 0
X=np=20 H
o=lnpg =4}
Squaring both sides, A
= o’ =npg=16

-

s—Binomial and Poisson

it DS 469
@
ividing (i) by ()
BT g 16
np 20
=184
= 772075
4 1
=l-g=l=a=s
= i o 1825
Putting the value of pin (i)
nXx 1 20
5
= n=100
1 4
=100, p=-, g=2
Hence, n P 5 q s
Je 17. Obtain the mean and standard deviation of a binomial distribution for which
gample 2 X=3)= 16 P(X=7) and n = 10.
Solution: P(X=3)="°C;¢"° 3 pP="C, ¢ p
PX=T) = wc7 qm—7p7 - "’C-, q’p’
As per the question,
10¢, q’PJ =16 mC-,q’p"
= 4 =16q3p7 [ “’C]="’_C7]
= ¢ =16 = @=@ = ¢=2
In a binomial distribution
ptg=1 = p+2p=1 = p=1i3
1 2
=l-p=l--==
q p 373
Mean=np=—
2 20
SD=/npg = -132x§=—3‘/:
! . . o . . .
Tample 1g, Isthere any fallacy in the statement? The mean of a binomial dlimbuhon is20 and its
Sluop, standard deviation is 7.
* InaBD, Mean =np
SD.= anq i
X=np=20 ("_)
o=ynpg=1
Squaring both sides, &
= o= npq=49

A
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o gL O]
Dividing (i) hy'fp)q
wp 20
q =._9 =2.45> 1, which is impossible asphge
ence. the statement is wrong. [ . _ -
l::“;‘mc probability of 5 successes in & binomial distribution whoge meay
e vulriuncc are respectively 6 and 2. <

Ina B.D., we have
Mean=np=6
Variance =npg =2
Dividing (if) by (i)
npq_=

Solution: ;
)
i)

np 6
=)
T
Bk
pel-a=l=3=3
Substituting the val;e of pin (i)
L=¢
nx3
s n=9
Here, n=9, p=2,q=1
ere, n=9, p=3.4=3
32
19683

1) (2
Now,  P(X=5)=°C, (5) '(g

=0.2048

E
) =126x

» (C)To find X and ¢ when n, p and q are given. ‘ —
Example 20. If the probability of a defective bolt is 0.1, find (i) the mean ?)nﬂdA(l’s?) find the
deviation for the distribution of defective bolts in a total of 500-

coefficient of skewness and kurtosis

Solution:  Given, p=0.1 ., ¢=1-0.1=0.9, n=500
® Mean=rnp =500 0.1= 500 x % =50
(in 8.D.=6 = /g = /500x 0.1 0.9 =6.70

/ 09-01 080
(iif) Coefficient of Skewness 4P ——==FT0
. (o Jmpg J500x0.1%09

. ~6(0.(09) = 3,010
iv) Coeffici i =gy k=0 L&
(i) Coefficient of Kurtosis ®)=3+ "p:q =3+ 500%0.1% 0.9

A

<
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Find the mean and the standard deviation of th,
ll;,“ml"D " fair coin. | i
foo Given, n=100, P(H)=p=5"1=5
olutio™ . o 1
. Mean—-np-100x5=50

'@ number of heads in 100 tosses of a

S.D.=\[npg = lOOx%x%:Jis':s

XERCISE 8.2

m mean and standard deviation of a binomial distribution are 2 and | respectively.
Calculaten , p and g.- oL [Ans.n=4,p=11,¢=11)]
Find the parameters of a binomial distribution for which mean =4 and variance = 3

¢ i ) [Ans. n=16, p = 1/4]
Is there any inconsistency in the statement. “The mean ofaB.D. is 80 and S.D. is 8.” If no

. inconsistency is found, what shall be the values of p,q and n?

[

[Ans.% '15 ,400]
Find the probability of 3 successes in a binomial distribution whose mean and variance are

respectively 2 and >

-

[Ans. 0.2076]

P

. Fora binomal distribution the mean is 6 and the standard deviation is 2. Write the terms of

the binomial distribution.
9 8

(Hint:n=9,p=2/3, g=1/3] [Ans. (l) ,9(3).(-‘) el

3 3)\3).
A discrete rand(?m variable X has mean equal to 6 and variance equal to 2. If it is assumed
that the underlying distribution X is binomial, what is the probability that 5< X < 7?
’ [Ans. 0.712)
fthe probability of a defective bolt is 10%. Find (#) mean (ii) standard deviation (ii,ﬁ moment

zz:m‘fi"'"t of skewness and (iv) moment coefficient of kurtosis for the distribution of
ective bolts in a total of 400. [Ans. X =40, 6 =36,B, =0.133/8,=3.013

F -
raB.D,, the parameters  and p are 16 and % FindthemeanandS.D. [Ans.X=8,0=2]

~

s

Annbiaseg coin is tossed ten times. Find the mean and the standard deviation.
o Th\zme [Ans.X=S,cr=Jl2_.'5]
lhnnhezn;.nd variance of a binomial distribution are 3 and 2 respectively find the probability
late takes values: (i) less than or equal to 2 (if) greater than or equal to 7.
It [Ans.,$=-;,q=§,n=9,o.377.o.0033|
0
q[x;i:“s ﬁVe.ra.ge 8 ships out of 10 arrive safely ata port, find the mean and .D. of the number
Woutofa total of 1600 ships. [Ans. X =1280 6=16]




istribution
adopted while fitting a binomial distribution to the ob
g from the given information.

ing of Binomial D
dure is
lue of p and

» ()Fitt
The following proce!

(i) Determine the val

if) Note the value ofn
" number of trials in all the

(iif) Find the prcbability ofall possil
) Multiply these pro
The following examples

experiments.

and N, where nis the number of trials in an experiment .
I

ble number of successes coming out of a given o
babilities by N and the result will the required expected fre,
illustrate the fitting of binomial distribution:

d 160 times and the following results were obtained:

istributions—g;,
NOmia) a
nd p,

Serveq g
S the oy

Perimey,
q““ties,

Example 22. Four coins were tosse

2 3

]

54 31

[oottests |0 | !
Frogeney: | 7| %
Fit a binomial distribi
Solution: U 2
tail (g) are 3 and 7
In this'case, n=4, N =160

]

ution under the assumption that the coins are unbiaseq,
nder the assumption that the coins are unbiased; the probability of head @) and

The probability of 0, 1, 2,3, 4 heads will be given by
P(X=x)="C,q"".p*
In order to obtain the expected frequencies, we will have to multiply each probabiliy

by N.
The expected frequencies will be obtained as follows:
Number of heads Expected Frequency
(n) Nx "C, .
0 4 0
160% ‘c,,(l) [lj =10
2 2
1 3 1
160x ‘C, (l] (l) =40
2 2
2 N2 2
1 1
160x ‘c,[= (—) =60
] x "Cy 2) 2
; ao (1Y (1Y =a0
160x °C4| = (-) =

P
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o2 Fita binomial distribution to the following data;

poo? a 0 L
-_-:-

| = 62

To fit a binomial distribution to the data, we need the v, I
2 alues of n,

soution? N
X: 0 1 2 , pand g
2 e

fX: 0 62 =150
_ 2 | % [ 6 [wxem
Here,n=4,N=150(glven)
FoaE 14
N 150 3
-4
mp=X=2 = 4p= _1
3 T 1
olz2
33

The probability of 0, 1, 2, 3 and 4 will be given by
P(X=x)="C_q"*.p"

;};TOWS: d freq are obtained by multiplying the probability by N as
;{ JeX)
150x G)‘ G)o =29.6230
! 150x ¢, G)] G)I =59.264 59
A 150x %c, G]z.e)zﬂz.u =44
’ \‘ 150x °c, G)I\GJB =14.81=15
! 150x c; (é]o.(%]‘=l.85=2

| by,
| Mple 2
. Four erfe . "
perfect dice were thrown 112 times and the number of times 1, 3 or 5 were

t
fOWn as under:

Number'of gj
of dice Showin E
g 1,3 0r5:
Frequency: . 0 1 2 3 4
25 40 30 7

Fita Bingrr.
2 Binomia| Distribution.



Solution:

Example25.

Under the assumpticn
3_1idg=2
(P)=E’2m q 2
112.

n="4 N=
;l‘:l: pmbability of0,1,2, 3,4 successes
-
px=x)="C, g P
The expected frequencies are obtained
These are Shown below:

Probabili

that dice are perfect, the probability of’gening l 3
33 o

Dis"ib”""“s‘ﬂinomim
ang p,.

will be given by

by multiplying P(X) with N, ie g
e, Nay,

L

Nnmher(sX;. 3or5 E;P:Ct:gxl".l;g:e'ncy
el L)
! 112x ‘c, %) (% )l=112x%=zs
2 112x *C, %)ZG )2=ule_66=42
3 112x 4C3[%]l<(%)3=112xi=2g
4

)G

i 1
—112x—=7
16

A survey of 800 families with four children each revealed the following distribution:
No. of Bays: [ o T . 3 | 3 4
[No.of Famities: | 42 178 | 2% 26 [l

. i m
Fit a Binomial Distribution under the hypothesis that male and female births

equally probable.

Under the p
of male birth, p =%
1

1
=l--=
4 2 2
In this case, n=4, N =800

. "
that male and female births are equally probable, the probabilly

The probability of 0, 1, 2, 3, 4 boy’s will be given by

P(X=x)= "Cx = pF

d fre:

The d frequencies will be obtai
These are given as follows:

e ieN xft
d by multiplying 7 (X) with "

>

> .

buﬁc,nsf--BinamiaI and Poisson
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prvbabm 7!
/__
Number of Boys Expected frequency
| ) Nx "C_ g g
/’_—
o 4 1) (1
800x C“(E) [E) =xoole_=50
1 IV
800x ‘C _)_(l)= -
1z ) |3 ) =800xg =200
2 1V 1\
800x “C. (.)_(l)= 6_
203 3 BOOx»la_soo
3 1 1 1 3
800x ‘C. —) (_] —800x =200
313 ) 3 ) =80xge=20
4 1 0 4
800x 4, [_) (l) —800xL=
42 > 800x. e 50
Example 26. 8 unbiased coins are tossed 256 times. Find the expected frequencies of success
(getting 2 head) and tabulate the results obtained. Calculate the mean and standard
deviations of the number of heads.
Solution: ~ We are given:

n=28,N=256
p=Probability of success (head =%

=1 -1
=lao==
==
According to B.D.
P(X=x)="C_q"".p*
£, )=NPD
Thus the expected frequencies are tabulated as:
Number of Expected
heads Frequency
0 ¥y
se (LY (1) =
256. co(z) (2
1 7 1
O0E
. 2 1 6 1 2
8, = 1 =
5 256. CZ(E] (2) 28
= 3 N 1)
256. ‘cl(%) (E) =56
4 U
I BT O
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3 5
se (1) (1) = 3
256. cs(z) (2) =56 ERC'SE 8.
Ex rfect dice are thrown together for 96 times. The number4, 5
. Fi‘;; pzxperiment are given below: 5 5 or 6 was actually thrown
inthe
Frequency: 2 3 2 3s 2 s
FitaBinomial Distribution and calculate the expected frequencies. [Ans.3, 15,30, 30,15 3]
1 |, e follov:jingp {lita;ﬂ B%"f: t‘;‘:s:':i:‘t‘;e:' of seeds germinating out of 1000 damp filters for 80
Mean=np=8x5=4 sets of seeds-
— 3 X o | 1 2 3 4 15 6 7 8 [ 9w
$D.= 1= SXEXE 7 6 | 20 28\ 2| s 6 ool ool o
_B=1.4142 - ) [Ans.: Expected frequenciqs: 6.9.19.1,24.0,17.8,8.6,2.9,0.7,0.1, 0,0, 0]
=42=1. ‘ 3, Four coins were tossed 200 times. The number of tosses showing 0, 1,2, 3 and 4 heads were
Example27. Sixdiceare thrown 729 times. How many times do you expect at least 3 dice to show observed as under:
afive or six? l No. of heads: 0 1 2 3 4
Solution:  Given N=729,n=6 D No. of tosses: 15 35 90 40 20 I
The probability of getting eitherSor6=p= g+ s = A = 3 Fita Binomial Distribution to these observed results. [Ans. 12.5, 50, 75; 50,12.5]
1 2 4, Thescrews produced by a certain hine were checked by ing samples of 128. The
The probability of not getting S or 6=g=1-~=2 5 ~following table shows the distribution of 128 samples according to the number of defective
33 items they contained: ’
2
Thus p= % . q =E - :{.u. o:’de:elcztisves ina 0 1 2 3 4 5 6 7 Total
mple of g
P (at least 3 dice to show 5 or 6) = P(3) + P(4) + P(5) + P(6) T No. of samples: 7 6 19 [ 35 | 30 | 2 7 1 128
3 3 2 4 1 5 1 . . . e 7 P X7 .
=6 A (2) (_1.) +c (g) (l +5c 2) (1 + acs GJ G] ‘ Fita binomial distribution and find the expected frequencies if the chance of machine being
3) 3 3) '3 5\3) 3

i 1
defective is 3 Find the mean and variance of the fitted distribution.

0 (1Y 2V (YL (2) (LY (1)6 e
=20.|=| |- SN2 i £ = $ 9 ¥ 2-:
[3) (3) +15-(3) [3) +6-(3) (3) +143 | [Ans. 1,7,21,3521,7,1; ¥ =35,62 = 1.75]

S .
3 coins are tossed 128 times. What is the probability of getting 3 or more heads and find out

=20x 2 45 it pex2ogle ; 1 lee*‘“edﬁ‘equencies of 3 ormore heads. [Ans.: (7) 16/32, (i) 64]
729 729 729 729 \ % (z) ,
1 .
=555 160460+1241] ) OISSON DISTRIBUTION
! ISSO istri i i ) . B »

= @ Tig dmé‘u“'i‘;tﬂbutmn isa discrete probability distribution and it is widely u_sed in sta'n_stlcal work.
) " hdixl"ihulignq Wag developed by a French Mathematician Dr. Simon Denis Poisson in 1837 and
Hence, out of 729 ice to show five¢ :mh‘hili of thls named after him. The Poisson distribution is used in those situations where the
s 2 , the number of times we expect at least 3 dice 'ohihilily of g, ; ha_ppe_ning of an event is very small, i.e.,the event rarely occurs. F'o.r example, }he
- 7%; = L‘h‘luake in c'Cctiveitems ina manufacturing company is very small, the probability of oceuring

ey Y S Very small, the probability of the accidents on a road is very small, ete. All
Ples of such events where the probability of occurrence is very small.

P
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- on Distribution as Limiting Form © i lnofr|la. .Istrlbuﬁon rties,c;haracteristics of Poisson Distributi
o Poisson P57 derivedasa limiting form of binomial distribution under cergy: 0 roper™ the important properti o
poissondisUEon I;m'nls is infinitely large, i.e., n—> <. i cong fhe following are F1° © portant properties or charasteristics of Poisson distripyr:
(1) n, the number © of success is very small and g, the probability of failye ; =8 piscrete Pr obability Distribution: The Poisson distributiop ; ls‘rlb"“o":
@ pthe Pmbabl]lf}l’ Ure is very g (L) don in which the number of successes are given in whole nu:::l is a discrete probability
F Sl - o e, - qribu! ! P G na o B IS U
ie, P V"’mg’g amber of successes (np) is equal to a positive finite quantiy, ; | d;sulz) Value of and g: The Poisson distribution is used in those situati chas0, 1, 2., etc.
0) T}.e aver? o isthe parameter of the distribution. ~ * m) | renceofan event is very small (i.e., p— 0) and th probabili ons where the probability
ie., np=m, where, 3 | ﬂfocofls very large (i.e., ¢— 1) and the value of n is also infinitely ]ggﬂfdle non-occurrence of the
- i istribution yent ! s o
o Definition of Poisson Dis y i ain ?arame': r.kIr: - of:ly € parameter m and its value is equal to np, i.e., m =
From binomial equation: 1 | i distribution can b€ own from this parameter. ', i.e., m=np. The
¥ —x+ y ! ’ ~ P ¢ i istribution: i i
- n_("’—l)(,",zw—x——z ™= Since, np=m = p=" . L\ m | @SPeD il ]:;sml:“non' The Poisson distribution is always positively sk
xl . n ‘;] oskewness dlmmlfhes asthe value of m Increases. The distribution shifts to the righti sd;we‘l s
a(n=1)(n=2)-( n-x+1) WP dewness falls as m increases. The following figure illustrate the point: K Cegrssal
_n(n-D(n=2).{n=X+) ; 3
! ; | ™ Theabove figure shows thatas the value of m increases, the skewness of the distribution diminishes
1\(, 2 x=1) s (mP) i
=(1_;)(1_;]m(1_-;-)q e -] 1.004 Shape of Possion Distribution
\ x-1 m\" | m*
=|:(1__1_)( _Z).‘{l———)(l——) ‘J——' f 075 m=03 d
n n n n x:
‘When, n—
en, n : o 0 0.50 .
T | 0.25 =20
Poisson distribution is defined and given by the following probability function: ‘ m=4.0
x
PX=x)=e". 0
X
Where, P(X =x) = probability of obtaining x number of success i =
m=np = parameter of the distribution # J % 5 10 12
By b e=2.7183 (base of natural logarithms) ) i o5 o =
y substituting the different values of X in the above probability function of the o ©) Constant of Poisson Distributi i istributi
. Dy s ¢ d h £ istribution: The constants of
distribution, we can obtain the probability of 0, 1, 2..... X successes as follows: _ Wine frops tl:g.fdllowing formula: At s Mo ion a8
Number of Probability . Mean= ¥ =, —
X) ] n=X=m=np Moment coeff. of skewness =
T e ) Variance = 2
e Aﬁ'— e . €= 0g°= m
1 SD
mm L m . =g= ) . 1
e 0 e " o=Vm Moment coeff. of Kurtosis =B, =3+—
m_m 'hn(*s) Equality oy, oot
em ST i s Mean ang v ¢an and Variance: An important characteristic of the Poisson distribution is
L2 | Feos ariance are equal, i.e.,
P Bl M 4 ¥ “0%0r Mean = :
i T = ®orprggg S = Variance.
L_i/ >See Example 53)
S x! i ' ' ‘
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ce of Poisson Distribution

Jes/importan
le/Uses/ExamP .
] R? gistribution is widely used in the stu_dy of many problems. Few Practica g P(X=x)=P(X=0)= \20
'Polliso;oisson distribution can be used are given below: sm‘“iﬂn:i o
which e. 3 istical quality control to count the number of defects 3 8 =e?=0.135
() Iisusednsatisienl 208 00 S2Cts of an e, gz ¢
X r of bacteria. # i R = Biven: e “=(,135
In Biology to count the numbe! = ) by €22 ]
8; I: Insurance problems to count The number of casualities. @ (oo ety T
@) To count the number of typing errors per page in a typed material, ! =g x2=(0.135
(5) Tocount the number of incoming telephone calls in a town. P (T defecti BH@=0270
—— (3) P (Two or more defectives) = 1 - [p(0) + P(1)
]

number of defective blades in a lot of manufactured blades
- Lf S 10 a factory
umber of deaths ata particular crossing in a town as a result of road aceidy .
W et eni
iw—s committed by lovers point in a year. )

=1-[0.135+0270] =
) 2701 =1-0.405 =0
9. A Tmf“fa‘.;m"e" "lf P'“; knows that on an average 5% of his prod .'595 .
sells pins in a packet of 100 and guarantees that notmore than 4 px::t\\nlslld : f?nve. He
e defective.

tion is useful in rare events where the probability of sy, s ) V\(/; hat is thes pr%b;l())i;ity that a packet will meet the guaranteed quality?
[Given: e~ =0.0067] uality?

(6) To count the

(7) Tocountthem

(8) To count the number of

In general, the Poisson distribut
very small and the value of n is very large.

5

icati i istribution ! ili
0 Applications of Poisson Distributiol wion: Letp= probability of a defective pin = 5% = _>_
100

pample 2

The practical applications of Poisson distribution are studied under the following heads:
(A) Application of Poisson Distribution Formula We are given: n=100,p= S
100

(B) Fitting of Poisson Distribution.
P (A) Applications of Poisson Distribution Formula m=np=100x 1(5)—0 =5

We study the applicatioﬁs of Poisson distribution formula in two different situations: The Poisson distribution is given as:
(1) When the value of p is given —mg xn =
(2) When the value of m is given P(X=x)= L
¥
(1) When the value of p is gi .
SOLE Ry Required probability= P [packet will meet the guarantee]

When we are given probability of success relating to a problem, i.e., p is given, the uses ofthe

Poisson distribution formula can be illustrated by following examples: = P [packet contains upto 4 defectives]

are defective. Ust- =P(0) +P(1) + P(2) + B(3) + P(4)
2

Example 28. It is given that 2% of the screws manufactured by a company o 0
Poisson Distribution to find the probability that a packet of 100 screws contains: - 5 e i reS e 5 55
(i) no defective screws (if) one defective and (iii) two or more defectives. y 0! 1 PTRAAETRAT
[Given, e =0.135] i ' .
= [1+§+§+125+625]
Solution: - - . 6 T 24
olution:  Let p = probability of a defective screw = 2% = 2 1 2__6_24
S 100 Ly, 0.4 =0.0067 x 65.374 = 0.438
 usual notation, we are givi * ASsume ¢ -
)2 Erven, ] . l hat the probability of a fatal accident in a factory during the year is ﬁ
=T, n=100 alculat i . &
100 L least 2 f:t:e Pl:Obabllllty that in a factory employing 300 workers, there will be at
 m=np=100x 2 2 luﬁ“n: L accidents in a year (Given e =0.7788).
= ' ot p= -
109 P = probability of a fatal accident = .t

1200

The Poisson Distribution is given as:

\ P

"= number of workers = 300
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1
=mp= —_—=—=025
m=np=300X105=3

i stribution is given as:
The Poisson dlstnbutlo: _Mgm‘
P(X=X)= T
- 0
e".m e

—e -0.25

o =e T =0.7788
e".m' _(0.25)
T

=(0.25)(0.7788) = 0.1947
P (at least 2 fatal accidents) = 1 = [P(0) + P(1)]
=1-[0.7788 +0.1947] = 1 — 0.9735 = 0,065
i i that in-a certain fact o, f
le 31. It is known that from the past experience ory 3% product
Example defective. A sample of 100 items are taken at random. Find the pmbability;;
exactly 5 products are defective (Given: e =0.04979).

P(0 accident) = P(X=0)=

P (1 accident) = PX=1)= (&%)

3
Solution:  Let p=probability ofa defective product =3% = T
3
We are given n = 109,p=]—(ﬁ
3
* m=np=100x—=3
i m=mp=19%100
The Poisson Distribution is given as:
i
Px=x)=2
x! I
335 .
P (Exactly 5) =P(X=5)= 5-l
L € =0.04979 (given)
0.04979 x (3)°
P(S)=——————=0.100
() 5x4x3%x2x1 !

Note: When the value of e iven i i : the value ofe™ by
s e™"is not given in the question, we compute
™" = Reciprocal [Antilog (m x 4343)]
Suppose, m=3
; 7= Rec. [Antilog (3 x 0.4343)]
=Rec. [Antilog (1.3029)]
= Rec. [20.08] = 0.04979

2 % —~——

*-‘
buti Binomial and Poisson
 pistributions—
. 483
ility of a defective bolt is 3%, F;,
 The probability of a is 3%. Find . o
5 anple 32 (iiiymoment coefficient of skewness and (jv) momi':t:';"f“lg; ::lﬂft;(da:d deviation,
of 50 packets. 5 of kurtosis in a total
Wehave,P=3%=—=Q.03,n=50
sa[“ﬁoni 100
m=np= iX50=15 .
100 - =
(i) Mean=m = 1.5 '
(i) S.D.=m=15=1225
(iif) Moment coeff. of Skewness Jﬁ )= 11 _ Eiere,
m J1.5 1225
(iv) Moment coeff. of Kurtosis (B,) =3+ 1 =34+ L=3 &
m 1.5 " a3
| pample33. IfXisa Poisson variate such that P(X= 1)= P(X=2). Fi i
Bk the distribution. (X=2). Find the mean and variance of
Solution: .  Poisson distribution is given by

PU=x)=2—
Putting X= 1,2 T
-m 1
PX=1)= en.m _  n
1
-m 2 2 -m
PX=2)= en.m’ _m.e
2! 2!
By the given condition
P(X=1)=P(X=2)
2
emm= e 2
2x1
Cancelling me™™ both sides, we get
i="
2
i m=2
€nce, mean of the distribution =2
As X=qg?

Variance 62 =2

A
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EXERCISE 8.4

——Itis given that 3%

< istribution, : -
Poisson distribul l:;y ‘one defective. (Given: €7 =0.04979)

<" 7 X
dfafeclwe (:fbit?;w that at most 5 defective bolts will be found in a bm[( onfséf)o l: g
2 lei.,tnhex}l:at 2 per cent of such bolts are expected to be defective (You mau * iy
Ic;?slt)ribution to be Poisson). (Take e =0.0183) [i ::'k: : §
Assuming one in 80 births is a case of twins, calculate the probability of o 1y
) twins on a day when 30 births occur.

[Hint: m=[0.0125 % 30=0.3750] .
4. A manufacturer of pins known that on an average 2% of h_ls PT(?duct is defe
' pins ina boxes of 200 ‘and guarantees that not more than 3. pins will be defectj
probability thata box will fail to meet the guaranteed quality? (Given: ¢~ = 0.01 %)

of the electric bulbs manufactured by a company are defe

find the probability that a sample of 100 bujpg w;]c tclz:g.lsinm‘

-

More sl f.
Ans.gggy
Clive. He gy

B ; [Ans. 0567
5. One fifth per cent of the blades prod by a blade ing factors tury out fo be

defective. The blades are supplied in packets of 10. Use Poisson distribution to calculate the

approximate number to packets containing no defective, one defective and two defective
blades respectively in a consignment of 1,00,000 packets. (Given: e~*"=0.9802)

[Ans. 98020, 1960.4, 19.604)

6. In a factory manufacturing pens, of which 0.5 percent are defective pens each carton is

packet of 100 pens. Which is the percentage of such cartons of which (i) not a single penis

defective, (ii) at least each one pen is defective and (/i) two or more pens are defective!
(Given: e™**=0.6065)
- The probability of a defective bolt is 2%. Find (/) mean (ii) standard deviation (iif) moment
coefficient of skewness and (iv) moment coefficient of kurtosis in‘a total of 200 bolts.
[Ans. X =4, ¢ =2,‘/E=0-5J51 =1
. Ina frequency distribution, frequency corresponding to 3 successes is2/3 times frequen?y
comresponding to 4 successes. Find the X and o, [Ans. X =6,0 =24
- 1£Xis a poisson variable such that

P(X=2)=9 P(X = 4)+90P(X = 6), find the mean and variance of X-
2 3 = =]
[Hnnt:m‘+3m2—4=Q = mi=] = m=+)l] vty :

=

[Ans.X=]v

(2) When the value of 1, is given ;
: 0issO

dislr\i':),l}xlzg:f are given the'value of the parameter m relating to a problem, the e
ormula can be illustrated by the following examples:

ve. Whatisgy,

[Ans. (i) 60.65% (if) 39.35% (iii) 9.025%] |

¥
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pe
Thisis a problem of Poisson distribution

solnﬁﬂn' PO = e " .m"

o where, X = 1,2,3....

Given, Average number of phone calls= X =, = 25
Poisson Distribution is given by

Pa=1== '|""
x!
-25 o
(i) P(No call)=P(X=0)=%=e—zs‘

= e—Z -e—O.S

(Given e™=0.1353, e™°5= 0 6065)
=0.1353  0.6065 = 0.0821

Hence the probability that during one particular. minute the

re will by h
call at all is 0.0821. € o phone

~25
(i) P (Exactly 3 calls) = P(X =3) = “’3#5)3

_ (0.0821)(15.625)
3x2x1
(iii) P (At least 2 calls) = 1 ~ [P(X = 0) + P(X = 1)]
=1-[e> +(2.5e>%)
e =1-¢™ [1+25] =1-[(0.0821) 3.5)]
= 1-0.28735=0.71265

Example 35, !t is known from the past experience that the average number of industrial accidents
in a factory per month in a plant is 4. Find the probability that during a particular

month, there will be lower.than 4 accidents. Use Poisson distribution to explain your
answer (Given e ™= 0.0183).

=0.2138

Solution; Given, Average No. of Accidents = X = m=4..
P)=e. 2
P(0)=¢™ .%?: em=e
R=e™ 2o e =) '
PQ)=e™ "17'2 ';'—!z.e"" =%E4
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there will be lower than 4 accidents
= p(0) +P(1) + P(2) + PG)
2 43

Tl —_——
=e .[l+4+ 2 + 3
—0.0183 [1 +4+8+10.67) b
=0.0183 x 23.67 = 0.4332
. Probability of less than 4 accidents is 0.4332 or 43.32%,
A car hire firm has two cars which it hires out daily. The number of dep,
on each day is distributed as Poisson distribution with mean 1.5,
number of days out of 100 days on which (i) neither car is used and (if)
is refused. (Given e™"*=0.2231).
Given, Mean=m=1.5,N= 100

-m X

The pmbability that

-
e =0.0133]

and for
Ca[w]a‘e :';;
Some denyg,g

Example 36.

Solution:

P(X=x)= I

(i) P (Neither car is used) =P (demand for car is zero)

—PX=0)= e .(1.5)°
0!
=e™*=0.2231
Thus, the required number of days on which neither car is used

=100%0.2231=22.31=22

(if) P (Demand for car is refused) = P (Demand for car is more than 2)
=1-P(0,10r2)
=1-P(0)+P(1)+P(2)]

=1_| 15 -1.5 (1~5)2 -15 |
1 [e +(1.5)e” 7 + 2 .e
=l—e"‘5|:l+1.5+2'—222]

=1-(0.2231) (E)
2
=1-0.8087=0.1913
Thus, the number of days on which some demand is refused
=100x0.1913=19.13 = 19
Example 37. Consider a poj ' e
oisson probability distributi ith 2 as the avera

occurrences per time period: A on. vith

(fg :;“e .ﬂ"e appropriate Poisson probability function.

(i) Fi dt is the average number of occurrence in 3 time periods?

ind the probabiliSy of 6 occurrences in 3 time periods-

~15

(Given €™ =0.223)

[ e =022

sumber o

~p

I

pample 38

Solution

> -

utions__|3inomial and Poisson

- pistrib!

e = 487

Given, average no.of occurrences for 1 time period =y =9
on: ©
ol () Poisson probability function = P(x =x)= £ g
x!
.» Average no.of occurrences for 3 time period = =

(if) _e".(G)‘_ 2x3=¢
(i) PLX =6]=——=0.1575

PORTANT TYPICAL EXAMPLE

In atown 10 accidents took place in a period of 50 days. Assume that the number of
accidents per day follows Poisson Distribution, find the probability that there will be
three or more accidents per day. (Given: %2 = 0.8187)

The average number of accidents per day =m = 10 =02
50

P (3 or more accidents) = 1 —P [2 or less accidents]

=1-[PX=0)+PX=1)+P(X=2)]
) _[e-u.z Lpa e 02 e'“]
2!

=1-¢2 [14+0.240.02]
=1-0.8187 (1.22)=1-0.9988
=0.0012

BERCISE 8.5

L § i
P:i‘;zsedt_hﬂt_ a manufacturing product has 4 defects per unit of product inspected. Using
i " ~l4stl‘ll:n.|tlon calculate the probability of finding a product with 2 defects.
ven:e™ =0.01832) [Ans.0.146624]

:::flill:i?i‘::r v:)f accidents is a year attributes to taxi drivers in a city follows Pui.sson
With () no aw1!.h mean 3. Out of 1,000 taxi drivers, find approximately the number of drivers
iven: ¢! :; idents in 2 year, and (i) more than 3 accidents in  year.
" Given g, '367?’ €7=0.1353,67=0.0498). [Ans. () 50 (i) 353]
Minyte FaAt the switchboard of consultant’s office receives on the average 0.9 calls per
) 1ng 2 the probabilities :
i etwg;::rll minute there will be at least one incoming call. -
(i Durip, 0.00 AM and 10.02 AM there will be exactly 2 incoming calls.
ivegn f‘n_l‘,lfstewal of four minutes there will be at most 3 incoming cul_l]& "
int;Segp.c. = 04066, ¢! = 0.36788, &-° = 05488, e~ = 04493, = 0.09715)
Xample 51] [Ans, (105934, (i) 0.2677, iiD 0.5147]
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mates that average demand for engineers for re,

. st A T a8 . Pairj
4. Atelevision “:“llps:nuifing this as a Poisson dlsﬂ‘lb'uﬂon 1t appoints two engir::::,s Setgyy
each day 15'] # ‘of days inayear in which bqth engineers are unemployed and '-he‘ alcmik
the propO n:;:ch the some demand for engineers is refused. L
n
°ffw:- le"=0. 678, ¢7"*=0.6065)- . [fms' % O‘ml,(it)o
(Given: exchgiES receives on the average 4 c.alls pevr minute. Find the Probabiy -may
5, A @]e;;l;)oo{;on diswibuton f()207 less calls per minute (if) upto 4 calls per iy, iig e
ﬁi’iff alls perminute. (Given: ¢ =0-0183) fAns. (902379, (i) 0.62g3, o:;n;g!
|
tribution

itting of Poisson Dis . g
» ﬁ) l‘;“l‘l':j;g procedure is adopted for fitting a Poisson distribution to the observeq date
e fol :

¥) from the observed frequency data by using th ]
(1) Firstly, we compute mean (X)Zﬁ( 8 the formy,

N

We use the value of this mean as the parameter of the Poisson distribution, i.e, X =
€ U

(2) The value of e” .
ing formule is used to compute: )
folloving B ¢~™ = Reciprocal [Antilog (mx 0.4343)]

(3) Then, we compute the probability of 0, 1,2, 3 or x success by using the Poisson distribution

formule:

e .m"
P(X=x)= e
(4) The expected or theoretical fr are then ot d by multiply each probability wit
N, total frequencies. Thus,
No. of Successes Prol;:;i)liq Expgc(ec} :“(r;)l]llll!(lﬁ!
° i N.P©)=Ne™
0 PO)=€™" .%T=e'"'

n
1 o NP(1)=Ne.m
P(l)_e"".%=e m.m

2
-m
NP@)=NE"

2 T a m
P(Z)_e".—2T=e o
H B <
N
—_ 1
Alternative Method:

The expected frequencies can also be calculated in an easy way 2S follny'S
(§) First we calculate the /e (0)= P0)=N.e™

i

mis obtained. If the value of e”"is not given in the question, then g,

Binomial and Poisson

istributionS—
il pistr 489
other &P ected frequencies can be calculated as follows:
@ =N -PO=N."

O=T SO
fe(z)=§~/e(1)
fO=5 @

/’5(4)=%'fe(3) and so on.

The following examples would clarify the procedure of fitting a Poisson distribution:
gample39- Fita Poisson distribution to the following data and calculate the th

Deaths: I -0 | 1 | 2 | 3 | 4j
Frequency: | 19 | & | » | |

Also find mean and variance of the aybve distribution. (Given e % = 05432)

Ty

solution: Fitting of Pois;wim Distribution
Deaths Frequency
[6.9] X
0 109 0
1 65 65
2 2 —a
3 3 )
4 1 4
3f=200 X =12
gIA_122_, 0
! Zf 200
m=0.61

Now we obtain the value of ¢~*¢ either from the table or by using the formula
e™" = Rec. [Antilog (m % 0.4343)]
Puttingm=0.61 - :
e%6! = Rec. [Antilog (0.61 x 0.4343)]
= Rec. [Antilog (0.26492)]
= Rec. [1.841] = 0.5432

0
Now, P(0)= ¢! | (o-zll) .

=e %61 =0.5432



1o of Expected Frequencies

Cﬂlc“‘;:(‘:)'; = N.P(0)=200% (0.5432)=108.64 =109
m

=L OXT=

0.61
2 ——=20.21=20
x2 66.27 % 2

0.61
108.64x —~=66.27 =66

f@=r£0
)x§=20.21x0—'3—61=4.11=4

fe@)=re
# 0.61
fe(4)=fe(3)x—4—=4.1lx—4—--—0.63=1
Thus,
X: 0 -1 2 = n
7 109 5 = o] MYy

Mean= X =Variance =6 =061
After correcting the proofs of the first 50 pages of a book, it is found that an average
there are 3 errors per 5 pages. Use Poisson distribution to estimate the number of
pages with 0, 1,2, 3, ... errors in the whole book of 1000 pages.

Example 40.

(You are given ¢~%6 =0.5488)

The average number of mistake = m = % =06

Solution: )
Calculation of Expected Numb oi‘ Pages

X P(X) fe(X)=N-P(X)
0 05488 1000 x0.5488= 548.8 =549
! 032928 1000 032928 = 32928=329
2 0.098784 1000 0.098784 = 9874 =98
3 00197568 1000 00197568 = 197568= 20

more than 3 0.0033792 1000 0.0033792=337= 3

N=1000
where, PO)=¢" mT:' T 0.6° _ 406 20,5488 (@it

PO)= €"-06) _0.5488%0.6 _ 35928
I 1

_0.5488x0.36 _ 0 005784

p)= L5087
2 2x1

,-./?»
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Solution:
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©-(0.6)° _0.5488%0216
= - 22%8%0.216
3! 3x2x1
P[X>3] =1=[P(0)+ P(D+ P(2)+ P(3)]
P[X >3] =1-[0.5488+0.32928+0.0987
.098784+0.0197
=1-[0.9966208] o
=0.0033792

41, The following table gives the number of days in a 50 days period during which

PG)=
® =0.0197568

automobile accidents occured in a certain part of a city. Fit a Poi istril
. Fit a Poi i
oo sson distribution to
No. of accidents: 0 1 2 3 4
No. of days: 19 18 8 4 1

Fitting of Poisson Distribution

No. of accidents No. of days
(U} x
0 19 0
1 18 18
2 8 16
3 4 12
4 1 4
N=3/=50 X =50
Tt A,
f s0 .
m=1

Since the value of ™ is not given, we obtain the value of e by using the formula:
e™™ =Rec. [Antilog (m X 0.4343)]
Herem =
e =Rec. [Antilog (1 x 0.4343)]
= Rec. [Antilog (0.4343)]
=Rec. [2.719]
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. Frequencies VED
Jation ofExPected OUS SOL EXAMPL
@)= N PO =50X0.3678=1839 M'sGELLANE ~
- 1 : ility that India wins a Cricket T i
i m_1530% 118,30 . The probab est Match W
Fe)=F0)%7 1 | puoP® " |4, 1f India and England play three test matches, find %ha:]::;:l;slﬁ s e

1 I
m _ dia will lose all the 3 matches.
- M _18.39x-=9.195 (i) Indi

Je@)=Fo x 2 2 (i) India wins atleast 1 test match.
£0)= DX %’ =9.195x% % =3.065 (i) India wins two matches.

m 1_ - = probability of winning the test match = .
fe(4)= fe(3)x & =3.065% Z =0.76625 s,,[lmuﬂ 2
Thus the expected frequencies of 0, 1, 2,3, 4 accidents as per Poisson distribugioy -

e
No. of accidents: 0 ! 2 3 . (i) The probability of losing all matches is given by:

1839 1839 9.195 3.065 : 1y
o7 | p(x=0)="co(%) G) -=1xg=%

(ii) The probability of winning at least 1 test match is given by: L

L 3
=l-p=l--=2 -
q p 2 4andn 3

EXERCISE 8.6
- o Vir g GREDT 37
1. The following mistakes per page were observed in a book: P(X2D)=1-P(X=0)=1- W
No. of mistakes per page: 0 1 2 3 4 | (iii) The probability of winning two matches is given by:

No. of pages: 211 90 19 5 0 PR N 1) S
Fita Poisson distribution for the data. [Ans. 209.40, 92.14,20.27,2.97,03]] (X=2)="C, (Z) (71) =3X = = o

jos are i ion line and numberof . : :
One hundred car radios are inspected as they come off the production line and numl gl Anpgiiftmesmtinofnalidillim TR ol syt

2.
defects per radio set is recorded below: ) 5_c]hildren, (i) all children will be of same sex, (ii) three of them will be boys and two
No. of defects: 0 1 2 girls. .
No.of Radiosets - 18 2 E Sihfion:  Let p=probability of a male child = 1/2
- . ncies of 0, 1,2, I X
Estimate the average number of defects per radio and[i?:i;eg gze;],u:% 88, 1947, 2‘43:0.211 og=l-p=1- % = % S n=5
=R T L, i encies: v
3. Fita Poisson distribution of the following data and calculate the theoretical freq () P (Same Scx) = P (either 5B or 5G) = P(SB) + P(5G) = P(X=5) + PX=0)
Death: 0 1 2 3 0 " F
Frequency: =5c 1 l +SC—1- l
quency: 12 60 15. PR s\2) 2 0N2) 2
(Given: e™**=0.60657) [Ans. 1213,6065 '5'13';; it | (Ll 21
3 i E ! P ¢ rt 0 =l.—+l.—=—=— .
! f:;?;:;sg.we" the number of vacances of judges oceurring in a High € 32732 32.16
: i 3,02
No. of vacancies: 0 1 2 ? | (@ P(3B)= sca(%) (%)
Frequency: 59 9 ol
- L% | 27 ributio® [
F . v ve dist” 0 = nl
it a Poisson Distribution and calculate the mean and variance of the 8b x=0 : i 32 16

2
[Ans. 58.22,29-11 72781 :
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Example 44

Solution:

Example 45.

Solution:

Example 46.

Solution:

Probabili Distributians\ainomil
3l ang
Poj

uced by a machine are defective, determip,
bolt (if) one bolt and (#if) at most 2
20

100 5

€ the

9% of the bolts prod:
e bolts wjj

that out of 4 bolts (i) no

fe
bility of a defective bolt =20% =

il
fecty,
Let p = proba

S q

5 .
=236 [ ot

A1’
”(Xzo):‘c"'(gj (5) T2

4 3 1 l— ‘
o eo=e(f) (5) - E |

44104 43114 4\ (1)

(i) PX=0, 1,2)=‘Co(§) (3) ) G) 02(5] (EJ
256 256 96 _ 608
B S
625 625 625 625

There are 64 beds in a garden and 3 seeds of a particular type of flower are sowniy
each bed. The probability of a flower being white is 1/4. Find the number of bedswif

3,2, 1 and 0 white flowers.

(0]
64 _256

solution

1
Let p=probability of a white flower = 1

3
=Z;n=

4

1
=l-p=1-- 3
g=1-p=1-7

White flower
(X=x)
3

Total No. of beds
N.P(X)

1
—=1
64X64

9
-—=9
4 Bample gg,

27
2227 |
645

27 _y7 [ Sy,

64 x 7

L2
6

30 (3Y (1)°
“(3) ()
The overall result of a college in arts faculty is 60%. Find the p!

group of § candidates, atleast 4 passed the examination.

oo’

robability

Let p= probability of passing = 60% = 60

00, 13
100 5

> h=$§

s g=1-3.2
5°5

A

g pistributi
bll

ons,_BinomiaI and Poisson
495

p(at |east 4 passes) = P(4) +P(5)

e ) @)

5Xx2x8
_ l+1>< 243=810+2i_|053
3125 3125 3125 3125 3125

multiple choice test consists of 8 questions with 3
correct). A student answers each question by rolling a
first answer if he gets lor 2,. th_e secondanswer ifhe ge
he gets 5 or 6. To get a distinction, the student mu
aANSWerS. If there is no negative marking,
secures a distinction?

answers (of which only one is
balanced die and checking the
ts 3 or 4 and the third answer if
- must secure at least 75% correct
what is the probability that the student

Probability of getting correct answer = p =%

Probability of getting incorrect answer =g = 1_% =§ andn=8
!

The minimum number of questions a student is supposed to answer correctly to getat
least 75% marks.

=8x75%=8 X%=6questions

Probability of getting at least 75% marks:
2

6 2 7 1
POC=6)+ PX=T)+ P(X=8)=C, G) (3) +’c,(§) @ +“c,[§)!

28x4 8x2 1
i e ]
6561 6561 6561
_L12+16+1_ 129
6561 6561
=0.0197

Suppose the probability that an item produced by a particular machine is defective is
02. If 10 items produced by this machine are selected at random, what is the
p“?bab“it}' that not more than one defective item is found? Use the binomial and
Poisson distributions and compare the answers. (Use e =0.1353)

Using B.D,
Heren=10, p=02, g=1-02=08
_ PE=x)="C_¢".p"
* P (not more than one defective) = P [X=x=0]+ PX=x=1]
=¢, 0.8°.(02)° +"C, 08 0.2

=0.1074 +0.2684 = 03758
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Using P-D-

Here, n=10,p=02 p=1p=I0X 0252
ere, =15 —m

e™.m"
PX=X)=""]

L =0)+ =

- P (not more than onedefe(;t)l:e) P(X(z)l) FX=1
=5 o 2 02)

_21T+e m e (1+2)

,x=0,1,2

=0.1353 x3=0.4059
We find that the required probability is more when PD is uged,
I.f the probability that an individual suffers from reaction of a given

0.001, determine the probability that out 0f2,000 indivjdua]s @) exactly 3 indivig il
a;’ld (i,x) more than 2 individuals will suffer from reaction. (Given; ¢ = 01353) 3

Example 49.

Probability of suffering from reaction = 0.001
n=2,000

Solution:

1
=np= =——x%2000=2
- m=np=0.001x2000 T000
The table value of e 2 =0.1353
e m _ o 23
3! 31

() P(Exactly3)=P(X=3)=

=§x0.1353 =0.1804

(if) P (More than 2) = 1 - [P (0) + P (1) + P (2)]
22 +e z +e?.
0! Bt 2!

=1-e? [1+2+2]=1-¢.[5]
=1-(0.1353) (5) = 1 - 0.6765 = 0.3235

Comment on the following:

For a poisson distribution, Mean = 8 and Variance = 7.

In a poisson distribution, Mean = variance, i.e., X=0’

We are given: X = 8,’62 =7

2 2

=l-| e

Example 50.

Solution:

s T -
Since X> ¢ the statement is incorrect.

galh
- ra| e 0.
Example 51. Given that the switch board of copsultant’s office receives o lhe‘aVe gt Jeas!

G N o
per minute. Find the probabilities: (j) In a given minute there W' 2t
neoming call ) Between 10,00 AM and 10,02 AM there will b€ € g
calls, (ii1) During an interya] of 4 minutes there will be at most 3i Y
(Given: %% ~0.4066,e"' =0 36783, ¢-06= 5438, e 03 =044 ¢

Medicipg i,

i !ributions__Binomial and Poisson
ity Dis!
I

o3 497
=0.9
., Here,
sty PX2D=1-PO)=1-=1_0 4066 5974
(if) Here, n=0.9x2=18
ired probability = ° (19’
Required probability = T =02677

(i Here,m =09 4=3.6
Required probability = P(0) + P(1)+P2)+ P(3)
=e e300 a6
2t 3

=™ [1+3 PR S ] :
2! 3!

=0.5147

Example 52. Find the Mean and Variance of Binomial distribution w-ith parameter n and p.
solution: ~ The binomial distribution is given as: P(X =x)= "Cqu- ya

X=x: 0 1 [ 2 — |
P q ng! pt n=1) .3 —_ n
2x1 AP &
Calculation of Mean (X)
I
Zp
: Ip=1
)—f=>:p:c=0.q"+1.nq""p‘+2.M g™ P4t mp”

2x1
=ng"' p' +n(n—1)g"*p* +.......t np"
Taking np as common

="17[11""+(n—1)q"'2.p+ ....... +p"]

=np[g+ p]"™! [ (g+ p)"" =‘]'H e + p"_l]

=np[]"! =np [+ g+p=1
& Rnp

Thus, the mean of the binomial distribution is np.
Caleulation of Variance (6%)

2 2
P P_(Z"P)

. » (%
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zp:l 61=2xzp"()_()2

Now, n=1) .- A =1)(n-
g+ g P +21.——"(2)<1 ) g 2p? 432, LDy

z'p Ix2x] 4p
+
.......... o
X DD) L, ’
=,‘q»—|_p+2n(n—1)q 4 2x1 P nlp
. L 3n-D(=2) .,
=np[q"_‘+2(n—l)q" B T TEE  J — +,,p..4]
Breaking second, third and following terms into parts, we get
2n-Dg"tp =(-Dg"p+(n-Dg"7p
-)(n=2) .3 o An=-D(n-2)
n-0)(n-2) ,3 2 _(# i btV
A s o 4 2x1 P 2x1 qp
wp" = [(n=D)+11p"" =[l+ (-] p""
Substituting the values, we get ‘
i SR G| ) BT
Tep=mpl(q™ +(1-Dq" Pt :
‘ 2-1)(n-2) .3 2 v
"2 pp Fessomusion +(n=p™)
+((n-1g"" p+ 21 " p _
n=: n-2
=npl(g+ p)" +(n-1) pg" i +(n-2)q L) S +p")

=mpl(g+p) +(n=) p((g+ )]
=mp[()"" +(n-1) p()™* ]
=np[l+(n-1) p]=np+np* (n-1)
=np+n’p?—np?

i
Ex1p=np+n2pz _"pz

2 t
Substituting the values of ¥ x2 p and T xp in the formula of 6”5 :ve gef E,pﬂ}’]
0" =5y p- (X =mprnpt -mp’ 1P L
=np—np’
=m (- p) o7
Fnpq

Thus, the variance of the binomia] distribution is 7P4-
Hence, in a Binomial Distribution, Mean = np; Variance = npd

I,,,pili

D,s'mbuﬁans-—ﬂinomial and Poisson
i
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: B " !
53, Show that ‘the mean and’ variance are identical in 5 Poisson distribution,
The Poisson distribution is given as:P(x = x)= emmt
x!
\
x: 0 1 2 3 =g
P em me™ mtem mem e
u 2 | e
Calculation of Mean (X)
= XIpx
X==
Ip
Ip=1
B } me™™ e e 4 -m
=Zpx=0e"+l.—33 2 8 e
L=Zp i T T T

Take out me~"as common

2 3
T me™ m o
X=me (1+m+ 2!-1-3!+ ..... + )

X=me™.e"=m.e™ =me’=m [+ e"

Hence, Mean of the Poisson distribution is m.
Calculation of Variance (0’)
Ip Ip
Ip=1
¢’ =Zx?p—(X)?

~-m P |
Zlp=0lem 412 .%n’ z

Take out me™"as common

2
=me™ .(1+2m+3.%+4.—

2m= L W
iy 20 20 2

m

ETE TR
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2 3 2m? 3
mo M e+ m | 3m
S G Jos e

2
-m o™ m 1+m+ﬂ—+.--m
=me" -\¢ 2!

[ e'"=1+m+m\’+
2 "-"']
—me™ {em+m.(e")}

e .e"+me" .me"
=m+n’

212p=m+m1 Y

ot=2x*p-(X)

Thus,
2
= m+m* —(m)
=m+m? —m
=m

Hence, the variance of the Poisson distribution is m.
Thus, the mean and variance of Poisson Distribution are identical.

—— " IMPORTANT FORMULAE |——————————

> 1. Binomial Distribution:
(i) The probability of x successes in 7 trials is given by:
P(X=x)= "C, . p* where, p=1—¢
(i) The parameter of the distribution is p.
(iif) The mean and $.D. of the distribution are zp and /npg respectively-
(iv) The theoretical fr

quencies of x are given by
fx)=N.P(x)=N.("C,q¢"*.P")

where, x =0,1,2,.....
> 2. Poisson Distribution:

() 'The probability of x successes in » trials is given by

PX=1x) =e"" m°

—_—

x!
where, x =0,IL/

D‘Smbmions—-Binomia[ and Poisson
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arameter of the distribution is m which js e

i) The P | qual tonp, i.e., m=
(@ an and variance of the Poisson distributi, T

iii) The mé ! on are equal.
The theoretical frequencies of x successes are given by

fx)= N.P(x.)= N.[em\'"{)
x!
where, x =0,1,2,...
Poisson Distl'ib,\lti?n is Iirpiting form of Binomial Distribution when
@n>= PaRGEl ) Waesm

| = o, R !

iy

- : f T s

QUESTIONS
1. What do you understand by theoretical frequency distribution? Explain the properties of
Binomial, Poisson and Normal Distributions.

2. What is Binomial distribution? Discuss the conditions for appli
distribution. What are its important properties?

3. What is Poisson distribution? Explain the characteristics of Poisson distribution. Point out
its role.

. Discuss the important properties of Binomial and-Poisson Distribution.

What is Poisson distribution? Give examples where it can be applied.

. What is Binomial distribution? Under what conditions will Binomial distribution tend to
Poisson distribution?

. Find the Mean and Variance of Binomial distribution with parameter n and p.

. Show that the mean and variance are identical in a Poisson distribution. i

g :{hat are the two parameters of a binomial distribution? Define mean and variance of a
inomial distribution in terms of these parameters.

Explain briefly the procedure of fitting (i) binomial distribution and (ii) Poisson distribution.

———

of the Binomial

ERLIES

w so




Q || probability Distribution—Noy,,

ODUCTION (/ - 5 ’
o |:TRﬂl sisribution s one of the most important and widely used continuoys e
orm

bution. ILis ‘mainly used to study the behaviour of continuous random variables like be; )
distribution. e —— L)

| distribution was first discoye;
weight and intelligence of a group of s'tudents. Normal s it ot ] ik
English Mathematician Abi

¢ in 1733. But it was later rediscovered anq applied

Leplace and Karl Gauss Normal distribufion is also known as Gaussian distribution after the nap
Apace 1L 2 =

of Karl Gauss.

o NORMAL DISTRIBUTION ASA LIMITING FORM OF BINOMIAL DISTRIBUTION

Normal distribution may be looked upon as the limiting form of binomial distribution unde
certain conditions:

(1) n, the number of trials is infinitely large, i.e.. n—> °

(2) Neither p nor g is very small.
o DEFINITION OF NORMAL DISTRIBUTION

Normal distribution is defined and given by the following probability function:

)2
— o< X <+oo

_ o d,;:}.l“s
Where X =Mean, 6 = Standard deviation, e (base of natural logarthim) = 27183 an
Normal distribution i rd normal variate form is given by: x-X

Z—
4]

e? —eo< Z< cowhere Z=SN.V.=

The mean of Z'is zero and standard deviation of 5 is 1. mean 5 2610 wl
_Standard Normal Distribution (SN.D.) is that normal distribution W*}f_si/
variance is unity.
N~

O GRAPH OF NORMAL DISTRIBUTION.

The graph of the normal distribut;
presentation of normal distribution, The

hie
. the groP
rve 1S
on;is called normal, curve. Normal :lucurW‘
following figure illustrates the o™

-
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Graph of Normal Distribution

hape of normal curve depends on the values of mean
€ S|

; (X)and standard deviation (0). There
o different shapes of normal curve for different values
will be ¢

of mean and standard deviation,
) pssumptions of Normal Distribution
The normal distribution is based on the following set of assumptions:
® Independent Causes: The forces affecting the event must be inde;
e, they are independent of each other.

(2) Condition of Symmetry: The operation of causal forces must be such that the deviations
fiom mean on either side is equal in number and size.

pendent of one another,

(3) Multiple Causation: The causal forces must be

and of
weight or importance.

ly equal

0 Characteristics/Properties of Normal Distribution/Normal Curve

(1) Perfectly Symmetrical and Bell Shaped: The normal curve is perfectly symmetrical and
bellshaped about mean. This means that if we fold the curve along its vertical axis at the centre, the
two halves would coincide.

(2) Unimodal Distribution: It has only one mode, i.e., it is unimodal distribution. .

() Equality of Mean, Median and Mode: In a normal distribution, mean, median and mode
areequal, i.e,,

i ha?) Asymptotic to the Base Line: Normal curve is asymptotic to the base line on either sides, i.e.,
dlendency to touch the base line but it never touches it. This is clear as follows:

I

Base Line +®

L J

A
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» . P . f the most important
i on either side, i.e. roperty: One o portant property of ;
e ormal curve extends to infinity " > 1., it extends oo, (15) Areas fny. The total area under the normal curve is 1e.nl}t,has ;:;1“ ?‘cl; c:“,f I.s theares
(5) Range: under the normal curve is 1. 8  ship prop I b - 5 und that:
| Area: The total area h . ; oio"*" 5 rea under the normal curve between X 16 and ¥ +1¢ js 0.6826,
©6) ’l‘ow. . The ordinate of the normal curve at the mean is maximum, (U] i ¢., Mean 10 covers 68.26% area under the normal curve, ’
(7) Ordinate: a—— ordinate divides t}_le whole area under the CUrVe ingg ] - ;a under the normal curve between X —2 g and X +26is 09545
@ Meﬂ':/ Ord::: :éht side and 50% on the left side. O equy (i) ‘?; Mean *20 covers 95.45% area under the normal curve, ’ ’
d on 5 e 2 f . €. 2 na g
parts, L;;, s?d;mce of Quartiles: Ina normal distribution, the quartiles O, anq Osare iy (i) Area under the normal curve between ¥ —3¢ and ¥ +3¢ is 0.9973,
(9) Equicis™=/
from the median, i€

je., Mean 30 covers 99.73% area under the normal curve.
0,-M=M-0, The following figure illustrate the area property: )

Quartile Deviation: In a normal distribution, the quartile deviation is 73 times
(10) Qua

.. Graph showing Area Relationship
standard deviation, i-€.> HERERe
5.0 2 $.D. 95.45%
3 99.73%
(1) Mean Deviation: In a normal distribution, the mean deviation is 4/5 times the standarg -T % T
deviation, i.e., —3-; s B )_S iy +%v wﬁuﬂs
. gS.D. R [} 1 2 3 ZScale

’ fon: normal curve has two points of inflexion (i.e., t_hc poixvs wh'm : & of Normal Distribution
th o Poll:::gglinrsﬂ:xgmgeat ¥-1c and ¥ +10. In other words, the points of inflain | © ImPortanc
e curve cl ry 7=

X-10 and X +10. This is clear from the figure given below: The normal distribution has great significance in statistical analysis. It is the basis of modern
occursat X t1o, ie.at X — A

satistics. The following points highlight the importance and uses of normal distribution:
. (1) Study of Natural Phenomenon: All natural ph p the ck istics of
%16 X+1o Vil tomal distribution such as length of leaves of a tree, heights of adults, birth rates and death rates,
. The normal distrynion is widely used in the study of natural phenomenon.

(2) Basis of Sanipling Theory: The normal distribution is also of great importance in the

unpling heory. In'fact, normal distributiori the basis of sampling theory. With the help of
"omal distributio

X 1 i . n, one can test whether the samples drawn from the universe represent the
1o X +1o iverse satlsfactoxy or not.
(13) Continuous Probability Distribution: Normal distribution is a distribution ofconi® /O Statistica) Quality Control: It finds large importance in statistical quality control. It helps
ous Probabi istribution: Normal ¢

LT — . .
Vlrial?:: ning the tolerance or specification limits within which the quality of the product lies. The
S in the Quality of a product are acceptable within these tolerance limits.

for Large Sample Tests: The normal distribution is also widely used in case of large

variables. Therefore it is called continuous Probability Distribution. llowing symb"m
(14) Constants: The constants of normal distribution are denoted by the follow?

sam(? Usefy]
_ = Ples,
Mean = Xorp or m Moment coeff. of Skewness = w/BT =0 0

) ap © sample tests are based on the properties of normal distribution.
) : e ™ \ pr At i i i istribution: al distribution serves as
S.D. =¢ Moment coeff. of Kurtosis =B, 3 : "1; Botoximas on to Binomial anfl Pm%sm_l Dgtnbutmn. '11“? nm.nal Tt e
b 7)‘"‘ N P" Of gbg, On to many theoretical distributions such as B_moSm i ;h s ho
[ P namely et hhng‘“ Bin: ™ations increases, the importance of normal distribution to solve the pro
aln "arameters: The normal distribution has two parameters cters:
standard deviation (g). The ¢

he n o Mial, Poisson, etc., increases.
ntire distribution can be kjown from these tW

/

/
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: e of normal distribution i inomial distribution can be sym: . .
Prof, Youden has expressed the importanc ution in the shape - 0 Shape? Thg :131 o or gl e morml zstrri‘l‘;eu‘:i!;:liam: asymmetrical. It depends on the
which is shownt below: THE Moy esof P and7: - s always perfectly symmetrical.
curve NORMAL vl foronce petween Normal and Poisson Distributions
LAW OF ERROR i -
STANDS OUT IN THE i ollowings 3¢ vh.e maif .dlﬂferenc'es between normal and poisson distributions:
EXPERIENCE OF MANKIND ure: Poisson d|str§bm.lon isa discrete probability distribution whereas T
AS ONE OF THE BROADEST 0l If“uous probability distribution. ereas normal distribution
GENERALISATIONS OF NATURAL | . pcontinuots P’ e h o . ]
PHILOSOPHY. IT SERVES AS THE is . probability Function: The probability function of poisson distribution is given by:
GUIDING INSTRUMENT IN RESEARCHES. | PX=x)= e wr
[N THE PHYSICAL AND SOCIAL SCIENCES AND =x)=e".
N MEDICINE AGRICULTURE AND ENGINEERING
INDISPENSABLE TOOL FOR THE ANALYSIS AND THE ¢ probability function of normal distribution gi .
mmm{gif gl]: THE BASIC DATA OBTAINED BY OBSERVATION AND EXPERIMzyy . Whereas the P n given by:

Afx-X ?
i Binomial, Poisson and Normal Distributions | P(X=x)=—1—.c ’[ ° ]
0 Relation among o.2n
The binomial, poisson and normal distributions are related to each other. The telationship

[6) Value of n: In both poisson and normal distributions, the value of 7 is very large, i.e.,n — oo,

shown below:
(A) Relation between Binomial gnd No‘r{nal Distribution: Binomial distribution tend, (4) Values of p and ¢: In a poisson distribution, p — 0and g — 1 whereas in normal distribution
become normal distribution under.certam conditions: . e p nor g is very small.
(i) n approaches to infinity, i.e., n—> = (5) Parameters: The poisson distribution has only one parameter m whereas normal distribution

(ii) Neither p nor ¢ is very small. | nastwo parameters namely X and 6. .
(B) Relation between Poisson and Normal Distributions: Poisson distribution tends to become (6) Shape: The graph of poisson distribution is always positively skewed whereas the graph of

normal distribution of its parameter ‘m’ becomes very large, i.e., if m—> o, than PD tends wND. nomal distribution is perfectly symmetrical.

© Difference bety N | and Binomial Distributi ; ., | 9 AComparative Study of Binomial, Poisson and Normal Distributions
The following are the main differences between normal and binomial distributions: e glﬁ$thive Stl{dy of Binomial, Poisson and Normal distributions can be made on the basis of
(1) Nature: Binomial distribution is a discrete probability distribution whereds o g properties: ’ ;
dlsﬂibqﬁon is a continuous probability distribution. ¢ ¥ s?" Properties Binomial Poisson Normal
(2) Probability Function: The probability function of binomial distribution is given by, T Wetire Discrete Discrete Catinvis
P(X=x)="C_q"".p" P;obability - l[x_ ;7)’
. . unction P =" "X o m e s 2o
The probability function of normal distribution is given by: | UPHES=E, 57| M il et
e 3
D= " | Porameter 3
1 _“[ ] Loat np X,
P(X=x)= \/2__..2 2o ‘\ Restrictions 0<p<l mﬂo _NSX“S”
G, 2T * | Limit
o where® imiting Fo,
) R 3 s is finite ™ 0 — P ~ S
5 ng:r)n Z]ﬂél'letr l_J:J' n: Ina binomial distribution, the value of », i.e., number of trials is 17 I~ SFBD ‘;: 0 Nelthee o
istribution, n approaches to infinity, i.e., n— oo . oty gqld L v np—m q is small
(4) Values of p and g: It a binomial distribut: dgare approX!™ Vg X = X= Xorm
10 0.5 wheréas under normal di inomial distribution, the values of p and 4 I~ Veriance P - .
5 ormal distribution, neither p nor g is very small e s 6. m ol =npg_ ol=m o
distributi r;me‘""“ The binomial distribution has two parameters 7 and 7» \& Symmetrical or Positively Perfectly J
iribution has also two parameters, namely X and o Asymmetrical Skewed Symmetrical
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Area under the Normal Curve?

lowing steps ar¢ to be followed to measun’: area. under the normal ik
The fol o]‘ the given value of the normal variate is transformed intq
m Firstly,

son Tegiver by:
i la of Z—tranfonnat_lfn is given
substitution- The formu! e

7=+

o Howto Measure

Standary
Unig by

For example, if % =30,0=5and X=35, then the standard normal variate correspnndil;
or ex: g . g‘ws
will be:
o, 15,'?2 =1
ez ill be 1
, the Z-transformation of 35 will be 1. . :
g;“'ls'hw area is obtained from the area tables (given at the end of the book) for any pary

value of Z.

The table given at the end of the book shows the area between O to Z, which is shown below;

Right Tall

The following examples will show how the table of area under normal curve is consulted tofind
the area under the normal curve: :

Example 1. Find the area under the normal curve between Z =0 and Z = 1.54. o) 4
ding toZ=15

n—Normal .

i D|stributio
o 509
2
Therefore, the entry corresponding to z <1 5 ; .
area in the following figure between 7= o andlsz(l"t—}izsand it measures the shaded
pample 3. Find the area between Z=— 045 and =125,
Solution:

Required Area
=(Areabetween Z=-0.45and Z = 0) + (Area between Z =0 and Z = 2.5)
= (Area between Z = 0 and Z = 0.45) + (Area between Z = 0 and Z = 2.5)
=0.1736 + 0.4938
=0.6674

Example 4, Find the area under the normal curve between Z=0.75 and Z = 1.85.
Solution;

Required Area
= (Area between Z = 0 and Z = 1.85) - (Area between Z=0and Z=0.75)

Solution:  Ifwe look to the table given at the end of the book, the entry GOI'I"?SPOT“MWeeﬁ P
is 0.4382 and this gives the shaded area in the following figure b |
and Z=1.54,

Example 2. Find the area under the normal curve between Z =— 15and 2=0 orrcspo“dinset‘:

ion: . & jes C
Solution:  The table given at the end of the book does_not_contain entri® . BI“MNLS.

; ) 3=
;eﬁatlve values of Z. But since the curve is symmetrical, We can 710 0 on
=0and Z= - 1.5 by looking the area corresponding

=0.4678 — 02734
=0.1944
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: . =+0.36.
the right of 2=+
Find the area ©©
xample 5-

E
Solution:
|
Required Area .

= (Area to the right of Z=0)— (AreabetweenZ=0and Z = 036)

=0.5000 - 0.1406 = 0.3594
Example 6. Find the area to the left of Z=—1.52.
Solution:

0.0643
—152 0
Required Area f

= (Area to the left of Z = 0) — (Area between Z=-1.52and Z=0)
= (Area to the left of Z = 0) — (Area between Z =0 and Z=1.52)
=0.5000-0.4357 = 0.0643
Example 7. Find the area to the right of Z =—1.25 or greater than Z =-1.25.
Solution: :

e

s"mum,n_.Normal

ol Di 511

ind the area to the left of Z =+1.58.

e !

sulﬂﬁ"n:

Required Area=(Area to the left of Z =0) + (Area between Z = OandZ=1.58)

=0.5000 + 0.4429
=0.9429
pample 9, Find the area to the right of Z=+1 and to the left of Z=—1.
Solution:
_
////////
Z=-1 ] Z=+1
Required Area -
=Total Area—(AreabetweenZ=—1 and Z= 0)—(Areabetween Z=0and Z=+1)
=1-0.3413 - 0.3413
=1-0.6826= 03174
EXERCISE 9.1 5

L. Find the area under

’ the normal curve in the following cases using table:
() Between 7 = 0

andZ=13 (ii) Between Z=0.75 and Z=0.

Required Area
= (Area between Z =] 25 and Z = 0) + (Area to the
=0.3944 +0.5000
=0.8944

right of 2% 0

(i) Between Z =~ 0.56 and =245 (i) Between Z = 0.85 and Z = 196.
[ [Ans. (i) 0.4032 (i) 0.2734 (iif) 0.7052 (¥v) 0.1727]

p::;::::‘* of Normal Distribution

U inding ::_ns relating to normal distribution are studied under the following heads:

@ iﬂding n.“’“ When X and 6 of normal variate are given.

Oy ing ?a.n and standard deviation when the area is given.

(4 Fittip, ols;:lmum and maximum score amongst highest and lowest group.
ormal Curve,
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> ) Finding areas when X ando 0
area under the normal curve, firstly we transform the |

find the 3 i the oi
ari::z(;;dtzrt;li Zr-lvariate. Forexample, if X =30,6=5and X=35, then x = 3351\"31“\, alue Ofpy |
Vi 2 . >
into the standard npormal variate as follows: ige be “"nsrm:
Z_M:] where, Z=———
== =

> 0 4075
! o

Thus, for X=35, the standard normal variate (SNV) is 1.
After Z-transformation, table of area under the normal curve is consulteq,
The following examples illustrate how the Table of Area under the Norma| Citpves
to.find the area under the normal curve. ""hsmmmted
curve has X =20 andc = 10. Find the area between Xl

Required Proportion

= Area to the right of (Z = 0) — Ar,
— Area b, =
=0.5000 - 0.2734 = 02266 e =

Example10. Ano =1Sand y _ Number of candidates whose score exceeds 60
Solution: _@iven X¥=20, 6=10 =4 =1,000 X 0.2266 = 226.6 = 227
Between X, =15and X, =40 0] Betweeynﬂ 66
: _X-X 15-20 s Z, = SNV comresponding to 30
Zl=SNVcorrespondmgto15——0—=T=E=—0.5 : =X1‘X=30—42__12
! X,-X 40-20 20 P u %
2,= SNV comresponding to 40 = —1—=——= =Zo= 49 2 SNV corresponding to 66
10 =X2‘X=66—42_24
c 24 24

0
\

N\

N\

)

7

-0.5 Z=0 +2
Required Area= etween (Z=—0.5 and Z=0) + Area between (Z=0andZ=¥)) -
=0.1915+0.4772 = 0.6687 b . Required Proportion
Example 1. Anapitde et fo selecting offcersin a barik was conducted on 1,000 50455 = Area between (Z =~ 0.5 and Z = 0) + Area between (Z = 0 and Z =+1)
the average score is 42 and the standard deviation of scores is 24- . =0.1915 +0.3413
Assume normal distribution for the scores, find =0.5328 P
() the number of candidates whbsegm&ﬁxmd@ Number of candidates whose score lie betéveen 30 and 66
e gi) the ;{umber of candidates whose score lie between 30 and 6. k7% E‘lmme 12 _=1,000 x0.5328 = 532.8 or 533
: iven, X= = _ 3 - =M% ey :
0] 1131 5:2,0 24,N=1000 nor:):;c'n.thly income distribution of workers in a certain factory was found to be
reecding 60 : permrel With mean Rs 500 and standard deviation equl 0 Rs 50. There were 228
Z=SNV corresponding to 60 1 Al g xtrgdettmg income above Rs 600 per month. How many workers were there in
_X-X 60-42 18 3 075 ct of area under standard normal is given below:
o T m w4 1 2 25 s
03413 0412 04938 odss1 |
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X =600

Given, X =500, = >

sance =600
; J variance for X
Standard norma 600-500 100 _

50 50
between Z=0 and Z=21is 04772

Solution:

2

Area f7=2 " ‘
the right of 2= |
Areato e T 5000~ 0.4772. = 0.0228 or 2.28% }

For area 0.0228, the number of workers are 228

X1=.10,000 workers

22
For area 1.00; the number of workers are = ST
istributi i i 1 with mean Rs 400 and
13. The wage distribution of the workers in a factory is norma

i swndau'dg deviation Rs. 50. If the wages of 40 workers be less than Rs. 350, whatisthe

total number of workers in the factory? : -

7= X-400 350-400
c

For X =350, 50

Solution:

Required Proportion = Areato the left of (Z= 0)— Area between (Z=0and Z=-] )
=0.5000-0.3413 =0.1587

f
] number®
Number of workers dr. M

workers,

awing less than Rs. 350 = 40 = 0.1587 0

Total number of workers = A0
0.1587

=252.04 =252

) 4

A
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Assume mean l_mgl.ﬂ of so!dlers to-be 68.22 inches With a variance of 10.8 inches
hiow many soldfl’s In a regiment of 1000 woy|g You expect to be over six feet tall?,
We are given, X=68.22, o

=108>»¢= J10.3 =328
Above 6 feet (i, 72 inches)

o X—)?=72—68‘22 3.7
G 3.28

Required Proportion = (Area o the right of Z = 0)—(Area between
=0.5000 - 0.3749

4.
Ex"“ple :

|
Snl“‘i"":

ForX=72,

Z=0andZ=1.15)

=0.1251

Thus, the expected number of soldiers having height above 6 feet
=1000x0.1251
=125.1= 125
Example 15. Find the probability that an item drawn at random from a normal distribution with
- mean =70 and S.D. = 8 will be (i) between 70 and 82, and (ii) more than 82.
Given, X =70, 0 =8
(i) Between 70 and 82

Solution:

X, - X _10-10_,
c 8

X-X $-70_12
Z,=SNV corresponding to 82 = ZT BT =

Z =SNV corresponding to 70 =

8

=+15

+1.5

0

Required Probability = Area between (Z = 0 and 3= 1.5)
=04332

Hence, 43.329% items lie between 70 and 82.
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d 82 (i.e- exceeding 82) Ty
(if) Beyorn@ 52 X-X _8-70 12 |
SNV(Z) comesponding 10 82 = 0= =T =S s g
Required Proportion
= Area to the left of (Z = 0) - Area between Z=-133amdz=0)
= 0.5000 —0.4082 .
bili =0.0918
R LNeE U Thus, the number of bulbs expected to by
— Area to the right of (Z = 0) — Area between (Z=0and Z = 1.5) e pected to burn for less than 1960 ho.urs
=0.5000 - 0.4332=0.0668 iphesr
Hence, 6.68% items lie beyond 82. .
i . le17. Net profit of 400 companies is normally distributed with amean profit of Rs. 150 lakh:
Bl rw'lh O_fiBS'S e e = b“"?5 T;nu?‘:t'ured e company it was fong B and a standard deviation of Rs. 20 lakhs. Find the number of cor.:panies whose proﬁtz
tha the lfeime of a bulb was normally d'SL" o W‘f“‘ an average lfe of 2049 oy, (Rs. lakhs) are (7) less than 128, (if) more than 175 and (iif) between 100 and 138.
and standard deviation of 60 hours. On the basis of the information, estimas Also find the minimum profit of top 15% companies. ¥
number of bulbs that is expected to bumn for (/) more than 2150 hours, and (i) les ) - T8 450 i
than 1960 hours. Solation:  Given, N =400, X =150,6=20
X Less than 128
Solution:  Given, N =20,000, X =2040, =60 (U] an g
(i) More than 2150 hours _ ForX=128,Z =2—0=2_0=_1_1
ror X215,z X=X _2150-2040_110__, o
onX=20L=T T 60 60 -
Z=-11 0
0 +1.83
Required Proportion
Heguied Proptution 18 = Area to the left of (Z = 0) — Area between (Z =— 1.1 and Z=0)
= Area to the right of (Z = 0) — Area between (Z=0 andZ=1. 0 500D 0 AR
=0.5000 - 0.4664 = 0.0336 -
i "hours =0.1357
This the number of bubsexpected o bum formore than 2150225 Number of companies = 0.1357 x 400
=20,000 x 0.0336 = 672 =0.1357
(#0) Less th : = 54,28 = 54 approx.
an 1960 hours _ (#) More than 175
For, X = 1960,Z=X_X = 1960—204()::@:_1’33 ForX=175. 7= 175_150_§=+1 ”
% 60 4 ’ 0 20

> -
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Z=+125

Required Proportion
= Areatothe right of (Z=0)— Area betwee
=0.5000 - 0.3944 = 0.1056
Number of companies = 0.1056 x 400 = 42,24 =42 app,
(iif) Between 100 and 138

n(Z=Oandz=1.2S)

100-150 _ 50
= =———=-—=-25
For X=100, Z, 20 20
7z _138—150___12__06
ForX=138,Z, = 20 20 g
Z=-25 . Z=-06 0
Required Proportion

= Areabetween (Z=-2.5 and Z= 0)— Area between (Z=—0.6 and Z=0)
=0.4938 - 0.2257 = 0.2681
No. of Companies = 0.2681 x 400
=107.24 = 107 approx.
() Proportion of Top Companies = 0.15
Value of Z having 0.15 area of its right
. Value of Z coneslg)onding to (0.50 - 0.15), ie,, 0351
=104

///////7///////

i

]

) 4
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X-X -
Z= 5
]
X -150
1.04=
[From the table, Z = 1,04 pe 0.35 area]
1.04 x20=X-150
- 20.8=X-150
= X=1708=171 approx.

Hence, the minimum profit of top 15% companies is R, 171 lakhs

EYERCISE 9:2

= a sample of 1000 workers, the mean weight is 45 kg witha

v > mean v standard deviation of 15 kg,
Assuming the normality of the distribution, find the number of workers weighing betwcegn
40and 60Kgs. [Ans.471)

5. Asample of 100 dry battery cells was tested and found th

e mean life 12 hours and standard
deviation 3 hours. Assume that the data to be normally distributed, what percentage of
battery cells are expected to have (i) more than 15 hours, (if) Between 10 and 14 hours and
(iif) less than 6 hours.

[Ans. (i) 15.87% (if) 49.72% (iii) 2.28%]
3. Inan test for admission, 1000 stud pp d. Their average marks were 45 and
standard deviation 10. Find (7) the number of students securing beween 40 and 50 (if) number

of students exceeding the score 60 (iii) the value of score exceeded by top 100 students.

[Ans. () 383 (if) 67 (iii) 58]

. Find the probability that an item drawn at random from the normal distribution with mean 5
and S.D. 3 will be between 2.57 and 4.34. [Ans. 0.2039]

- Anormal distribution has mean (1£)=12 and standard deviation (6)=2.Find the area between
X=9.6and X=13.8. i

[Ans. 70.08%]
. For a normal distribution, mean = 12 and standard deviation = 2, find the area under the
curve from X=6t0 X'=18.

[Ans.99.74%]
The Ambala Municipality installed 3,000 electric tubes in various streets at a particular
Moment of time. If the average life of electric tube is 1,200 burning hours with S.D. of 250
hours, fing the expected number of electric tubes: (i) that might be expected to be fused in
first 200 burning hours and (i) expected to be good after 1950 burning hours. :
[Ans. (i) 68 (if) 4]

. '\.Ss.les Tax Officer has reported that the average sales of 500 businessmen that he has to deal
\vu}-. duﬁ"g 2 year amount to Rs. 36,000 with a S.D. of Rs. 10,000. Find out: (i) the number of
ofpesSen, the sales of which are over Rs, 40,000 (i) the percentage of busmesayen e sales
Which are likely to range between Rs. 30,000 and Rs. 40,000. [Ans. () 172.3 (i) 38.11%]

-

7
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pistripution—Normal

M

na distribution exacﬂy normal 7% of the item:
i’lmPle - Find the mean and standard deviation of the distribution:

- ¥ and  when the area under normal curve is given
» (2)Finding a the normal curve is given, }hen ‘we can f'!nd the me, @
en the ared “:“:’:ml distribution. The following examples illustrate the proc ;ind “"’M
deviations () of the rmal distribution, 31% of the items are under 45 and gy, are g ure; :
Example 18- )I_(n ;‘: ; of the distribution. Ver 64, g

S are under 35 and 89y, are under 63,

- L1907

=

Solution: Value of Z @Tshqqdi 7810043 area = ~148

crag=3=X
o
x=X or _—1480=35-X
== : AAE of X-14%6=35 B
Value of Z corresponding to 0.50 —0.31 = 0.19 area =— 0.5 (From the table) Value of Z corresponding to 1).39 area=-+123 .
45-X 154 e8B=X .
—05=—— 23S
o [
o —050=45-X or -1236=63-X
- X-0506=45 1 ) or X+1236=63 " ; )
Value of Z corresponding to 0.5 — 0.08 = 0.42 area = +1.41 (From the table) Solving the _two equations
64-X ) X-1.4806=35
== i X+ 1236=63
1416=64-X ) = = =
:— T+l4lo=64 : , T 40 ~2710=-28
or = *
Solving the two equations v T 2716 2288 : .
U X 0seds ' n or oS
X+1.416=64 X
s =1033
-1916=-19 SllbsEmting the value of G in (i)
= a=10 X-1.48(1033) =35
S ke X-153=35
e g the value of ¢ in equati (0] = 503 )
X -0.5(10)=45 Thus, F o : ; e
X-5=45 » 4=503, 6=1033
or X =50

S X=50, g=10
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large grouP of men, it is found that 5 per centare under 60
a larf

. In
Example20 Pe.—centarebe

and standard deviation of height.

N incheg;
tween 60 and 65 inches. Assuming a normal dig; e 3

31 hg;
b\mun, ﬁr:gtl;:"ﬂ%
Ty

Solution:

i 0.45 (0.5000—0.05) area=—1 65
The value of Z corresponding to 65. Thepeglliis
witeh the value of Z is taken as the value on the LHS of the mean of the ;lg:t:“"::xm
60— X on,
~1.65=—
c

Z1650=60-X
or X-1.650=60
The value of Z corresponding to 0.05 area =—0.13
63-X

or
-
-0.13=

or

~0.136=65-X
X-0.130=65
Solving the two equations
X-1.656=60

or

5
| g=—=329
MY e

Substituting the value of & in (7)
)ﬁ- 1.65(3.29)=60

X =65.4285 = 65.42
EXERCISE 9.3

X -5.4285=60
. X=65.42,0=329

" 'hu(ﬂt
1y dist™

- ;l;hleor:mks obtained by the students in an examination are known t0 ¢ l;?::l e m‘?‘;‘l‘g
7 of the students got less than 40 marks while 15% got °V"’E:2’sw)‘{ =6215,9"

standard deviation of marks?

. tion—Normal =
il pistribution—No 523
po2
5 ination, 15% of the candidates :
certain examin ¢ X Passed with distinctj i
" ]n:ed. tis known thata candlc!ate fails ifhe obtains Jegs than 49 nl\.‘:ﬂl:r(lowu?ll; 125% of them
fa:: ptain at least 75 marks in order to pass with distinction, it i

dMaﬁon i b distribution 9f iacks assuming this (o o norm:;nd the mean and standard
. ) o [Ans. X=53.19, 6 = 20.46]
. t of a group of men is normal i :
ming that heigh P rmal, find the mean and ati
Qiiscn hat 8 4% of men have heights less than 65.2 inches and 68% ha:t:?;:ia;t:z:::enr’:
g5.2and 62.,8 ‘nChes{nation s peies [Ans. X=64,6=12]
In a certain exam ntage of passes and distinctions were 46
4 respectively. Estimate the dad.m_ark§ biained by the candidates and their st:nn:argd
jation, the minimum pass and distinction marks being 40 and 75 i
f;:disu-ibution of marks to be normal). respectively (Assume

[Ans. X=37.18,0=28.22)
—_— :

w

and M:

y () Finding] Score Amongst the Highest and Lowest Group
When the X, ¢ and proportion of highest and lowest groups are given, then we can find the
ninimum and maximum score amongst the highest and lowest

Fimmc o group. The following examples
illustrate the 7 ’

Eample21.  The wages of 5,000 }vorke:s ‘were found to be normally distributed with mean Rs. 2,000
and standard deviation Rs. 120. What was the lowest wages amongst the richest 500

workers?
Solution: Given, N = 5,000, X= 2000,6=120
Proportion of richest workers = Sﬁ = L =0
5000 10

The value of Z corresponding to 0.40 area = 1.29

0 Z=129
We know that: Z=u
(o}
129 = X =200
- 120
= X—-2000 = 154.8
=

X=Rs.2154.8 .
Thus, thg lowest wageE among the richest 500 workers is Rs. 2154.8.
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dard deviation of a graduation eXaminatiq
The mean and ;?3 and 100 respectively. 1f S50 students are " follgy,

OWip, \
Example 2. The 2. e SPe - to be iy
distribution Id be the minimum passing marks? Passeq Out grr;";l

students, what wo—u
= =100
.. Given, N= 674, X =500,0 v
Solution: . ) 's=25_0=0816 ;
proportion of passed students === = 0.

The value of Z corresponding to 0.316 area=—0.9

X —-500
100

or -90=X —-500 or X=410
Hence the minimum passing marks are 410. ‘

Example23. The marks of students in aclass are normally distributed with X = 70and S.D.=5f

the instructor decides to give ‘A’ grade to top 15% students, how many marks2

student must get to be able to get ‘A’ grade.

Given, X =70, 6=5 )

X=X o=
(2

Solution:

15
Proportion of top students = 100 =0.15 -

1 |
M
0 A :

The value of Z corresponding to 0.35 area = 1.04.
We know that

X-x ©X-70
=

I=—= > 1LM= 520=X-70

L X=752

Thus, to get ‘A’ grade, one must secure 75 marks or more-

-
2 1

\

. Dismbution——Normal

p ’ougbﬂl -
setof examination marks is approximatel

A L y normally distributed wi
g 24 and standard deviation of 5. Ifthe top 5% of the students get ;-;11 “:‘:’n; Rea: of 75
25% get grade F, what is the lowest A and what mark is the highest F? e bottom

Given, X =75, 0=5

525

solution _Xx-X
. :
value of Z conespondin; 100.5-0.25=0.25 area=—0.68 (From the table)
=75
—068=""— o
: 5

or —0.68%x5=X-75 L
of —34=X-75 e
or X=T1.60r72. o

Thus, 72 will the higheﬁ marks of the bottom 25% of the students.
Value of Z corresponding to (0.50 — 0.05) = 0.45 area = 1.65 (From the table)

165=5=1
5
or _ 1.65 %5 =X-75 5
or 825=X-175
or X=83.250r83

Thus, 83 will be the lowest marks of the top 5% of the students.
Thus, the lowest marks of the top 5% would be 83 and the highest marks of the
bottom 25% students would be 72:

E)(ERCISE 9.4 Ak »
v e e I — o

1' 4 . - b .
Th;momhly incomes of 500 workers were found to be normally distributed with the mean
X000 and a standard deviation of Rs 200. What was the lowest income among the richest
W Workers? P [Ans. Rs.2,134]
" ey omes of a found to be normally distributed with
‘ group of 5,000 persons were Ioun y

I(nﬁ?n = Rs. 900 and S.Dl.)= Rs. 75. \;\)fhat was the highest income among the poorest 200?

YeN: Area under the standard normal curve from Z=0to Z=1.75 is046). [Ans.Rs.768.75]

A
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. normally distributed with, ¥ >fd 2 6 »
£ students in a class are - X=67 o ge 2 =254 28
3. The m;fﬂ; ‘marks to be normally distributed, determine the maximyp ma::: ?;D_ “ig X = A+ 2 xi=25+2ox10
Assuming 0f 'h“ T 2
10% of theclass. - erod to 1,000 stud th [Ang, 5, Moy zfd’ Zfd’ :
L test ad 0 14 e £ Score w, +3:164¢, g=+——" X i
s ;n :; :::ll?sgiwlfﬂ‘e top 10% of the students get grade A, how many ::i:izmand 3 N N
e 24 Al
sudentmustgetto beableto get grade A TAn y sy © 4 (-sY
-T2 = |=-|=—]| x10=10.53
— Kl 20 \20 =
b 3 Curve 4 Foand-
4 me“l finding the X and'G, we adopt the followj
’ SR:e a:e o methods for fitting the normal curve: < After - . MV = Ing procedure.
- Variable M. z=X=X | Valueofordi Ordinatex N % i
(1)(Q9:Qe}!&5!1‘?-‘i 4 o franO;;nlimne Je=——
al
(@) Area Method ) @ @ ® | @
(1) Ordinate Method . 0—10 5 - 160 0.1092 207-2
is method uses the Table of Ordinates of the Standard Normal Curve. This method j =
& gﬁﬁng <4t 0d invol 10—20 15 —066 03209 609=6
(i) First, we find arithmetic mean (X') and standard deviation (') of the given st 2030 25 028 03836 728=1
(if) Find the mid points of each class interval and denote it by X. 3040 35 123 ° 0.1872 355=4
¥-X 40—50 45 218 0.0371 0.7046=1
(iii)Foreach)‘,ﬁndZ=T N:mjl/
(iv) Find ordinates at each of these value of Z from the table of ordinates. ) Ar;a Method ’ d
(¥) Multiply each of these values by N x ;i and we find the expected frequencies. . This method uses the table of area under the Standard Normal Curve. It involves the following
ps:
Here, N = number of items, i=size of class interval, 6 = S.D. [0) Fi:stf, we find Xand & of the given distribution.
‘The following example illustrate the procedure of fitting the normal curve.
p P!

—r —_—_—
(i) Write the lower limit of the each class interval and denote
X-X

=1

it i:y .o
Example 25. Fita normal curve to the following data by the method of ordinates: (i) For each lower class limit X, find Z=
Variable : 0—10 10—20 20—30 -

@uenty: 3 | 5 8

(%) Find the area at each of these values of Z from the area table.

©) Then the difference b the two area values are computed. These are
obtained by subtracting the ive area obtained when the ponding Z's have the

same sign and adding them when the Z’s have opposite sign.

Solution:

i
i

For fitting the normal curve, we compute X and &

Computation of X and ¢

Variable | s — 2 rer R [  Multple each of these by N to find the expected frequencies.
63] A-A — =k By °lf°“°“'ing example illustrate the procedure. -
> =20 =2 o 3 P1¢26: Fita normal curve to the following data:
0 =10 2] 2 Y Variable ; 0—10 | 1020 2030 3040 2050 |
e +010 +Ol +3 s“"ltion: Frequency: 3 5 8- 3 “‘;J .
45 20 3 = i 71t7 From the above example, we find that
s X=22, 6=10.53,N=20,




d
<

Probabiji

- Distrityy, on—Normal
 tripution—" .
£ hon\"% iy D 529
1 7 followin RN [ -
) ing the Xand @, tve adopt the g procedure; . L . .
A= s | ,_X-X | Arenfrom A\1 s Distribution s an Approximation to Binomial Distribution
% Lower o A A rea of gt d ey 5
Variable Limit 2 o 0t0Z . |Clag ?n:e:-::l| f==NxA e ormal d‘.smbu"'(:; ct:nc‘ajfc:lsaete talf - all:P'_Ofﬂlmatlon {o binomial distribution when it is
X 'y almost impOSs! € 1ate the probabilities of the events, When such approximati
o ® @ d'imculf,‘!’is desirable to make correction for continuity, Pproximation
U O |- juseds | ir coin is tossed 400 times. Using normal approximat:
L —— _ © L 27. A fair colf el 8 normal approximation to the binomial, fi
=x 0 » i 0.4817 0.1088 }z guample probability thata head will oceur (f) more than 180 times and (7 less tha:“la9’5 tl::etsh )
~1.14 03729 200 1 [ . )
1020 L) 02975 5\ T=n =400(—)=2003nd0=,'npq= a00xty !z
e 20 ~0.19 007533 03518 * solution- X=np 2 X3 =10
‘ - = = 036 , G o
’370:0_ 30 0.76 l—0.2764 0.1800 * i ffXis L‘lsed .to de:wte :he numb.er of he':l‘ds, X is a discrete variable. The use of normal
o0 | % 171 04564 - | 003 & apﬁwx-lmamn’ e of ity factor. Thus, we have the
40—50 s = 0397 0794 following:
IR - 194
5060 50 266 0.4961 E (i) More than 180 -
= - 0:. SNV corresponding tolSO:%:-[ 5
EXERCISE 9.5
" N7
1.(i) Name the two methods available to fit the normal curve. \\//7
(if) Fita normal curve to the following data by Ordinate Method. \ /
Class Interval : 0—10 1020 20—30 '30—40 v 40—50 | N ///////
I 5 8 12 8 .- 7 | ~195 0
. . f=3,9,14,104 . -
: . . (Ans.f l Required Probability
2. Fitanormal-curve to the following date by area method: "= Area between (Z =—1.95 and Z = 0) + Area to the right of (Z=0)
Class Interval = [10.5—20.5|20.5—30.5 | 30.5—405 | 40.5—50.5|50.5—60.5 =0.4744 + 0.5000 P
2 - =0.9744
I 12 28 40 60 32 i -7 (i) Less than 195
- =9, 26, 320500 4.5-200
. [Ans. f° SNV corresponding to 195 = Baial 1T
3. Fita normal curve to the following data: . )
; T n
Mid Values : 61 ] 67 0
o 8
I: 5 18 4 z Tl
7 41,5
[All!-f’ 4,20, ;

. Fitanormal curve to the following data:

Height (cmj: 60—62

-0.

63—65

No. of Students

5 18

i : L Required Probability ' S ol B
Giventhat ¥=67.45 cmand5=2.92 om, . N= 100 __/ = Area to the left of (Z = 0) - Area between (2= - 0553 an

=0.5000 - 0.2088 = 0.2912
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EXERCISE 9.6

. 8 400 ti
. Acoinistossed
. Lhanhenumberofhea

Using normal approximation tothe binominl, fin
mes.

the normal distribution to find approximately the fre,
s would you use
2. Howwou!

successes 00 trials, theprobabili s of success in eﬂCh-Frial being p=0.1,
e ' = = Yol
?Hi t: X= ll(r;ox 0.01=10,0= 100x0.01x0.9=3]

nt: A=

MISCELLANEOUS SOLVED EXAMPLES

le28. Ona

quency

d the propar.
ds ies between 190 and 210. robabiy

[Ans, 0,706

of| Xty

lAn::m]
s

ot ion, the mean score was 78 and S.D. was 10, Determip,
dard score in terms of standard units of school boys whose score were 93 an
(i) stant

i Ve dard scores were .6 and
ively. the score of two students whose stan
62 respectiv ely, (if)

1.4 respectively.
Solution:  Given, X =78, =10

() When X, =93, Z, =

[ 10 10
X,-X _e-18_-16_
When X, =62, Z, =—2——=——=—
X, -78
(if) When Z, =-0.6, . —0.6='1—0= X,=12

X,-78
WhenZ, =1.4, = 1.4= 110 = X,=92

04

o of 0.8 and

Example 29. Two students were informed that they i s;?;;seir marks Wert
respectively on a multiple choice ination in

T i
2nd 64 respectively, find the mean and standard deviation of the exam
Solution: Given: Zl =0.8, Z2 =-0.4

X, =88, X,=64
Using the formula 7= 2~ X, we get: *
For First Student:
05=8-X
o
or _ 08o=88-%
or X+080=8g

nation

Distribuh’on—Normal

Pﬂbab"‘ .

For Second Student:

or -040=64-X
or X-040=64 )
Solving the two equations (i)
X+080=88
X -040=64
-+ A

1.26=24

24
G=—=20
1.2
Substituting the value of 6 in equation (i), we get
X+0.8(20) = 88
X =88-16=72
» X=72, 6=20 /
Example 30. In an intelligence test administered to
© standard deviation 24. Find:
number of students lying be
top 100 students.
Given, X =42, o =24, N=1000
() Exceeding 50

1000 students, the average score was 42 and
(£) the number of students exceeding a score 50 (i) the
tween 30 and 54 (iii) the value of the score exceeded by

Solution:

farx=s0, zo X=X _50-0

c 24

=i=l=+0.33

24 3
w

Reqllired Proporti
portion B e
= (Area to the right of Z = 0) - (Area between Z =0and Z )
=0.5000 - 0.1293 .
=0.3707 . e
Number of stydents getting more than 50 marks =0.3707x 1000=370.7=3

> -
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d 54
(i Between 30804y 125

porX, =30 57 24
_ﬁ:‘}:2=+0.5
ForX,=5% =04 24

ired Proportion
Regu(Auex:a br::’\\o'een Z=-05andZ=0) "'} (Area between Z =0 and Z=+05)

~0.1915 +0.1915=0.3830
No. of students getting score between 30!and 54 ‘
=0.3830 1,000 =383 H
0383 i -
(iif) Proportion of 100 top students N

. Area covered by top 100 students = 0.10

0

The value of Z having 0.10 area to its right. ~128 appro®
= Value of Z corresponding to (0.5 — 0.1) f.e- 0.40 ared . ;
_X-X
[
X-42

Z

128=

128 x24=x-42
X =128x24+42="72.72=13

Solution:

Soluton;

P:“,,,plv::’ v The following information is received from your |

rn;,utlon-—Normal

o Dist 533

youarethe incharge of the rationing department of a state efffected by food shortage

ocal investigators:

Area Mean calories | Standard deviation

of calories
X 2500 500

Y 2200 300

The estimated requirement at an adult is taken at 3,000 calories d
minimum at 1,250. Comment on the reported figures and determine
more urgent actiaqn.

In a population X £30 covers 99.73% almost all cases.

aily and absolute
which area needs

The limits on the basis of the information given to us should be
AreaX:  X+36=2500%3 x 500
= 1,000 to 4,000

AreaY:  ¥£30=2200+3x300

s =1,300 to 3,100
The absolute daily mini calories requi for a person is 1250. From the
above figures we observe that almost all the persons in the area Y are getting more
than the mini calories requirement as the lower limit in this area is 1300.
However, since in the area X, the lower 3-0 limit is 1000 which is less than 1250,
quite a number of people in area X are not getting the minimum requirement of 1250
calories. Hence, as the incharge of the rationing department, it beconies my duty to
take urgent action for the people of area X. X

Eample 32, The income of a group of 10,000 persons was found to be normally distributed with

mean Rs. 750 per month and standard deviation Rs:50. Show that of this group 95%
had income exceeding Rs. 668 and only 5% had income exceeding Rs. 832. What
was the lowest income among the richest 100?
Given, N = 10,000, X=750, 5 = 50.

() Exceeding Rs. 668

FOI',X=668,Z=6.6—85_07—50=—1.64

>
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uired Proportion (i) Sales less than Rs. 150:
Req — Arca between (Z=-1.64 and Z=0) + Area to the Tight of ~i50. 7= X-X
— 04495 +0.5000 = 0.9495 @sy), For X=150,Z= !
Hence, the ,eq.,;,;: percentage =0.9495 X 100 = 949504 g, _150-200 5o
(ii) Exceeding Rs- 3o 80 T Tl
ForX=832,2==— g5 164
-125 [
0 Z=164
| Required Proportion .

* Required Proportion = Area to the left of (Z=0) — Area between (Z=-125and Z =0
= Area to the rignt of (Z = 0) — Area between (Z = 0 and Z =] 64) =0.5000 — 0.3944 = 0.1056 )
=0.5000 — 0.4495 . Expected days =366 x 0.1056
=0.0505

=38.64 =39 days approx.

Hence, the required percentage = 0.0505 x 100 (if) Sales over Rs. 300:

= 5.05%=5%

100 ForX=300,Z=M=M=z,5
(iii) Proportion of the richest 100 = MTIO =0.01 40 40
=g 7 ' 0 z=25
Value of Z i —0.01 =0.49 area = 233 Required Proportion B
ue o corresp}niu’;g(;o 0.50-0.0 - to the right of (Z = 0) — Area between (Z =0 and Z=2.5)
S =0.5000 - 0.4938
or  233x50=X-750 =0.0062
or X=866.50 866.50- . + Expected days = 366 x0.0062
Thus, the lowest wage of the richest 100 workers was Rs. 800 . 1 offs B =22 =2days.
; istion® i ample 3q = 10, Fi t
Example33. The average daily sales of a shopkeeper is Rs. 200 with 8 smndﬁg_)“ ressﬂ“"‘“ 34 Given a normal distribution with X =50and ¢ =10. Find the value of X that has
::; l(lg;"oman)l"sdagzin aleap year his sales is expected to be WO : 3D13% of the area ofits Ief, and
ver Rs. 3007

(i) 14% of the area to its right.
Solution:

Given, ¥ =200, ¢ = 49

Number of days in a leap year = N = 366



Probabiji Distribyy;
{
536 o]

Given ¥ =50, 6=10
@

Solution:

Value of Z corresponding to the 0.37 area=-1.13

X-X
z=

We know,
_X-50
—1.13—T
-113=X-50

or 50-113=XorX=387

/IM
0

Value of Z corresponding to 0.36 area = 1.08

(@)

We know that, Z=X;—X
1_03:@
10
10.8=Xx-50
50+108 =X
= X=60.8 §

i js 50208
Example 35. The mean diameter of a sample of 500 washers prodiiced by a f““h'"ef.sshtﬂ 3
With a standard deviation of 0.05 mm. The purpose for which Zhind 5080
manufactured allows a maximum tolerance in the diameter of 4.9 roent?? 4
otherwise the washers are considered defective. Determine the l:ﬂ" i
defective washer produced on the machi ing that the die™
- are nomally distributeq,

- Given g\"(: 5.02,6=0.05, ¥ =500

Solution:

v

bl

Solution;

. ipution——Normal
pistrib : -
Between 4.96 and 5.08 )
. X -7
SNV (Z,) corresponding to 4.96 = Z1. X - M s
e 005 -

. X,-X 508_
SNV(Z,) corres?ondmg to5.08="2"7 _5.08-5.02 412

c 0.05

_

The proportion of non-defective washers
=Areabefyveen (Z=-12and Z=0) + Area between (Z=0andz=12)
=0.3849+0.3849=0.7698 or 77%

Hence, the percentage of the defective washers
=100-77=23% . '

=1

AN

~ Example 36, The result$ of a given selection test exercise are summarised below:
-

(i) Cleared with distinction = = 10 percent

' (if) Clearéd without distribution = 60 per cent

(iii). Those who failed =30 per cent
It is known that a candidate fails if he/she obtains less than 40 per cent marks, while
one must obtain at least 75 per cent marks in order to pass with distinction. Determine
the mean and standard deviation of the distribution of marks assuming the same to be

normal.
\\\ﬂ

i

X =40

Value of corresponding to 0.50 —0.30
=0.20 area=—0.53 (From the table)

-0.53 = 40__‘1
a
o -0530=40-X . "
o X-0.530 =40 ¥



Probabijj Dlstﬂbutl
oy,

Valueof Z comespondingt00:50-0.1 0=0.40area=1.29

75-X
129=——
c

ot

1296=75-X
or Y¥+12% =75
Solving the tWo equations
X-0.530=40
X+1.29%=175

or

v..(|,)

-1.820=-35

o g=22=1923
1.82

Substituting the value of G in equation (i)
X -0.53(19.23)= 40
X -1019=40 or -
X=5019, 6=19.23

A normal variate X has amean of 25.5. It i } §

are more than X = 27. Find the sft:lsidsari{t :‘lse]\('lil;?c:?lt:: ;?.2.36 bt

Given, X =25.5 h

X =50.19

Example37.

Solution:

0 X=27

X-X
a

V. ”
alue of Z corresponding to (0.5000 - 0.4236) = 0.0764 area = + 019
(From the table) ‘

Z=

o uistributio
pab

ol aple 8.

solution

n—Normal
539

The marks of the students in a certain examingt;
nat

nean marks 2 40% and standard deviation marky - 1o LY distributed with

students failed. The result was moderated and 70 0%. On this basis, 60%

arks before and after the moderation,  students passed. Find the pass

Let Xi% be the pass marks before moderation and X,9
2

moderation. o be the pass marks after

Value of Z corresponding to area 0.1 from the mean = 0.253
Value of Z corresponding to area 0.2 from the mean =—0.525
X, =40
20
X,-40
0 0525 =  X=295%
P;
43S marks before moderation = 45%

and pass marks after moderation = 29.5%.

=023, =

X, =45.06% or 45%
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Probability pjgy:
540 Stribuy,
| n\N
IMPORTANT FORMULAE \ Ty

robability distribution.
e in general form:

b Normal pistribution:
() ltisa continuous P!
The equation of the normal curv

ii)
‘ ]
» Yye e >
e
the normal curve in its standard form:
-X

(iii) The equation of

1 42
p(z)=—‘/i—;-eZ where, Z =

() IfXisa normal variate with mean p and S.D. o, then
Z= u is a standard normal variate.
c
() Areabetween X —1gand X +10=0.6827

Areabetween X —20 and X +20 =0.9545
Area between X —30 and X +30=0.9974

QUESTIONS

1. Whatus normal di?iribuu‘on? Explain its properties. Bring out its importance in smislvi:.s
3. mnbe normal distribution and discuss its properties. Why is it so important in statstis?
3 N is meant by theoretical frequency distribution? Discuss the salient featurssof
) Hmomml, Poisson and Normal Probability Distribution.
. How does a normal distribution differ fro inomial distributi i et
s m a binomial distribution? Mention the prope®®
5. Di i i
: wlscuss briefly the importance of normal distribution in statistical analysis.
- Write short notes on any two of the following:
) (_l') Assum;.mons to apply Binomial Distribution.
(i) Properties of Normal Distribution
S(l'z:?c :"Ponance of Poisson Distribution
. e conditi ich Binomial di st
When Poisson d?ns.unéer which Binomial distribution tends to normal dist®
stribution tends to be normal?

.

bution
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partial and Multiple Correlation and

Regression

INTRODUCTION

partal and multiple correlation and regression are extension of the technique of simple
correlation and regression under which we study the interrelationship between three or more
variables:

(1) Multiple Correlation =
3 mﬂ:gon is the study of the relationship among three or more variables. Multiple
(orrelation measures the combined influence of two or more independent variables'on a single
dependent variable.ﬁl’%x_am_gle, if we study the combined influence of amount of fertiliser (x,)
and rainfall (x5) on the yield of ‘wheat (x,), then it is called the problem of multiple correlation. We
shall denote the multiple correlation coefficient b x,, the dependent variables X, and x5
independent variables by Rqz3- Similarly, we shall denote the other multiple correlation
coefficients by Rp 13 and R3 15+ I

Calculation of Coefficient of Multiple Correlati : The lae for calculating the multiple
correlation coefficients Ry 53, R213 and Rj;, areas follows :

rlzz +r§3 —2rp -3 ™3
I P Bt ¥ Rin = R
\/Rl/ 1-r-_,23

Ry = Multiple correlation coefficient y o
N2.13, 3 = Simple or zero order correlation coefficient.

Where,

s =

Ryp3=

>
1-r3

R3p= 2
Lim 1-rp —
‘ i Multi i rrelation coefficient
1 Ry) hle!:l?e‘ ultiple Correlation Coefficients: The value of multiple co oeff

tween 0 and 1. It can never be negative:
0< Ry St

M ollowing examples illustrate the calculations of multiple correlation coefficients:
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Example 1-

Solution.

Example 2.

Solution.

Partial and Multiple Correlqy;
ation an
d

Ryq2 and Ry 33 for the following data;
0.60, ry3 =0.70, 13 =0.65

=0.65

Calculate Rq.237
2=
=0.60,r3 =070,
b +rfa =2 113 T3
0 Riz =y 1-13
(06)2 +(07)* -2(06) (07) (0.65)
N 1-(065)2
0.36+049-0546
- 05775
=J0526=0.725
3 415 = 2ry Ty Ty
1 —rlz3
{(cTﬁ) 2 4(0.65)% -2(0.6) (0.65) (07)
1-(070)2
0.36+04225-0546
1-049
=./04638 =0.6809
_ 5 73 ~2r Ty Ty

Given, 12

f\(

|

(i) Rypz =

—_

!

(iif) Rsn

1 —7121
[(070)z +(0.65)% -2 (070) (0.65) (0.60)
" 1-(060)2
049+04225-0.546
L J'I_T = /05726 =0.756.

For a large group of students x; = Score in Economics, x, =Score in
Score in Statistics, r;, = 0.69, r;3 = 0.45, r,3 =0.58. Determine the co¢
multiple correlation R3 1.

2= 2
1-r;
_ [0457 +(058) -2 0.45) (058) (0.69)
; 1-(0.69)2
0. -
. [PRB OO0 _ o584
1-04761

_*

8"“‘%

Maths, 1y*

ficient of

>

ple Correlation and Regression

and Multi 5
plid
P , The following zero order correlation coefficient are afvens
gam?l®™ e “ful =0.98, s =044and ry; =054 g
Calculate multiple correlation coefficie, t . )
dependent and second and third variables :s m';:‘]:‘;% e:II:e first variable as
We have to calculate the multiple correlation coefficien| 7 :
ot ird vari ! treating first variabl
golutio™ dependent and second and third variable as inde, endent i. 2
Riz: > . P ke, we have to find
— 2
2
1-ry
Substituting the given values,
Ry = | 0287 #0447 2099 049 059
= [ T0A ~2(0.98) (044) (059
1-(054)2
- 09604 +0.1936-04657  [G3a3
o [T 70008607 6883
1-02916 ‘\/ 7082
=40.9716 =0.985
Bample 4. IfRq23 =1, prove that R, 3 =1.
2 2
rip +T{3 —2ryp .1y5 .7
Solution. Ryp=, B2 "2 1378
1-rp
)
31 4753 =21y .Tp3 .1y,
and Ry3= 3

a:lf third variable from them. For pl e
sa " and the amount of fertiliser (x,), eliminating the effect of climate (x3) from both
™e climate), then it is called the problem of partial correlation. For three variables

1 —ré

putting Ry 53 =1 and squaring both sides,
2

Mp 413 =2 N3 Ty

l—rf3

=, H Iy =2ry 3 o =1-1

2 .2 2
= Tty -2y =lon

2 .2
- M2 +7y3 =215 .1y Ty 1]

1-r3 N
3 B
‘R2

= R313=1 or Ryp3=1 \

Since, the coefficient of multiple correlation is considered non-negative.
elation

"elation is the simple correlation between two variables after eliminating the
if we the relationship between




Partial and Multiple Correlgy;
ation ang
Re,

correlation coefficients. They are denoteq b Bregy;

) re three partial correae A/
(x1: %2 and :"a)i Ictir}zl:ﬁ"“ coefficient 7123 indicates the relationship between, % i\l:\dua"‘h
- The Pameummaled from both- X wh"“alt}.';

Coefficients : The formulae for cal

effectof X3 & jal Correlation .
* Calculation of 1::::: r13,and 1y are as follows : Culating g .
correlation coefficients 7123+ T13. LS '
n23= /——' = ‘2—_—‘/—1
V1-713 1-r33
i i Vi d x.
_ - Partial correlation between x; and X )
Wt :11:'1 andrys = Simple or zero order correlation coefficient.
12/713
imilarly, we have
s - T3 T -T31
231= 3 >
1/1 -3 1}1 -3
N3 T2 T

2T i

Limits of Partial Correlation Coefficient: The value ofry, 3 lies betwen—1and +1. /
-1<rp3 <1

The following examples illustrate the calculations of partial correlation coefficient,

Example5.  Given thatryy =07, 733 =0.61, rp3 =0.4. Find the values of ryp3, 1135, 15,
T2 ~T13-T3 ’

T =
123 ,}1—1123 1'1-r123
07 -(0.61) (04)
T333=
,}1-(0.61)2 ,/1-(0.4)2
0456 0
T0792x0916
ra 713~z T3
i \/1 —r122 ‘)1 —7322
_ 061-(07)(04)
J1-07)2 J1-04?
061028
~J1-49 fi-16
038 038 55
07140916 0.654

Solution.

Substituting the values,

F,;lia' a

wn\l’]' 6.

Solution.

Eample 7,

Solutig,

F Multi

ple Correlation and Regression

=2
Vi-rf V1-r3
___04-(07) (061
\
04-0.427

007 gy
VI-08) [T=03721 ~ 0718075, -~ 008

On the basis of observations made on 30 c, th

yield of cotton (x;) the number of balls i.e,, :e:;vl:‘s“dhs 3:)!0&:1 correlation of

found to be: 2) and height (x;) are
12 =0.8, 113 =0.65, r)3 =07

C te the partial correlation bety eld

elimirnaling the effect of height. yield of cotton and number of balls,

We have to find the partial correlation between vi
d thepa yield of cotton
of balls (x5), eliminating the effect of height (x3) ie., we have g gna:‘ri:: umber

T2 "3 T3

12
“hp3=
,}1 —112:,, 1ll —ré
Substituting the given values,
0.8-(0.65) (07)

L5k [_1_(_65)1 ’1_(07)_2 _
08-0455

= 1-0a5 -0

T 076x0714 0543

For a large group of students x; =Score in theory, x, =Score in method,
¥3 =Score in field work. The following results were found :
) 12 =0.69, ry3 =0.45, 1p3 =0.58

Deler{mne the partial correlation coefficient between score in field work and
score in theory keeping the score in method constant and interpret the result.
YVE have to find partial correlation coefficient between score in field (x3) and score
Intheory (x,) keeping the scores in method constant i.e,, we have to find ry; ,.

o A1 TT32 -2

312 =

T )

0.45-(058) (0.69)

~ 0597 1-069?

045-04002

= Ji-o36 J1-04761



Example §-

Solation.

Example 9,

Solution,

b 4

Partial and Multiple Correlalion an
00498 By
J0.6636 V/0.5239
0.0498 0.0498

=0S1x072 ~ 0.5832 = 0085
Thus, there is low degree of correlation betw
theory. ]
. . i t of experimental data.
i ble to have the following sel o
Is it possible A S

een score in fielq Work ang

n

In order to see whether there is inconsistency in the giv

.- Biven daty
calculate 15 3. If the value of rp 5 exceeds one, there is inconsisten,
not.

Y We shy,
<y, OIhem“-',:

T2 N3 -T3

V1 —r;‘3 V1 —r223
abstituti iven values,
Substituting the gi 06-(-05) (08)

=\l1—(05)1 ,/1—(0,3)2
06+04

T 1025 [i-08s
1 1

23

Since, the value of ry, 5 is greater than one, there is some inconsistency in the given
data. )
Aliter : We can also check the inconsistency in the data by c:alculah.ng Ryz.lfthe
value of Ry 53 exceeds 1, there is some inconsistency otherwise not
rlz2 +’123 =2y .Ty3 .Tp3
Riz = 1-r
pc]

[06? +052 ~2(06) 05 (08)
: 1-(08)%

- ,0,36+0.75+0.48_ 109 _ o577 =174
Noime -

0.36 intheds®
. . i istency
Since, the value of R, is greater than one, there is some incons and’

- fx X
Suppose a computer has found, for a given set of values of X1/
"12=0.96, ;3 =036 and 3 =0.78.
Explain whether these computations may be said to be free
. from
. determining whether the given computed values are fre¢

ater
We compute the ya]ye of rjp3. 1f 15 5 comes out to be gre:
computed values cannot e regarded as free from errors

from erro™
erm's""d
one %

d
I’miﬁI an

Solution.

Fample 10.

Mulliple Correlation and Regression

9
__2-N3.ry
23 =g =

,}1 —1'123 ‘)1 _,é
bstituting the given values,
S“ 096-(036) (075
———036) (078
1-0397 i ~(078)2
0.96 - 02808 06792
R =
08702 /03916 MS:FEH =1163
Since, 11 3 is greater than one, the

given computed values d
Relationship between Simple, Partial and M

There exists relationship. between s;
coefficients which is clear from the foll,

O 1-Rin=0-r})a-rd,)
(i) 1-R313=0-r3)(1-r3,) and
(ii)1-R3 1 =(1-r3 1 -5

M23=

06792

0 contain some errors,
a ultiple Correlation Coefficients
imple, partial and multiple correlation
owing equation:

In a trivariate distribution, r;, =0.60, 713 =070, ryy =0.65, find R2, ¢ .
and ry3 5.
Given:ry, =060, 1,3 =070, 33 =065
Multiple, Simple and Partial Correlation coefficients are related as :
2 2 2
Rixm=1-(1-r3)( ~M32)

ey B2 T3 070-060x065
1-rh 1-r  {1-0607 J1-(065?
0.70-0.39
~08=0760 %%

ri32 =0259,r% =036
Subslimting values rlzz and r,232 for R,z_n, we have
R3 53 =1-(1-0.36) (1-0259)
=1(0.64) (0.74)=0526..
MISCELLANEOUS SOLVED EXAMPLES
¥1:%3 and x; are measured from their means with :
N=10, £v} =90, £x3 =160, Tx} =40

21X, =60, Tx,x; =60, Lryx, =40
Caleulate M23and Ry ;.




Burs o A0 40
M3= T ea2  J90x40 60 %
13 mflea x 60

1y 60 60

—_—s = 0

s
5= ol xne V10040 8

"2 ~N3 T3

Now,

23 =J’T__m

i values, we have
Substituting the valu 05-0.67 x0.75 00025

o des ==0010 =—0.0051
123 m r1—(075)z 0.4910

2
Ryz= 1-15

) Ws)z +(0.5)% —2(0.75) (0.5) (0.67)

Partial and Multiple Correlation
anq

1-(67)%
[05625+025-05025 [ 031 o
=\ 05511 ~Vos5511
Example12.  Calculate rj5 3and Ry 73 from the following data :
Xx: 3 4 5 6 7 8 9
Y's 2 5 6 4 3 2 4
z: s 6 4 5 6 5
Solution. Calculation of 77 3 and Ry 53 =
X x2 Y y? z z2 XY ): 5
3 9 2 4 5 25 6 r :
4 16 5 25 6 3% 20 “ 3
5 % 6 3% o4 16 30 & s
L 3 4 16 5 25 24 @ 18
7 49 3 9 6 36 21 " 0
8 64 2 4 5 25 16 %, 4
—2 | 8 4 16 8 64 ey ST 52"
X2 =280 | TY = 2 _ = 2 =227 |EXY =
5 20 % |z¥? =110| 2Z =39 |2Z L"-_ "
. N.EXY-EX.TY 7 x153 - (42%26) 2’=-‘“
2= e — 26
VIEX® N-EX21(2v7 N_(z1)?] 2807 —(422 11110 -pal2S
N.EXZ-5X.37 7x243-(42% 39) =

na= ’
13 J[EXZ. it

N-(EX2) 1222 N-G2)?] —leToﬂ —42)211227 x7

4 MultiPle Correlation and Regression
N.EZYZ-ZY.1Z
w Jar? N-EN?IBZ2 N-(2)7]

partial Correlation Coefficient
. T2 "3y
123 =
\/1 —r123 .\'1 —ré
-0155 —(0.546:(—0.075)

—=0M6x-0075)
V1-(05192 i=Coormz 0136

: Multiple Correlation Coefficient

Fam’al an H

1447 _96 39
0107 20211277 gy, =075

2 .2
Ry, = [A2+7i3 =2 .1y 1y
18=

l—ré

. (-0155)% +(0546)% — (2 x—0.155x 0546 x—0.075)
1-(-0075)2
’0.024+0298—(.01269)
= 1-.006
{01951 :
“Vogoa
=/01962 =0443

Bample 12 A. In a trivariate distribution, ry, =0.80, r,5 =—0.56, ™
Ryzs-

Tog =Ty T
Solution. . B 2an
‘(HI on. (i) 31 '_-1—1'221 '_—l-tgl
1 —0.56-(0.8) .(- 0.40)

097 {i-con?

-0.56+0.32

=-0.40, compute ry; ; and

= Ji-0st ji-016

-024 -024
Lea R T 0436
0.36x084 05499

2
% I +1i3 =2 13 1y
123 = 2
1-ry «

[0 +08? -2(08)(-04 050
= 1-(-056

OG0T 08 (106 507
= 1-0.3136 0.6864

(i)
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Example 13-

Solution.

Example 14.

Solution,

.

Partial and Multiple Correlatiun
ang

car correlation coefficient between x; (Yielq), X3 (Irrj,
re as follows :

ryz =0.81, 113 =0.90, 753 =0.65
Jate the partial correlation coefficient of:

The lin¢

gati
(Fertiliser) 3 g,

Calcu partial
(i) yield with irrigation
(ii) yield with fertiliser.

i) We have to find 7123
@ "2 =3T3

23 =m

ituting the given values,
Substituting the gi (031)~(0.90) (0.65)

T. =
1237 1-090)? {1-(065?
081-0585 025
= 0435807599~ 0.3311 ~ 207°

(i) We have to find ry5 5
B €} 2 T3
1327
V1-rfy {1-r3

(090)-(0:81) (0.65)

=Jl-(o.snZ ,}1-(0.65)2

0373
~ J/0.3439 05775

Given the following zero order correlation coefficient, find (i) partial f“mh“: 3
coefficient between x, and x3 and (ii) multiple correlation taking *1
dependent on x, and x,.

13 =0.98, ry3 =0.44, rpy3 =0.54

Tagy = T3 ~T1-"31
=T ’ 2
1~ 722, 1-ry
0.54-(0.98) (0.44)

0.54-04312

= /I-09604 1-01936
01088 01088 .59
= J0039% 0.8064 01786

(i)

!

! pample 15.

Solution.

Eample 16,
Solutigp,

and Multiple

(i)

Correlation and Regression

2 .2
1—ré
- [0 +049” 2058 0an 03
1-0592
) fm o
R e L
1-02916)  =Voz08s
=09717 =0.985.

Is it possible to get the following from a set of
) r23=08, 131 =05,r,=06
(ii) 793 =07, 133 =—0.4, 11, =0.6

(i) In order to see whether thereuis any inconsis
:e“ns\{c\ e o ol o3

13

experimental data:

its value exceed one; there is inconsisy cy, otherwise nof
Tas= "2 T3 -3
‘}1 —7123 ‘}l —ré

06-(05) (08)

- ,]1 -(05)2 ,}1 -(08)2

=075 Jo.36 052 0384

Since, the value of ry, 5 is less than one, the data is consistent.
i) Ny =N -Ty (0.6)-(-04)(0.7)

T = =
2 i icon? i

088

iintce' the value orry, 4 is greater than 1 there is some inconsistency in the given -

ata.

Test the consistency of the following data : ry; =0.8, ry3 = 0.4, rp3 =—0.56.
)

For testing whether the given computations are consistent or not, we compute the
value of 32113, comes out to be greater than one; the computations cannot
regarded as consistent.
i fg~Ta -Ips
My F——F >

(0.8) -(04) (- 0.56)

@ J1-04? i--05?

08+0224 104 .0
~J08% JoeB6t 07593




Partial and Multiple Correlatig,
N an,

since, 123 **

consistent: )

Ifrp =077, 713 = 0.72and r23 = 9.52, find the partial correlatjo,
Example 17 and‘:nulh'plz correlation coefficient Ry o3.

greater than one, the given computations of . 3
12/ rla ang ";_-!

~ 077, 113 =072andr,; =0.52
s < B <
gy 1)1 —rfz ‘ll—ré
77-72%x52
P et
,/1-(72)2 ,/1-(52)2
77 -37
e
- J1-5184 J1-2704

Solution- Given: 2

8
'S

7.2
ria +7i3 =2r2-T13 23

1—ré
[ vz -2 (72) (52
A 1-(522

5929+ 5184— 5766 [—.5347 "
= 1-.2704 = 7296 = 0856

Example18.  If r, =0.60, ry3 =0.70, rp3 =0.65, find partial correlation between x; andx and
Itiple correlation between x; dependent on x, and x3.

Given: rjp =0.60, 13 =070, ’;B =0.65
12 ~113 -123
3= T o5 [ 5
Ji-r3 i3
0.6-07 x0.65

=,h—(07)2 J1-(065?2

06-0455 0145 —02670

= J051x05775 0.543

P
_ [ria+7i3 —2rp .13 -T23
RLB' 2
1-r33

D2 12 —2(6) (7) (65 _ [204 _o726-
7 2" 205 (O)¢ =J5’77/5
1-(.65)

Riz=

Solution.

n coefﬂﬁ!m
n
Ty

b 4

d Multiple Correlation and Regression

put! " 15
Following table shows the correlation

. : trix of .
1e 19: Weight) and x; (Diameter of Ch, matrix of three variable: o
] ei 3 est) of s x1 (Height),
po? ( g O J0randomly selected players : i8R0, x,
% 10000 08630 ogsg0]
X [ 10000 07099
*3 10000

Calculate r1 3 and Ry 53,
Given :rjp =0.863, 113 =0.648, 1,3 =0709
33~ 127137
‘jl —7123 1}1 —ré
863 -.648x 709
s ORI
m ,/1 ~(709)2
863-4594 4036 403

T J580x Va5 288 537 =752

2, =2
ri3 +1i3 —2n;
_ |M24n3 —2rp .ng .1
Rips= #
1-ry

_ [(869? +(649)% ~2 863 (18 709
= | 1-(709)
745+ 42793
= 497

EXERCISE -1

. Inatrivariate distribuﬁon',‘il is found that
. 13 =041,713 =071, =05
ad the value ofryy, and . [Ans. ryy; =0325, 113, =0639]
12=0.7, 113 =061 and 3 = 04, find the value ofry, 5,732 and - 3
- . [Ans. ryp 3 =0.629, ry35 =0.505, 13 =—0.048]
it possible to have m\f:uowing experimental dar%a
. 12 =06,\7y3 508,73 =—
Ina trivariate disllfibutiom o

golution”

=0865

I

[Ans. ry 3 =192, Inconsistency]
93 = 2,713 =5, 11y =-6.Computery; 3 and Ry.
" Suppose a o A ; [Ans. 1y 3 =047, R 53 =0714]
” ‘3 computer has found for a given set of values of 1y, X5, X3 1712 =091,73 =033
% =081. Explain whether these computations may be said to be free from errors.
& The follow;, [Ans. ry, 3 =1161; Not free from errors]
OWing zero order correlation coefficients are given:

My =098, ry3 =044, rpy =054
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Partial and i . .
" artial and Multiple Correlation ang d Multiple Correlation and Regression
Re jal 4"
| m thod, the values of 17
Calculate : . - " 5 ) oy ) st square me! , the values of constants q,,,
(i the partial correlation coef-fxfxenl bel\?/een .fnfsl (1.1.) and third (23) vag, US"‘E::; three normal equations: 27123 and by ) are obtained by solving
(i) multiple correlation coefficient treating first variable (x,) as g 3bles; 104 el ZX1=N.153 +b1p3 X, +byy, 7%
1, : S N - .2
and third variable as independent. NS, 73, < (‘)‘del\l ang EXyXy =813 Xy +biy 5 BX2 4p . 3 3 )
112 209,y = 075,73 =07, find the Ry 3. "3 23R, ooy o i 2 +b135 TX X, o
. e u 2 =a
;. Teslt2 the consistency of the data : ne; Rlu =0‘91 . re 173 3 +.b1“ ZX,X, +by3y ZX%
1y =06,113 = 05and 3 =02. g tarlys the ;'nulhple regression equations of X, on X, and X, and x. - (3)
and Ryos- [Aris Gimi al equations can also be written as: 3 and X3 ; on X, and X, and
9 giznl:}k\ee,}cﬁlao’\\'ing vlaﬁes; "Taa = 0.589, C“"sisl | ‘hei‘;xhivle Regression Equation of X, on X; and X 3 is given by:
. Givt o o ) Xy =01y 13 +byy X+ 3
rip =06,753 =731 =08, . 2 =213 +b213X; +by3 1 X5
tions are :
: d Ry2s: Ans. 7y, = ee Normal Equa
10. gﬁf a Ia%éea;f"“lgzgf students, x, =Score in Economics, xz[ = chg'%:\‘r\?f: 7 R =0ay ™ " ZXp=Nagyy +by 3 TX; +byy TX,
Statistics, ryp = 069,713 = 045, rp3 = 0.58. Determine the coefficient of mulﬁ{;ﬁ} 3;':&}!1;;“ £X,X; =053 ZX; + bzuzx% fr BX,X,
R3p- . elatjg =
1. T}Teusirhple correlation coefficient between temperature (x,), corp yield (x:)s;iiﬂz :053 : 2X,X5 ' 213 X3 +by1 3 TX Xy +byy 2X2
rainfall (x3) are : : Multiple Regression Equation of X3 on X1 and X, is given by:
11y =059,7y3 =046 and rp3 =077.Calculatery 3 and Ry p3. ) .Xa =ayp +byp Xy +b5y, X,
. . [Ans. 7y 5 =0416, R, e | THEE Normal Equations are:
125 2y xzand213 are mzeasured f-rc;m their means with: 123 =54 X3 =Nagy, +byy, £X; +2b:m £X,
N=6,2x] =90, Tx; =140, 2x5 = 4008 ZX3Xy =313 2X +byy5 IX] +hy 1 IX,X,
e T i T i et
e following example illustrate the p: ure of fitting multiple fon equations:
= == = =] b | quations:
[Ans. ryy == 0891, 113 == 969, rp3 =0961, 7153 = 0.605Ryps =M | Eumple1. - For the following set of data, calculate multiple on of X4 on
- ‘ Xpand X : T 1
(3) MULTIPLE REGRESSION | 2 3
. [ . { Xq: 4 6 7 i
In multiple regression, we study three variables and we consider one variable as dependat x; : 15 12 8 : 13 135
variable and the other two as inde ent variables. Multiple regression analysis is used & Xj: 30
p e 24
estimate the most probable value of the dependent variable for gi lues of the independsl | Solut 3 20 1 10 4
il pi lue of the dependent variable for given value: ution. The regression equation of X; on X, and X3 is
' Xy =013 +b1p3 Xp +by32 X
) 1123 F019.3 A9 +0j30 A9
Methods to obtain Multiple Regression Equations The three normal equations are :
Multiple regression equations can be worked out by two methods, which are as follows: EX) =Naygg +byp 3 EX, +by39 EX3
o Multiple Regression Equations using Normal Equations » £X,Xp =053 IX, +b1p 3 IX3 413, EXaX,
(Lz:l Multiple Regression Eqautions in terms of Simple Correlation Coefficients TX,X, mayp, EX, +gg Xy +brs 363
us discuss them. 5
i . ; js also ! X, X X X.X; | X xz | x3
Leas(ll)SM“lhple Regression Equations using Normal Equations : This m.ethofi :;one by solvé 1 152 X, ;}:1 X3 | XX, 2 | J—I
three n:::: Method. Under this method computation of regression equations 1 6 19 :‘2’2 =
M“mple?;“ﬂﬂf’r_\s‘ This method becomes clear by the following : ! 7 8 20 56
Bression equation of X, 0nX, and X3 is given by: ‘93 6 1 54
Xy =ay53 +byp 3X, +by32X ! - 10 Z
Where, X; = Depend . T150123 +01p 385 +U132%3 = N f D
b3 andb en_t[:’ ariable, X, and X, = Independent variables: t 1554 |2X =48 | D= | XK
132 =Partial regression coefficients. . . 102 =339



values in the normal equations :
54=60753 +48D1p 3 +102b135
339=48 353 +494 D15 3 +1034 bi3n
720=102 a1 33 +1034 D15 5 +2188 i3y
inlying (i) by 8, we get
M 2~ 48 a5 + 384 b1y 3 +8161by,
- N t
tracting (ii) from (iv), we ge
b —93=110byp 5 +218b1,
Itiplying (i) by 17, we get
i e 918=1020y 55 +816b15 3 +1734 .5,
_—— . ¢
Subtracting (i) from (vi), we ge!
~198=218by, 3 +454 by,
Multiplying (v) by 109, we obtain
Y ~10137 =11990Dy, 5 +23762D13.,
Multiplying (vii) by 55, we get
~10890=11990by, 3 +24970 b5,
Subtracting (viii) from (ix), we get
753=-1208by3,
7
=— 0623
b3z =508 =0
Substituting the value of b3, in equation (v), we get
-93=110by, 3 +218 (- 0623)
135814-93=110by, 5
814

=0.389

Substituting the

b3 ="75

Substituting the values of by, 3 and by3 , in equation (i), we get
64,5 +48(0.389) +102 (- 0.623) =54
60,43 +18.672-63.546 =54
64,93 =54-18.672 +63.546
60,0, =98874
v 98874
1 =—7—=16479
Hence, the required equationis )
X,=16479+0.389 X, —0.623 X3

s EXERCISE - 2
1. From the fo]

lowing data, find the least square regression of X;, X and X3
value oiX1 for given values of X2 =16 a?\d-x, =g4r:

f(“_ 10 5 10 40
o 16 13 21 ;
, 3 6 4

[Ans. X, =4753+0502%2

Partial and Multiple Correlalion
a

ng Re,
o

4
i)
(i)

«{vi)

and esﬁmll!w

8
13
A

,1.115?‘3"‘3""1

Y

y Mulﬁple Correlation and Regression
. 19
P"M an ste the values of by, by and b,

for the equat ]
2 C?ggring data: aton Y=py +b,x, +byX, from the
fol 5 6
1 8

L 0 ) s 12 1

i 9% 7 54 - 3 2

X2t " 30 12

Gole T 1. Y =161067 +.426 X

) ters of the multiple linear i Y. n X1 -021X,].

3 Obl?“l}gv\fi:s data: modelY =B, +8, X, +p 3X3 from
- Jefo

N=6, ZY =54, IX, =48, IX, =102
£YX, =339, IYX3 =720, IX,X3=1034, EX% =494, ng —2188
[Ans. Y=16479+0389, 0623,
hort-Cut Method : When the size of the values of the varia
:m of solving normal equations becomes a very tedious procedure. In such a case, in place of
an 2 values, deviations from the means of the variables are used to simplify the computation
edure. )
MMu]tiple Regression Eqaution of X; on X, and X in deviation form
Xy =Xy=bip3 Ko ~Xp)tby3, (X3 -X3)
or ¥1=b1y 3%y +biapxy  wherex; =X, -X), 1, =X, -%,, 1,
The values of the partial regression coefficients (&
following two normal equations :

bles are very large, then the above

is given by :

=X3-X;
123 andby35) can be obtained by solving the
2
Zxy Xp =byp 3 Ixj +byy, Exgx,
Zxyx3 =byp 3 Expxy b1y, 213
Further solved, we have
(Bxy0p) (853) ~(2x,3) (8xy%3)
(23) (2x}) - (Bxyxy)?
(Bxy3) (823) ~(Bxy,) (Ex,)
(23) (223) ~(2x33,)?
3 Similarly, the multiple regression equation of X, on X, and X5 ;and X5 onX; and X, and their
mal ¢quations can also be written. - .
Multiple Regression Equation of X, on X; and X in deviation form is given by:
Xy =X =byy 3 (X ~Xy) +bag (X3 —-X3)
Xy =byy 3%y +byy X3
re:

1237

1327

or

Tw
©Romal equations g,
Btyxy =byy3 B} +b0 1%

2
Furgh, X Xg =byy 3 Txp X3 +bp3) T¥3
Tsolved, we have

Buas (m%)(&x%)—(z’ﬁxa)z

'
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(Ex%3) @) — %)) (Eryxy) putil and -81480472000 - o480 ®

@) () - (Exyxy)? ™ 1260010000 =35 =~ 3646
" ‘e X d X, in deviation f is ot Zx 2
o5 i “;honof)‘;onkla{‘_ 2 'on form s (Zx5x,) (2x2) — (2
Multiple Regression qX "X, ~bara =) b3y (X - Xy) Bivenpy, ba, =W

3 % =bana X1 +hanT 2) (2x7) ~ (2x,x,)

by =

or ) ]
Two normal equations are :

(720) (90) - (-582) (-100)
=) ~(-589) (- 100
xyrs =baya I +by3y By (90) (140) - (-100)2
k)
Expxy =byyp Bxy¥p +ha) In)

_ 64800-58200 6600

- m =) m =2538
Further solved, We have

(Ex1y) (x3) — Ex¥y) (Bxy3,)

Substituting the values in the above equations, we get
A X3 ~50=—3.646 (X, -8) +2.538 (X, -
312 =2) @x3) - (Bx1x,)2 X3 -50=— 3.646x,1»29.168+25(;(82x,711776a
Exax) (}:x}) - (Ex3xy) (Bxpx,) X3=- 3.646X;+2538X, +61402
bapa = ) ©3) T When X; =10and X, =6, So, X3 =~ 3.646 (10)+ 2.538 (6) + 61402
. ; =-36.46+15228+61.402= 4017 or 40.
The following examples would dlarify the method:

Example 1 From the following data, find the least square regression of X; on X

) N Given the following information (variables are oo Bt sspective meamsl
= h 1andX, Zxyxp =720, x,%3 =—582, Exqx; =100
using actual mean method. Also estimate X3 when X3 =10and X, =6, £x2 = 4008, £x2 =90, £x2 <140
Xy 3 5 6 8 2 u X1=7,X,=50,X;=8 :
X, 16 10 7 4 3 2 Find the multiple regression equation of X; on X, and X 3. Estimate X, when
X3t 90 72 54 42 30 2 X,=10and X3 =95.
i | Solution. . Regression Equation of X; on X, and X is givenby :
e ol 2 X1 =Xy =bya 3 (Xy ~Xp) +by5 (X3 -X3)
B |n= -x‘)l A l % Xz=(X2—xz)l 2 B (Bxyx,) (B3) ~(Exyx3) (Expx3)
3 -5 25 16 +9 891 1235 (&‘g) (&:2;)—(27‘2"3)2
i = ; ‘: ‘7“ "03 _(720) (50) - (~100) (-582)
s | o 0|4 5 (4008) (90) -(-582)
o X . __ 6480058200 600
14 2 -5 360720338724 21996
Mfz 2 \ Lﬁo =300 ‘ (e ) ~(Eeysy) ()
— o o W ’ B27 (@) () -(E0ra)”
%= g =uFy= et Ry =m0 (<100 (4008020 €36
= 2
" . i ; 90) - (~582)
Regression Equation of X on X, and X, is: (4008)(
3 1 2 5.
X3 =Xy 2bygp (Xy —Xp) +hgy K2 =%2) ' _ 400800+ 419040 1840 _ 0p5_ 5
(Bxgxy) (x3) - (Exat) Eazo) srn~Sewe S
3%) (&xp ) . =
2 ) gad) - )’ ole are given: X, =7, X, =50, %, =8

_(-582) (140) - (720) 100)

Substituting the values in the above equation, we get
2
(90) (140) - (- 100)
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X,-7 =030 (0 ~50)+083 (X; -§) Ry | nend T o
or X7 =0.30X_2 -15+083X ;3 -6.64 from the data gweg .below, find the multiple linear Tegressi -
X, =030X; +083X5 —14.64 s the required equation 3wl mean method : gression of X; on X, and X3 using
When X;=20 and X5 =30 % 18 20 17
X, =030(20)+083 (30)-1464=6+249-14,64=1676 Yo 38 40 25 ;‘; 2
o i 20 15 44
. The following data for three variables X 1, X, and X are o3 % 5 o
Example 4 Seyx; =218, Tx¥; =198, 3 Bke il"en belgy,, o ) b 18
o2 458, £x2 =110, 3¥3=-93 4, Given the following information (variables are measured fropy X;=05X, —0.36X5 +5.54]
1 . Ixf =gy - Sxyxp =1900, Bxyx5=-20, om their respective means):
x1, X and x3 are measured from their means. Find the two parti £x2 =1350, 52 —2806 Ixpx3=-50,
coefficients (b123 and b13.2)- tial Tegresgy, % =65 ! . i o x3 =24,
=65, X, =55, -
o -2y _ 1 2 4 Xqa=
i b3 =@¢M Obtain the partial regression coefficients (b, 5 and b. 3) %
Solution. (2x2) (2x3) — (Txpx5)2 Also estimate the valie of X; when X, =60and X, =
(218 (90)-(-198) (-93) . [Ans. by, 5 =089, b, <0603
©0110)-93)2 5 Given th;r fzollr;‘;';:g ;ﬁom;;ot‘l)m;gaﬁ;tes are measured from their rlézp;céve ;i(e;xla)%ﬁ]
1962018414 e M ’
99008649 5 _le';z =190, Tx1 x5 =-20, Zxpx3 =-50
etermine the regression equation of
=i;2f=0‘954 B! quation of X; onX, and X,. [Ans. X, =0.689 X, +.603X,]
¥ (2) Multiple Regression Equations in terms of Simple C i ;
(Sx,25) (E23) —(Z21%5) (Zxx,) When the values of X;,X, and X3,0,,0, and :3 an;r:;ﬂ:;nai: :ﬁu:;;v then th
1327 ltipl i i 2 d; Moo 4 B en, then the
(5) (24 - (Bx5,)° SO Qi e Sepresecl i the fnlleig smeess
(198 (110)~(218) (-93) L nof X on X, and X;
——_—(90) 010937 " 1 ) =byp 3 (X3 —X,) +by35 (X3 -X3)
-= X1=byy 3%, +b x Wh =X, -X. =X _%. _ 7
_-21780+20274 1506 . T values of partial iegnlasijor? coefficients bere' :\d )151 % Izd—femz m'xedz'xa -
“oono-sets = 1m1 - 2% ollowing formulae - 123 and bra, are de by using the
o] ry—ry.rs 1
| _t o 13 -3
EXERCISE - 3 ‘ s, | Ty |
1 For the following set of data, find the i i d X g
lata, e multiple regression of X; on X, and A3 I |
mean method. Also predict the value of X; when X, =5and X3 =7: b13z ='.5—1 = 122 =
X: 2 2 32 b Multiple Regress; oy
i((; g 6 12 16 = sion Equation of X; on X, and X can also be written as :
3¢ 4 6 12 o i & =[u_1]rrlz =T '%11 +Fa_1"|fru -1 .r32113
I g 2 2
2 From the data given below, f; [Ans, X, =2577 +1661 )?x+ gn X andfy %2 Jl 1-r3 J EX Jl 1-rp J
actual mean m?th 0’(‘1 below, find the multiple regression equation 0f &1 o Tei T 1 for T 1
7 : 5 X, -X, = L 12 7N3 " 5ok LT i - TS A
X;'~ 4 6 7 9 13 3 (Z)Mulr 2 I.“z [ 1—r§, J(Xz— Z)+].°3Jl 1_r§, j 3™
: 15 iple "
o 4 ;j ’ : :0 ! WXJ] o Regression Equation of X, on X; and X3
. o ko e
20 14 79+0_389Xz # Xy =X, =byy 3 (X, -X) +bx1 (X3 -X3)
[Ans. X, =164 X2 =by 3% +byyyxs
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Re, .
part®
_ 1
Where, [0 W’Z_ITLZ'E_ J glutio™
3o | 1-rh
[oy T~ a1 |
175, _“_ 1-rd J
. tion of X, on X; and X3 can also be written :
Multiple Regression Equati 2 to _“.r 15E 5
[op 1123 13 X H =2 _”-——23 A 31J1’3
n 5 1-3 J los 1-ry
7] Wrpg -, 1
g JoaTmom nis i 3 ML BT
o XX lch[ 1-r} J T ]-G -Il 1-r3 J b |
(3) Multiple Regression Equation of X3 on ;‘ 1 ;‘d Xat 1
X5 -X3=bz12 (X1 - X)) +b3y 1 (Xp =X5)
or x3=byyp Xy +0321 X2 ]
fos hra~ra 1
Where  bz12% 5 J[ 1-13 }
. I'_cr_ﬂrfaz 31ty |
3217 5, 1_,221 J
Multiple regression on X3 on X; and Xz can also be written as : :
logTrs - Tz ] fog] M]xz \
|_cr, Jl_ 1- r12 J |_“z Jl_ 1-ry J i
1
"31 r32 ] :':-I a2 ~T31-™1 (X, -Xp)
=2 | 22— K- Xy
R e i Y
Note:ru =11.Ty3 =T3p, 113 =T33 i
The following examples would clarify the procedure : X hﬁd Examp,
ar] Mple 6.
BxampleS. A teacher in mathematics wishes to determine the relahunslr‘f rg:]‘lh\! Xyt et
examination to those in two tests given during the semes :alion resp!
and X3, the marks of a student on Ist, 2nd and final exal:\lde“ls
he made the following computations from a total of 120 stu
X1=68 X,=7.0 X,=74 Sol
01=L0  0,=080 ©;=90 on.
o M2=060 r;3=070 r,3=065 !
(i) Find the relevant regression equation. a mspgcﬁ"‘l" !
(i) Estimate the final marks of two students who secure
and 8 on the two tests,

A

| and Multi

ple Correlation and Regression

25
The relevant least square regression equation wil] pe X3 on X and X, which is given
by: - =
X3 =X3=ba12 X1 =X +by, (X, -X,)

i O3 (-3 .1, |
3125 L\
1 1 VIZ

IENCORTTEY
Z L 1-(60)
|'(70)-(A39)1
=9x| ——
x‘_l—(.GO)Z

%3 r’sz k) -'21~I
l 1 rzz1
9 [69-070 (60
w0 50)2
9 [65-42
"5 0es J““’“
Thus, the regression equation of X3 on X; and X, is
X3 -74=436 (X, -68) +404(X, -7)
X3 =1607 +436X, +404X,
Fmal marks of students who scored 9 and 7 marks :
WhenX; =9and X, =7
X3=1607 +4.36(9) + 4.04(7)
=16.07 + 3924+ 2828=83.59 or 84
Final marks of students who scored 4 and 8 marks
When X, =4and X, =8
X3 =1607 +4.36 (4) +404(8)
=16.07 +17.44 +32.32 = 65.8 or 66
Given the following, d ine the i ions of :

8 % q
(@ x; onx, and x5 and
(i) "2 on x; and x; when the variates are measured from their means :
112 =0-8 ry3 =0-61y3 =05
01=10,0,=8,03 =5

by =

(i) The Tegression equation of x; on X, and x5 when variates are measured from
means is given by :

=X, -Xp,x3=X3-X,
Xy=bypaty +bygpt, where, x;=X;-Xy, %2 =Xy ~Xp, ¥3=X3-X3
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5 |
(0-8)-(0-6)(0-5) ] 4
1052 J— -833
N3~ ~”:4z1
l—rgz
(0-6)—(0-8)(0-5) 1
—————|=0.53:
1-(0-5)2 _| S
ired regression equation is :
Pl x;=-833x; +:533x3

(ii) The regression equation of x, on x; and x5 when variates are measured f,
means is given by : F
x =17213 Xq+b3q X3
lop1 111 =1as ~'131
bns LG l 1-r3 J
I8 fes- (5)(6)1 s
ol Tie? I
b [o51 r’z; "21 ’31—l
217, " l. 1-r
r81 [9-(0- I 91 0.0
B e I
- The required regression equation is :
Xy =-625x, +-05x3
bserved [
A random sample of 15 students of Basic Statistics course whef::mlhon
weights (X ;), age (X ,) and height (X 3) offered the following in
11=0-8, rp3 =0-3, 113 =0-5, 5, =8-5, 5 =4- 5,8 =21
X, -70kg,X2 22 yrs and X3 =160 cms.
btain :

Example 7.

(i) Multiple and partial correlation coefficients R1.23 and r13!

(if) Multiple regression of X jonX,and X3 and estimate
X2=25yrs and X, =140 cms.

lhe value of %

r,zz +r123 —2ryp 113 ™83

Soluti "
on. @ - _,-é

Rin=

T2 —T13 .rn-l B!'e.%'

tiple Correlation and Regression
gartid) and MUltP 27

r (0-8)2+(o.5)2_2(0.3)(0_5)(0_3)
QY +09* 2090903
1-(0-3?2

06440502 [5g
Jo\m Jo o7 =0-8452

n23= AT tn
V1-rfy */1:
V1-05?2 1-0-32 -
0-8-0-15 (.65
“ V75 J051  0-8261 07868
(ii) Multiple Regressmn onX;onX,; and X3 is given by
x-% -bu 3 (X2 -Xy) +by3, (X3 -X5)
11 N2 "u 3

blZB—L_J [ 1- ’B

7857 [0-8-(0-5)(0-31
- Tlas)X 1-(3? J 1-319

r5_1 rrB—ru r321
e N ey

7857 (0:5-(0-8(0-3]1 15
Tl ey [T
Substituting the values in the equation, we get
X1 -70=1-349 (X, —22) +1-156 (X3 —160)
X, -70=1-349X, —29-678+1-156 X5 ~184-96
Xy =1-349X, +1-156X5 ~144-638
Eshmahon of X, for X, =25and X5 =140:
When X, =25 and X =140, X, =1-349(25) +1-156 (140) - 144-638
: =33.725+161-84-144-638=50-927
In a trivariate distribution :
0y=3,0,=4,03=5
W a3 =0-4, 133 =0-6, 1 =0-7
) Compute rp3, and R L
(ii) Detefmme,-:l:e regre::on equation of x; on x; and x; if the variates are
Sal, measured from their means :
Ution, (i) < L) W

™31=
Jl—_r; -3 31

Eample g,

y §
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ang
P (0-9-(0-7)(0-6) Regrey

=J1—(o~7)2 J1-0-6?2
0-4-(42) —-0-02
=JosiJo6i 057130035

2.2 5
iy +113 = 2N -113 T3

o

Ry = 1—r723

(07)%+(0:6)* =2(07) (0-6) (0-4)
F. 1-(0-4)2
0-49+0-36-0-336  [0-514
=" o8t ~Vosg "0

(ii) The regression equation of x; on x; and x5 when variates are Measured ry
mean is given by :

1, =byp3%2 +b132%3

[o,1 rru—rla.rﬂ-l .

b12~3=l_;JX[ 1-3 J

137 [(0-7)-(0-6) (0-4) |

where, x; =X; -Xq, %, =X, —Yz,x3=x3_73

| 1002
0.75%0-46 0-345
b g S,
="om o8t 0

—rip T3 |
bizz =Lg:—]xl|:————’u " 32%2 T3 J
137 [(0-6-(0-7)(0-4] 0:6x0-32 012 4
=L§JXI' 1-(0-4)2 - 0-84 0-84
‘Thus, the required regression equation is :
x,=0-41x, +0-229x3.
STANDARD ERROR OF ESTIMATE
(OR RELIABILITY OF ESTIMATES) FOR MULTIPLE REGRESSION il i

The standard error of estimate measures the realiability of the estimates glv‘e)n "g\e reg®
regression equation. It shows to what extent the estimated valued giVer '
equations are closer to the actual values, !
For three regression equations, there are three standard error of e B
e
R rror of&t@ale of X, on X, and X5 (S213)
ard Error of Estimate of X3 on X, and X, (S312)

) 4

i MulliPle Correlation and Regression
n

jol 29
par® lating the standard e s )
fefo mulae for calcul g e n'or2 of estimates are given as follows :
5123 =01 - %
1-ry
1-r2 —72 —r2
21 rh +2r,, .
T3
L-rdi =1k 1B +2ry iy
S31p=03 [ ———- 320
1-rj
Iy =0-8, 715 =0-5, 13 =0-3and §, =8-5, compute the standard ;
partle? ¥ onX, and X, error of estimate
solution Standard Error of Estimate of X; on X, and X is given by
lution-
1"7122 "123 "’%3 +2ryp T3 Ty
Si3 =0y — — —5 B3
1-ry3
g5 [IEOD 0909 209090 .
1-(0-3?2 =458

Coefficient of Multiple Determination (R?)

The coefficient of determination in multiple regression denoted by R, is similar to the
wefficient of determination r2 in the simple linear regression. It represents the proportion
(fraction) of the total variation in the dependent variable X, that has been explained by the
independent variables (X, and X3) in the multiple regression equation.

For example, if Ry 3 =0-7252, then R2,3 =0-5259=0-526

The value of R%n =0-526 indicates that 52-6% variation in the dependent variable (X,) are
:S';iﬂed by the independent variables X, and X in the multiple regression equation of X; on X,

3
Eample 19, Arand le of 15 stud of ad: d course in statistics when observed
for weight (X ;), age (X ;) and height (X;3) offered the following information :
12=0:8, 113 =0-5, r,3=0-3
§1=8:5, 5, =4.5and Sy =2-1
Find the following :
(@) Partial regression coefficientb; 3 andbyss.
:b)) Standard error of estimate Sy.53-
) Correlation Coefficients Ry.53 and ryp3- =
(@ Multiple regression of X ; :nuxz and X5 when X, =70kg, X, =22yearsand
3 =150 cm. % g
(e) Weight of a student (X,) of 25 years of age and 140 cm in height.
Given :

s"""in.._
r12 =0-8,ry3 =0:5,m3 =0-3



Partial and Multiple Correlalion
and g,

30 5,=85,5 =45, 53 =2:1

[5,1mz = |

@ buss, | 1-r J
51 [08-090:3]
=[I.§]*[ rear |
5 rf]g"lZ"BZ-I

[s1

b2 75, P 14 J
rs5] [09-090-31
=L2~1J"[ 1-(0-3)° J“56

2 2
v l—r-lzz —Ti3 —T33 +2r1y -T13 .To3
S13=51 v 1 —Ti;

[i-0-82-©09%-0-32+20-9 0503
1-(0-3)2

G- 50002 _
=85 0-91 =

®)

=8-5x

© Rin=

2
1-rp3

~ ’ﬁ)z +(0-5)% -2(0-8) (0-5) (0-3)
B 1-(0-3)2

0-64+-25-0-24 ’0~65
f———— _ [——=0-8452
0-91 0-91 Biee

T —T3 -T3

(0-8)-(0-5).(0-3) 0-65

h-(0-52% m 0-8261
(d) Multiple Regression Equation of X; on X, and X3
Xy =Xy =bipg (Xp ~Xp) +b132 X3 ~X3) .
Substituting the values, we have
Xy ~70=1-349 (X, —22) +1-156 (X3 ~150)
X, =-133.078+1- 349X, +1-156X3
(€) ForX, =25 anq X, =140,
Xy =-133-078 +1- 348 (25) +1-156 (140)
=-133.078+ 33.725+161-84=62-487

=0-7868

Sion

>

4 M ltiple Correlation and Regression

partsl i 5
Given the following data, determine the .
wn\FI‘ 11. if the variates are measured from their m::ir:?smn equation of x, on spunds,
12=0-8, 13 =0.6, m3=05
G, =10, 28, o o
Also find the standard ertor of the estimate of xq im *3 and
. ’ 2 and x;.
Jion- The regression equation of x; on ¥ and x5 is:
g *1=b12.3 X2 +b137 X3 where, *1=X;-X,x, =X, -X, and x5 =X, -X,
To1 1 ry—rig ry 1 3=X3-X;
Here, bios =L—J 1273
Loz 1-r
REURLLRIEYCE Y
L's 1-037

_[107 [0-8--301 10 g.50
s 7=z [0
o1 [rg—rp.ry 1
byg,=—2 B 12T
B2 LS [ 1-13, J
_10 [0-9-0-9 03]
5 1-(0-52

Thus, regression equation of x; onx, and xj is:
> x,=0-833x, +0-53x3
Standard Error of Estimate of X; on X, and X5

a2 X
P ’1 i3 —Ti3 —I3 +2rp .73 - Ty
123 =01

2
1-ry

10 [0 -0:62-097 2080609
n| 1-(05%

5k 64—-36--25+48
A ,W’ =
0-23
=10.,/—— =10x-5537 =5-
0 1’0.75 10x-5537 =5-537

The following values have been ot

l."“'l’le 14,

d from the of three variables
*1.xy and x, :
X;=6.8 X,=7-0 X;=74
Sy =1.0 5, =0-80 $3=0-90
12 =0-60 r13=0-70 ry3 =0-65




Partial and Multiple Correlqy:
elation
anq

Ry
32 sion eqaution of X1 on X, and X,, eg,“%‘
for X, =10and X3 =9,

oefficient of multiple determination R}_

5 Obtain regres
:::) Estimate the value of X1
(iii) Find the ¢ ma g *

The regression equation of X; onX, T‘d Xy is given byt k-
Solution: X, -X; =123 Xz ~Xa) +b132 (X3 ~Xy)

o)
silma=rs ms ] 1 [0:60-020x.65)
bu«s’szl 1-r} 0-80 1-(0652 J

[0-60—0-4557
bip3 =(1-75)L—m—_|=0-313

where,

or
51 [m3 -2 -"321_ 1 [0:70-0-60x0.5)
SrysTecsm, o 7 ToUx065
Sy l 1—r§1 0-90 1-(0-65)2 J
[070-0-391
os7s 1705
Substituting the values in equation (i), we have,
X, -6-8=0-313 (X ~7-0) +0-595 (X3 ~7-4)
or X, =0-206+0-313X, +0-595 X5
(i) Substituting for X, =10and X3 =9in the above regression and solving forx,
X,=0-206+0-313 (10) +0-595 (9) =8-691
(iii) Multiple and partial correlation coefficients are related as :
Rl 3 =1-(-rdy) (1-ri32)
3T T 0-70-0-60x0-65
YBZ _,—_— e
Ny $1-3 i-0-60? J1-0-69°
0-70-0-39
T 0-8x0-760
. rap=0-259
Substituting the values of rlzz and r‘zn for R%z’s we have
Ry =1-(1-0-36) (1-0-259) =0-526

biz2 =

=(1-111)

0-509

or,

' EXERCISE - 4

1+ The following are obtained from measurements of len
cc.(¥;) and weight in gm (x) of 300 eggs:
%5 5226y =057
2EE 5-03  py-058
358603 5y=4.41 ry3 =0-974

v
gthin ()

MultiPle Correlation and-Regression

gl > the linear regression equation of egg weigh| 3.
in . €ight on e, p
g‘::;‘ "\¢ the weight of an egg who;: length is 58 mm mﬁg‘,‘:{‘jnﬁ; ?sn;z 8 volume. Hence
ns. X, =3.54 Sec
Spp— 3 £0.
atrivarlate distribution : 052, +0-963X,, X3 =57.11 gms.]
3 I =27, Gy=24, G3=2.7
1o, =028, ry3=0-49, 73,5051
petermine the regression equation of x3 on x, and x, if the variates are measured fr
jr means. ) ed from
gie;;n the following data : _ [Ans. *3 =0-405x, +0-424x)]
3 X, =6, Xy=7, X;=8
6,=1, %2=2, 63=3
112 =06, r3=0-7, ry3=0-8

-

o

£

~

; [
" Given the following da

Obtain :}1; linear regression equation of X3 on X;and X3.Hence estimate X whenX.
and Xp =5 .- [Ans. x, =—4. y 3 1=4
The fozllowing results were obtained in the analysis %fa ;‘::;alreog,;ﬁ 02_39:%, x3=416]
51=3,5 =83 =5,r1 =07, 7,3 =r5; =0.6 o
Find (i) partial correlation coefficient ry, 5 (i) Multipl, . h
the partial regression coefficients (by,.5 andbyy,). ple correlation coefficient Ry 3 and i)
[Ans. 153 =0-531, R, =0.735,

1 R123=0-735,b5.5 =0- =0
Ifryy =0-926, 713 =0-891, 753 =0-955 and 5, =151, anpute Rz “dm, b"”fz 0-169]
ofXponXy-and X3 (Syp3)- - - erTor of estiamte

Ans. S, . =0-5702]
A random sample of 50 students of M. Com. when : L B ]
height (x) offered the following informaﬁonv:v s weight (I:]).ige (x2), and

rp=0.7, r3=0-8, I3 =05 " .
-5,=56, S,=4-5, 5,=35 =
Obtain the following :

(@) Partial regression coeff¢ient byp.3 and by3,.
() Standard error of estimate S123- E
() Coefficient of multiple correlation (R 53).
(d) Coefficient of partial correlation (ry, ).
Ans. byy 3 =0-496,by3, =0-96, Sy =274, Ryp3 =0-87, 1.3 =0-516]
ta, determine the regression equation of x; on x, and x if the

iy
Aiates measured from their m )

13=0.8, 1
Also f; ;1 i :_; ;g ’
ng
the standard error of estimate of x, on x, and x5- .
Given the fol1ovs [Ans. x, =0-833x, +0-531,, S =5:537
X< 30 "8 data, calculate the estimated value of X, when X, =20and Xy =25.

Gy =8,

5,=5 =—0-4
Xy=35 1 2
by S;=10 3 ==05
Ao calgy §3=15 rp3 =0-6

I;
2te the standard error of estimate of X;onX, andX3.  ~
[Ans. X = 38-225-0-075X, ~0-14X3, X; =33, S1p3 =11]

A |
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34
ing data :
9. Given lh)_: f:l;gwmg 5,=5 115 =057
%,=51 5=7 e =058 '
Calculate :

gression of X3 on Xy and X,.
ation coefficient Ry.53
[Ans. X3 =0-08X; +1.21x,

(i) Multiple Re
(i) Multiple Correl

e following data,
=083 =05,73=0-3
5,=85,5,=4-5and 3 =21 =
(i) Obtain the regression equation of Xy on X, and X with X, =70 kg, X=n
X5 =150 cm.
(ii) Estimate the value of X, on X, =25 years and X3 =140 cm, and

TR,
10. From th 9 ol

Year, g

(iii) Find the coefficient of multiple determination R%B fromry, and 13- What dog
indicate ?

[Ans. X, =1-349X, +1-156 X 5 ~133-078, X; =62-487 R}, =0.7443 R? indic

the 74-43% variation in X; are explained by the multiple regression equat]

MISCELLANEOUS SOLVED EXAMPLE

Example12.  In a trivariate distribution :
X,=28-02,X,=4-91,X; =59, S; =4-4, S, =11, S, =80
712 =0-80, ro3 =—0-56, r3; =—0-40
(i) Find the correlation coefficient 534 and Ry.p3.
(i) Estimate the value of X; when X, =6-0and X3 =650.

Solufion.
0 . BT -T3
2 [ 2
Vi-73y 1-13
Substituting the values, we get

™=
V1-0-80)2 1-(-0-40)?
-0-56+-32 -0-24

K =-0-436

e 116 0-6x0916

23
R  |M2+Tia+2rp i3 T3
13= 2
1-r3

Subsl.iru!ing values, we get

e and

MulﬁPIe Correlation and Regression

2
(0-80) +(_0'40)2‘2(0'80)(‘0‘40)(—0-56)
0-64+-16—-3584 0-4416
1--3136 =Jg‘.6364=0-502
(if) The linear regression equation of X, on X and X, is:
X3 =Xi=biaa (6 -y +bygy (X, -X,)

S1 it -mg.ry
O e
44 [080-0226] 44 [ g7
111 0eses J™1 Loregeal= 337
1 Trg—rpry] 44 [-0-40-(0-80) -0.51
55 | g e 1-(-5672

_44 |’-0-40+0~448‘| 447 0-048 1
T80 106884 |50 Lo-gagal=0-0038=0-004
Substituting the values in the equation, we get
X;-28-02=3-357 X, ~4-91) +-004 (X5 ~594)
or  "X;,-28-02=3-357X, ~16-4828+-004 X, -2-376
Xy =3-357X, +-004X; +9-1612
(iv) Estimation of X; forX, and X, :
When X, =6-00, X3 =650, X;=3-357(6- 00) +-004 (650) +9-1612
=20-142+2-6+9-1612
=31-9032

35

- IMPORTANT FORMULAE
ltiple Correlation Coefficients :

2 3
Ryl Tip +113 =21y 1y3 T3
1—r§s
2 3
Rypy= L2322 13 -1
1-r3
13
r2 +r2, - 2r
SR L - 31-M32 T
1-r3
2

"lb'g] Q 3
Orelation Coefficients :

Mz —N3 a3

N2z =

1= Ny

Dy
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Relationship betw

Multiple Regression of X1 on X, and X3 :

Where,

Standard Error uf Estimate :

Partial

and Multiple C°"l'elau0n
a

na2= 2

13 \/r_g \/ITJZ

Partial and Multiple Correlation Coceff,
2

1-Ri =(-1) (-ris2)

S

2 2
1-R3p =(1-r3) (A -r3)

veen Simple, cientg

and

X, =123 +b123 X2 +0132 X3
IEN

x|

T2 ~T3-T23 d
b23eg, | [

1~r?23

2 _ 3
[1=r —rds 1% +2ryy g 1y
Si23 =°1»V

l—ré,

Y

Neooeow

QUESTIONS

Distinguish between partial correlation and multiple correlation. 2

Write down the expression for r;5 3 and Ry3 in terms of 15,713 and ry;. Also statete
limits within whichr;, 3 and Ry must lie.

. Explain the concept of multiple regression and discuss its utility in business.

How will you fit a multiple regression equation of X; on X, z.md X3? . % o ¥
Write the normal equations in case of multiple linear regression of X; OnS TR
Write a short note on “Standard Error of Estiamte” for multiple .regress'mﬂ»laﬁonﬂdp“
Define simple, partial and multiple correlation coefficients and find their rel

one another.

Write the equations/formulae to calculate the followings :

(i) Regression equation for X, onX; and X;.

(ii) Partial regression coefficients (b12.3 andby3,).

(iii) Standard error of estimate of X; on X, and X3 (51.23)

(iv) Multiple correlation coef ficient (Ry93)

(v) Partial correlation coefficient (r;5,5)

. . uation ?
How will you interpret the value of R2 in a multiple regression €4

BED
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ing to only selected units is collected. Before we
1 v’:]'m?xf,;m sglme basic concepts related to them.

| about the average monthly expenditure of all the 2,000 stud

r< :j
N4
sampling & Sampling Distribution

0DUCTION
nall the spheres of lilfe .(su.ch as Ecgmnl:ic’da
ik d data analysis is rising day y day. There are two meth, f i
mvéﬁgug:t :f‘(i) Census Method, and (ii) Sample Method. Under census r?\gfhsd,(ﬁgcn:::i:rf
,ul:: to the entire field of investigation or units of population is collected; whereas under
:l:\P]e&meﬂ'\Udr rather than collecting information about all the units of population, information
make a detailed study of both the methods, we

Social and Business) the need for statistical

SOME BASIC. CONCEPTS
- (1) Universe or.Popul : In statist

about which we obtain information. A universe or
about which kn

population means an aggregate of items
population means the entire field under
ge is sought. For example, if we want to collect information

ents of a college, then the entire
aggregate of 2,000 students will be termed as Unj P tion. A population can be of two
kinds (i) Finite and (ii) Infinite. In a finite population, number of items is definite such as, number
dfstudents or teachers in a college. On the other hand, an infinite population has infini| of
lemse.g, number of stars in the sky, number of water drops in an ocean, number of leaves on a tree
sl S e EsTanoccan,

trnumber of hairs on the head. N

L0 Sample: A Part of population is called sample. In other words, selected or sorted units from
“"P“P“hliunish\ownasas le.In ¥,

ample. In fact, a sample s that part of the population which we select

ey grecse Of investigation. For example, if an investigator selects 200 students from 2000

Thys :n: il‘e BEWRG Tepresent all of them, then these 200 students will be termed as a sample.
*>iMple me;

ans some units selected out of a populati
S AND sampLE METHODS

a " € two methods to collect statistical data :
Cengyg Methoq_~

which

it

(] msmpl‘ Methoq
¢ S Methoq

m;ws oethod ig that method in which information or data is collected frqm each and every
Mb“ii Fhbulation relating to the problem under investigation and conclusions are drawn on

X Methoq g also called as C 1 tion Method. For. 5 't 3 isr[:, i
on (like Monthly Expen dimrex, Average Height, Average Weight, etc.

illl'nm.,‘.ﬂ,i

P |




SamPng & Sampy

* For that purpose if w h
1s of a college. For that purp: e collect 4 .
llected regarding 2000 5h|l|dge: then this method will be called as Census mel&]l‘ta by ‘“q“iﬂna
:;J\d every smdenl_"fﬂ\le 0! ossmdenls will be considered as a population . :vd-ln s <
the wholelcol,l;gz :;:.l'l :d the unit of the population. Population in India is con, ducg:;y:[: d?:{',fk
individual W1 \ :
years by using ceTEUE Method vy
& Merits and Demerits of Census
el ‘
Merits te Data : Data obtained by census method have
6] Reli:‘:le ;‘;ﬁ: il;\nlhis ‘method data are collected by contacting each ar:g',f,;';‘;ahm.m
:;C:‘s Unitog
universe. . . Thi hod gives detailed informati o ol
" i rmation : This method g ation about 1
(i) Ex l“}:lonl'f:xample, Indian population census does not only Pro_\lidee:ht:‘ w‘n('.
:ll:(l)ul the number of persons but also information about their age, preced :nwu‘ :
education, marital status, etc. ) ‘ ‘ n{
;ii) Suitability : This method is more suitable for the population with limteq i
(i) diverse characteristics. Use of this method is also appropriate where intmsi‘vé--sl.’u'dlm
desired. 5 ]
Demerits ) ' v 5 :
(@) More Expensive : Census method is an expensive one. More money is needeq

i jon i ed from each unit of the population. This is why this
g%mm::ﬂztﬂy for very important wsgesp like Census, etc. 2 m !hod ‘f“lfd

(ii) More Time : This method irlvol‘{s much ﬁme’ffxr data. collectior‘\ because dafy .
collected from each and every unit of the population. This results in delay in makay
statistical inferences. :

(iii) More Labour : This method of data collection also involves very much labour. For thistte

enumerators in a large number are required.

g

samP“"S Distribution
g 8

ing by putting questions to a few students, | i .
af of his telzi:r;l’l:l'%etly\od is not used. n reality, there is scarcely any area
¢ gaﬂ;PDemems of Sampling Method

39

Time and Money : Sampling method is less

ause only a few units of the population are stu qpensive. It saves money and

15
> died.
jal

i s
fabour Time : In sampling method, data can be collected i

i S;:;i‘x‘\se: :,mln some items of the _universe. Thus much lime: i: samveozf P i

mn:nunsi" Study : As number of items is less in sampling method, they can be intensively
smdied' . i B I h

:sational Convenience : In this method, research work anised

W O?;‘::d‘r:.lorg conveniently. More skilled and competent i -B_Gn b;“"ﬁ diand

Jiable Results : If sample is selected in such a manner as it ts ('

W m‘:::’ then the results derived from it will be more accurate and rr:lg;:n ek

() More Scientific : Sampling method is more scientific because data can be inquired with

ther samples. . -

(vii)OOnl)' Method : In some fields where inquiry by census method is impossible, then in such
situation, sampling method alone is more appropriate. If the population is infinite or too
widespread or of perishable nature, then sampling method is used in such cases.

* Demerits .

(i) Less Accurate : Sampling method hgs less accuracy because rather than making inquiry
about each unit of the universe, partial inquiry or inquiry relating to some selected units
only is made.

(ii) Wrong Conclusions : If method of selecting a sample is not unbiased or proper caution has
not been taken, then results are definitely misleading.

(iii) Less Reliable : Compared to census method, there is more likelihood of the bias of the

(iv) Not Suitable for Specific Problems : This method is not suitable relating to certainsped |
blems and infinite population. For example, if the population is infinite or itemsofte |
;xrpulaﬁm\ are perishable or very complex type, then the census method is not suitibe. |

(2) Sampling Method : .

Sampling method is that method in which data is collected from the sample of items selecd |

from population and conclusions are drawn from them. For example, if a study is ‘°;m
regarding the monthly expenditure of 2000 students of a college, then ins!ead of g,
information from each student of the college, if we collect information B_Yﬁsfl‘*c)‘:‘hgﬂm;w
Tike this will be calisd Sempling Method. On the basis of samplmg method, | 0L
to study the monthly expenditure of all the students of the college. Sampling meth

main stages (i) to select a sample (ii) to collect information from it and (ii) to make W
regarding the population. ALt TR
ImpuMncenfSamplmgMEmod 5 R s R Nt i
Inmodem times sampling method is an important and popular method of ‘“F":‘F' i
Esxds economic and business world, this method is widely used in daily llfe‘-mee S““‘*
Aaélsewxfe comes to know of the coaling of the whole lot of rice by observing fwo- athe uj"ﬂ
octor tests the blood of 2 Patient by examining one or two drops of blood on_ly. e
w:lsleam about the quality of a commodity while buying the items of daily use auroler BTy
& e etc. by observing the sample o specimen. In factories, statistical quality ::,bd,ﬂ‘! 4
¢ duality f items by examining a fev units produced. A teacher gets the K2

which makes the results less reliable.

. (iv) Need of Specified Knowledge : This is'a complex method as specialised knowledge is

required to select a sample.
) Not Suitable : If all units of a population are different from one another, then sampling
method will not prove to be much usefuk.
D}Ilnence between Census and Sample Method
. Themain difference between the census method and the sampling method are as follows :
- 0 Scape : In census method, all items relating to a are investigated whereas in
20 ::‘“\Phng method only a few items are inquired.
w;‘: i a?;ns“s method is expensive from the point of view of time, money and labour
i pli thod ises on them.
)::!l\d of l“"“ﬁs:ﬁon : Census method isused in investigations with limited field whereas
¥ o g method is sed for investigations with large feld. )
- Whegemeuneity s Census method is useful where untsof the populaion areheterogeneous
unil

pe (1) Tnggp?:; Sampling method proves more useful where populati

Universe : In such fields where study of each and every unit of the universe is

nfinjte g nSuS method is more jate. On the contrary, when population is
4 :eﬁm&"i; vast or liable to be destroyed as a result of complete enumeration, then sampling
k - 18 consi;

sidered to be more appropriate.
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'St
40 nhhh
ETHODS A o
SAMPLING M Jecting a sample out of a given population is called samp; :
The method fo;:cscleclion of a part of the aggregate S‘aflshcal ampin .wr}“u\erw
ing | Enme:rian about the whole. Now a da);s, there are various Mmethodg °fse1:h Ty :’l
e miaarfgn in accordance with various needs. c““s SIM;{
apopul " :

fm)m 5 flity Sampling MeAthods
@ (1) Simple Random Sam lmg
(2) Stratified Random Samplm.g
(3) Systematic Random Samplfng
(4) Multistage Random ampling
5) Cluster Sampling
(B) I(‘;t))nc?ll’ﬁmﬂﬁﬁmpling Methods :

(6) Judgement Sampling

(7) Quota Sampling

(8) Convenience Sampling

(9) Extensive Sampling

robabilty Sampling Methods|

Non-Probability
Sampling Methods

) ! i ¥ v ! ISR
Simpie Sratified ystematic | Multistage | Cluster Judge- Quoh‘ Conve- Exenshe |
Raw Ra:wn Fstandam R:nd:mg Sampling ment Sampling nience ; Sm
Se:d::u Samping | Sampling Sampling Sampling Sampling 2

& Sampling Distribution
ling !
gamP are most famous and are in use, T;

mbers by using num}:ers s many as 41 60q, In thi 1 ¥
g?a population are written serially, Thereafter b;'}“s ing et ofall,ll he Mems
accordance with the size of the sa

making use of Tj; %
N >, mple, numbers are selectegd.'l'ho e e
with the help of Tippett’s table ;

an be made clear byan exampl: :selection ofasemple
An Extract of Tippett's Table

2952 6641 399 g7 you 5011

3170 5524 4167 9525 1545 13%

7203 4356 1300 2693 2370 7483

3408 2762 3563 6107 6913 7691

0560 5246 1112 8127

le, suppose 12 units are to be chosen out of 5000 unj . Wil

533?:;35“1,‘,““‘7'2":5% zroggﬂ ulrlul:)se will be serally ordeg_gd B ﬁé‘%&"fi&“&ﬁ?‘ésﬁi
}'_;&l;:t{zs ::lm% o Riabars 5 osen from the beginning which are less than 5000.

2952 4167 435 2370

3992 1545 1300 3408

3170 1396 2693 270
The items of such serial nun}b.exs will be included in the sample. If units of the population
are less than 100, then 4 digit random numbers will be

igit 1 i made compact into two digit

numbers, and then such two digit numbers will be selected. Like as to

60 unils, the units with serial numbers 29,
sample.

Merits

(i) Thereis no possibility of
free from personal bias.

(ii) Under this method, every unit of the universe gets the equal chance of being selected.

(iii) The use of this method saves time, money and labour.

D 20

select 6 units out of
39, 31, 41, 15 and 13 will be included in the

personal prejudice in this method. In other words, this method is

(A) Probability Sampling Methods

il oy
Probability sampling methods are such methods of selecting a sampl.e frut:m ;hl: pl:?ulalﬂ\
which all units of the universe are given equal chances of bemgﬂlgje'i—m.des bell)uw:"
There are various variants of probability sampling methods, which are B which exchi®
@ Simple Random Sampling : Simple random sampling is that method in o e vd
of the universe has an equal chance of being selected in the samp investigalora®
included in the sample and which not, such decision is not made by ansamplin& there#
will but selection of the units is left on chance. According to random

et

; or

@ Lottery Method : In this method, each unit of the population d T;“nfidl’“”"":
which is marked on separate piece of paper. Such chits are folde erson 25T
umn or bag. Thereafter a5 many chits are made selected by some P oy
are to be included in 5 sample. dom nuﬂlwﬁl

(ii) Tables of Random Numbers : Some experts has conslruc}ed m[\,lal Tip s
These tables help in selection of a sample. Of all such various e

-~ sampj,
E ted out of 1
Boups on -

(i) 1fsample size is small, then sample is not adequately represented.

(@) Ifuniverse is very small, then this method is not suitable.
(ii) If some items of the universe are so important that their inclusi
essential, then this method will not be appropriate.

This method will not be appropriate when population has units with diverse
Characteristics,

- Stratfieq Random Sampling : This method is used when units of the univer.se are
di vl_d“’ge_“enus Tather than homogeneous. Under this method, first of all units of the poPulahcn are
Hdinto different stratq in accordance with their characteristics. Thereafter by using random
ms are selected from each stratum. For example, if 150 students are to be
tudents of a college, then firstly the college students will be divided into ‘;hre;
Spectively ; basis of Arts, Commerce and Science. Suppose there are 500, 700,d300 stu (;_‘nn
%, Nang ;’Gm three faculties and 10% sample s to be taken, then on the basis of;n oﬁm\issa:\?mog
equ:lm ens respectively will be selected by using random stasm};hlzgm:.:,rse e
thapcq ofpap l’epl’esem.ahon to each class or group and all the unis of
8 Selected in the sample.

ion in the sample is very

(iv)

ey 8 sample jte
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MPpling Diggy,
P Ut
) i f units in this methog
ts L of representation of n 4
3’;”""\ ere is more l:ﬁl;:;\oﬂ,e basl:s of facts at different strata is possibJe und,
o tive s
&!) %‘T}:erlahod has more accuracy-
11,

i L his method can be ad
Demerits has limited scope because Opted
@ This '“‘?",'f’fnd?ns different srrataAarevkn_own. B

populatio’ he possibility of prejudice if the popu ahon_ is not pro

There can beéangs too small in size, it is difficult to stratify it.
aRaﬂ dom Sampling: In this method, all the items of e e
d and numbered and then sample units are selected at equal inlervals :n
 For

er thig me“\od

Only Whep
(i
(i) 1f the popul
() Systematic

systamtic.;l?' ::'11;3'0‘%95 0 students are to be selected for a sample, then 50 Students
example, i

: ; he first 10 would be se) s be
lly arranged. One item of t f elected ¢
numbered and Sv)ste;'[;‘::ci:egl from the selected number will be selected to frame 5 sampli:.-\lipm
Subseqluetng); ;‘n eer is 5th item, then the subsequent numbers would be 15th, 25th, 354, and gy
first selecte

Perly Stratifipq

Z:E"lﬁs asimple method. Samples can be easily obtained by it.

(ii) This method involves very little time in sample selection and results are almost acﬁrah.
1) ‘

pmlﬂ:is method, each unit does not stand the equal chances of being selected by

2 the first unit is'selected onrandom sam.plfng basis: ik -

(ii) 1f all the units are different in characteristics, then results will not be aPPumF?‘_, i

(4) Multistage Random Sampling : When sampling procedure passes 'thmugh many stage,
then itis known as multi-stage sampling. In this method, firstly the entire universe or PopUiE
divided into stages or substages. From the each stage some un.ns are se}e’cte.d on rahx;:lom swfoh;‘q;
basis. Thereafter these units are subdivided and on Eh.e basis of random ‘sampl _gFagaém*am ie
sub-units are selected. Thus, this goes on with sub-div3sxon further and.‘s:elechon qr;.is ;i & wdfb!’
for the purpose of a study regarding Adult Education in Haryana State, first §0r.ned e
selected on random basis. Thereafter out of the selected districts, some tghsﬂs anx ks
some villages or towns may be.thus selected, further out of the Vﬂl?ge: dofrom iHomithe
neighbourhood, or wards and out of the wards, some households will be selecte g
inquiry will be made concerning the problem at hand. ]

Merits

ecause'_unly

(i) This is the best method of studying a universe or population on regional basi

£ is of sam|
(6) This method is suitable for those problems where decisionis ori the basiag
can not be taken.

Demerits
(i) This method Tequires man;
. alot of time and laboyy, . hich
(i) fﬂ ﬂ“i method, level of estimated accuracy level is predecided W
ogical.

(5) Cluster Sam, d

cluster and out of which a few clusters dom basis 2% in ph

are selected on random ;
complete enumerated, Thig method is usually apeplied in industries like 2% 1 :

ple aloré

WO hichinvel®
y tests to correctly estimate the Jevel of accuracy W -
does 0%t

‘| ofjudgement samplins, -7
!
-~ "M

“Bleft oo,

S gy ‘“f'?'_s‘lrehot1éle
elligggytve Samply

- 3od intomany 80P e ©
pling : In this method, simply the universe is divided mtoul‘“en the cluster®

& sampling Distribution
mpling

achine produces medicines tablets in the bag,
: nd“"’?": :lfew randomly selected batches are examine;l.dms Of hundred each, then for qual
e eﬂ:’P’r obability Sampling Methods
@ N _probability sampling methods are those methods in wh; < .

Noir:i g; convenience or ]udgfement of.lhc? investigator rath::}l\}::sqﬂe;‘:"h“ of units i made on
e bas In such methods, selection of units is m, 3sis of probability or

ade in a 3 e
o of the investigator. ccordance with the specific Objectives and
ement Sampling : Under this method, the select
® I“dgon the judgement of the investigator, 1q ey

a3
lity

ample jtems depends
4 - other words, the ; i s .
acjuslf;{m the choice and includes those items in. the sample whic}tlh :em‘fshgatm e
i“die:vers e with regard to the characteristics under
e

are most typical of
study. For i
beselected from a class of 80 students for an, e spengmple ifa sample of 20 students
isto

alysing the spending habits of the 10
jnvestigator would select 20 students, who in his opinion are WPrsegntaﬁve 2f the dasst: dents, the
Merits " ' 5
(i) This method is less expensive.
(i), This miethod is very simple and easy.
iii) This method is useful in those fields where almost similar its exi i
(iii) This me it to be left out of the sample. units exist or some units are too

greater chance of the investigator's own
iethod is not Very accurate and reliable.

this method, the investig
4 cfed, to obtain the
lect the individuals (ie., ‘sample items) to col

Prejudice in this method.
gators are assigned definite quotas according

i number.loﬁ]lineachquola.'l’he
!investigal J A llect information on their personal
! judgements: within- the :quotas: :When_alt or a part of the whole quota is not available .or
| approachable; the: quotar is completed by )

pplementing new responds. Quota sampling is 2 type

erits. . -
.:( )‘;nlhismeth \
W) Statistical inqui;
. beng e
Denmterits YT
0 Possibility of prejudice shall remain:"
(i), Thera js
8).Co

ere is greater chance of important units being included.
is more.organised in this method on account of the units of the quotas

greaterdikelihood of sampling error in this method. .
nvenience‘rsampli'ng +'In this type of non-probability sampling, lh? Ehm:e of the sample
Ple!ely\m"m‘em‘wem\"-ﬂﬁe of the investigator. The investigator obtain asample according
R For example, a'book publisher selects some teachers cﬁo:vext\}l‘enﬂy on E:F basl's
] teach & feedback-from them
Publicas: € teachers from' the ¢olle prosp and gets feedback.fr arding hi
‘mg i, Ty ‘method is less expensis: and more simple but is unscientific and unreliable. This
fon i IN Wore dépende e on'the ‘This method is appropriate for sample
P s""ul:‘lt'.“d‘m'e the universe or Ppopulation is not clearly defined or list of the units is nr?t ?vaﬂable
inithemselves. 7 o e ]
'this methiod, sample size is taken almost as big as the ptl)lpu:iano;
e e SeBtioN o this population. 6My those units are left out far which data collection
T MR F e b et |

to »
Cof n‘;_ﬂnvemence_l
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) impossible. Due lo very large sample size, the mefpyoq | & Digtyy oy
s difﬁc"ﬂ“:‘;‘l’:‘ﬁ'g’p°f the problem becomes possible but this methg‘:l\siﬁ:ﬂhr leyy
accuracy. Intel . o

urces at disposal: )
res‘;vﬂ’LING AND NON-SAMPLING ERRORS ‘
SAl

be made with utmost care, iny. 1
ce of a sample though may be 7 involves cop.:
The cho:Fg e:]i ; o two types : (i) Sampling Errors, and (2) NO"-Sampling En-:l:; Crrorg whig
may be cl:S;‘ the collection, processing and analysis of data. 018, Thegy IS
may occu

(s} Ss:mPll“:g f::: are those which arise due to the method of sampling, 5
mp

AMpling errgyy ,
: k o
:marly due to the following reasons o
pnn:';l;‘ Faulty selection of the sampling method. e
(2) Substituting one sample for the san}p]e due to the difficulties in C°1lecting thesam Ay
(3) Faulty demarcation of sampling units. e

(4) Variability of the population which has different characteristics.
2) Non-Sampling Errors . .
(: Non-sampling errors are those which creep in due to human factors which always Varies
one investigator to another. These errors arise due to any of the following factors ; )
(1) Faulty planning. .
(2) Faulty selection of the sample units.
(3) Lack of trained and experienced staff which collect the data.
(4) Negligence and non-response on the part of the respondent.
(5) Errors in compilation. o
(6) Errors due to wrong statistical measures.
(7) Framing of a wrong questionnaire.
(8) Incomplete investigation of the sample survey.
Basic Concepts of Sampling

Sampling Distribution: The purpose of selecting and studying a sample from the population

is to estimate or make inference about some population characteristics. In this process, %
knowledge of the sampling distribution is of vital importance.
Some Important Terms: B

The following terms are widely used in the study of the sampling distribution: . e

(1) Parameters: Any statistical measures computed from the population data is k:,‘:ﬁym
petareter. Thus, population mean, population standard deviation, P°P"lau°:erss
Pcpgﬂauun Proportion, etc., are all par: P, ters are denoted by the Greek -
H,6%,cand P. -

sam::zl)es:::;im Any statistical measure computed from sample data is knOV\Ll:t';‘:':‘
ool sample standard deviation, sample variance, sample Prop
& cs. Statistics are denoted by Roman letters such as X 757 s2 and p: Jecting® o)
from &?ﬁ:ﬁ:ﬁx ::,:d Wwithout replacement: Sampling is a procedure of sele menw‘
lL]'-n¥: of a population may be chosen more than once is called sampling with repla:e s P
it cannot be chogen more than once, it is called sampling without replacem

atistic. T
etc

A ling WO o
Pling may be done with or without replacement. S35y Ife55

gk Gampling Distribution
jiig
amp

' ith replacement, the total number
5‘""’1“:‘{50:‘;{ size N is N .But if the sampling
Popul:.’v willbeN¢, =m (s2y).

samp v pistribution of a Statistic

45

- Ol amples each of g
St Size n drawn fro,
ut replacement, the total number of poss?i\)l:

l the population (N) with or without r

of slﬂm’-; f;ggulaﬁ;, we compute a statistic such asegxlea:nefn:ledhiml:mm:rﬁme. sample drawn
tr;ﬂjrhe set of all poss)l_)l.e val'ues of 2 statistic is then classified ;nd gm“pede\{utuon,
3 islh‘i pution (OF prn)‘bi{bﬂlty distribution). The distribution so obtaineq is caueu; o&:\
gistribution of a statistic. We could have v_arious sampling distribution depending upo: the nature
of the statistic we have computed. If, for Instance, the particular statistic computed is the sample
ean, the distribution is called sampling distribution of mean. If, we compute variance of e:ch
sample, then it is called the sampling distribution of variance. Similarly, we could have sampling
distributions of proportion, median, standard deviation, etc.

An Important Property of Sampling Distribution

Animportant property of the sampling distribution of a statistic is that if random samples of
large size (n > 30) are taken from a population which m: ty be normally distributed or not, tl?en the
sampling distribution of the statistic will approach a normal distributi
Standard Error of a Statistic

The standard deviation of the sampling distribution of a statistic is known as the standard
error of a statistic. As there are various types of sampling distributions, we could have various
types of standard errors depending on the nature of pling distribution. The standard deviati
ofthe sampling distribution of means is called the standard error of the means. In sampling theory,

frequency
sampling

- instead of using

the term standard deviation for measuring variation, we use a new term called
standard error of mean. The standard error of mean measure the extent to which the sample mean
differ from the population mean. Thus, the basic difference between the standard deviation and
sndard error of mean is that the former measures the extent to which the individual items
differ from the central value and the latter measures the extent to which individual sample
";“-l\ differ from the population mean. Like the standard error of the means, we could have
Standard error of the median, standard deviation, proportion, variance, etc.

 Utility of Standard Error : The standard error is used in a large number of problems which are
ussed as follows :

o, Reliability of ives an idea about the relizbility and
isi a Sample : The standard error gives an idea abou Tel ty
l7ilmulsm“ otz sample. That is, ft indicates how much the estimated value differs from ll}e obssrved
rved - Breater the standard error, the greater is the deviation b the and

;d Values and lesser is the reliability of a sample. The smaller the standard error, the _smal}er
sa“‘Ple.Wlahm\ between the estimated and observed values and greater is the reliability of a
i Tests ignifi \ igni f the various
s > of Significan : tandard error is also used to test the s.xgmﬁcanceo
:;ls Slaineq m smallc :ngtl‘:r; s::\;les. In case of large sample, if the d:fference between the
@ expected value is greater than 1.96 standard error, then we reject the hypothesis
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46 . idely from the population, By by
le differs widely ut if the dif o
at 5% and conclude that sant‘elii value is greater than 2.58 S.E: (Standard error), ‘hf:l‘ence beiy
the observed a"dt .ll:e ::,ge:onclude that the sample differs widely from the %,
%

a Populatiq,’ Sect
null hypothesis @ ine the confidence limits of the unknown Population ation, e
(3) To determi

" M g % ean ; Ty,

; ining the confidence limits within which 5 Populat © stap,
error enables US “,'“?E;e?;:;insdesfee of confidence. The confidence P tion par,, arg
ie wi

limits of oo Meley
e,pm-lneso ‘t\omlem ware given by. he \lnknow:
popula Large Sample Small Sample
5% confidence limits for p 95% confidence limit o, "
$-196SE. and ¥ +196 SE. X ¥tos SE.
999% confidence limits for 99% conEdence limits fo, n
£-258SE. and T+ 258 SE. Xty SE

SAMPLING DISTRIBUTION OF MEANS :

Itis an important sampling distribution widely used in She sam'pling lf}ecry. Drawa o

mples of size n with or without replacement from pqpulahon of size N with mean pang Valim'h

sa! }:por each possible sample drawn from the population, we compute the mean ¥ of each sampf:
t‘l"h;e mean will vary from sample to sample. The set of all possible means obtained from differeyy
samples s called the sampling distribution of means. ) .

Properties : The following are the important properties of the sampling distribution of meang;,

(i) The mean of the sampling distribution of means is equal to the Population mean (.
Symbolically,

Mz =H or E(®@)=n

‘This property can be proved as follows : r

Let x;,X,,...., %, represent a random sample (with replacement) of size n from a finite
population of size N having its mean p and variance 62, then
Xy +Xg e Xy

=
n

Ix]_ [xp+2 4oty ]
Em:E[ n ]_EL n ]

1 .
= {E(x1)+E(xy) +....+E (x,)}

1
—nlu+u+p+...+p}=;-nu=u

Thus, the mean of the

: o
o sampling distribution of means is equal to the population ™

e standard error of the sampling distribution of means is obtained as :
S.D. of Population o

\/Size of the samphfﬁ

ollows :
Var (%) = Var (B) Var (I] +Xp +e.. x,,)
n

SEg oro; =

This property can be Proved as f

by

1 @
=2 Var (x;) + Var (x,) +... Var (x,)]

Saﬂ\Plin

means.

Example 1.

Solution,

2 js the
where 9

d o 2
Becausen> 1, obviously, g = V@< Population Variance,

2
= (_‘-J"_ ]
Var (3) = T

This formula holds only when sampling is with replacement.
Note : When the population is finite and the sam
GEzis obtained as :

« Sampling Distribution
1

1
=7l 4e? 4 g2

n

SE;z=

1 o
2

‘ng? =—

A n

population vzariance, xis the sample,

(3) The sampling distribution of means is
and variance o2, provided the sample is large (n>30).

(4) The following formula is used to find the probabilil

I-p

Z=

O

samples of size 2 with repl

47

ples are drawn without replacement, then

PPrOXi; y @ normal di:

with mean p

ty of the sampling distribution of

Let us illustrate the concept of sampling distribution of means by the following example :

Consider a population consisting of three values : 2, 5and 8. Draw all possible
£ ati 1

P

the pop C pling
distribution of means. Also find the mean and standard error of the

distribution.

The population consists of three values.The total number of possible samples of
size 2 drawn with replacement are N" =32 =9, All possible random samples and

their sample mean are shown is the following table :

| Sample No. Sample Values Sample Meanx |
X 22 12(2+2)=7_
2 6.2 %(5 +2=35
3. ®2 12(3+2)=5
4 @5 %(z +5)=35
5. 6.5 A %(5 +5)=50
6. ®5 lz (8+5)=65
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¢ the means (%) of all the 6 possible sj,

is of
g;tr[irl:ﬁlﬁ:\stf means is given below : ™Ples, the Samplin
Sample Means (€3] f f=
2 1 2
35 2 7
50 3 15
6.5 2 13
80 1 8
=9 |=fi=45
Mean of the Sampling Distribution of Means
o
Bz = 3 =3 = 5

Variance of the Sampling Distribution of Means
FE-pu)® I’

Hence, ‘SE;=0;=+/3=1732 e
Aliter : The sampling distribution of means can also be written in terms of
probability as :

Sample Means (%) 2 35 5.0 65 - 80
Probability (p) 1 2 3 2 Liwh
9 9 9 9 9

' .2 i
Since 35 occurs twice, its probability of occurence is 5,5 occurs thrice i

I
probability of occurrence is % and 6.5 occurrence is % Each of the other smP¢

mean occurs only once with probability % 3
Mean of the Sampling Distribution of Means 1
_ 1 2 .3 2 -

E(f)=2px=2x5+ 3.5><§+5>¢§+6-5"'§"s‘0’< 9

1 45
=;-[2+7+15+13+8]=;‘=5

Vagt
ariance of the Sampling Distribution of Means
Var (%) =E (2) - [£ (7))

v

! Sample No. Sample Values Sample Mean ¥
1 (22, 24) %(7_24. 2%)=23
2. 2, 26) % (2+26=24
3 (2, 28) %(22+28) =25
4. (24, 26) %(24 +26)=25
5. (24,28) 12 (24+29=26
| 6. (26,28) %(ze +28=27

@ sampling Distribution
s EE)=22x24352,2,52 3 o
=224, 2 .,
; 9 35%x 9+5 x§+652 X§+82 xl
i 9
=9 '[4+25+75+345+54]
1
=3 [25251=28055
Var(f)=E(iz)—[E(;)2]=23,055_25=3355=3
Hence, S.Ex=Var®@=y3=173
| Construct a sampling distribution of the sam
e > phon: ple means from the following popu-
Population Unit : 1 2 51
Observation 2 - 5 : 4
28
when random sample of size 2 are taken from it wi
the mean and standard error of the dish-ibu;:,:,m‘hnut replacement. Also find
Solution. The populafion consists of four values (22, 24, 26, 28). The total number of
sample of size 2 drawn without replacement are 4C,=6.All the possib‘;eli::\:—::

samples and their sample means are shown in the table given below :

On the basis of the means (%) of all the 6 sam
sampling distribution of mean is given below:

Sampling Distribution of Means without Repl.

ples without replacement, the

Sample Means (3) f f2 |d=%-pz| & |
23 1 23 -2 4 4
% 1 % -1 1 1
25 2 50 0 0 0
26 1 2% 1 i 1
27 1 27 2 4
Y6 |yi-10]| [ z2-10 |
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Example 3.

Solution.

Sampling & S“mpling

Digy,

b i

:ng Distribution of Means !

Mean of the Sampling 150 lon
= —Ef o - 25

pling Distribution of Means
¥E-p)? Z 10 5
Var(7)=’):f—‘=z—f=z=§
S.E;=0x =Varx =‘E=1,29
Aliter : The sampling distribution of means can also be written iy |,
probability as below :

<t "2
Since, 25 occurs twice, ils probability of occurence is o Each of the other ot

variance of the Sam|

Hence,

24

o | = m
NINI

1
means occurs only once with probability 5
\
Mean of the Sampling Distribution of Means

1 2 1 1
E(i)=2px=gxB+gx24+6x25+6x26+Ex27
150
=%~[B+24+50+26+27]=T=25

Variance of the Sampling Distribution of Means
Var(=E(®?)-E@I

2 1 1
E(z%)=237 x%+242 x%+252 xg+262 XE+272"Z

1
=E-1529+576+1250+ 676+729]

3760
=6 = 62617
Var (%) =E(¥2) =[E (®)]* = 62617 - 625=1.67

o - S.E =o3 JVar () =167 =129
A populati i s : 15. Consi

£ of four :3,7,11, 0]
samples of size two which can be drawn with replacement fmlzl‘:i‘i‘:; :;epn\t
Find (i) the population mean  (ii) the population variam:e«'lfJ ; onhe“‘“ "‘
the sampling distribution of means (iv) standard error (or ‘5“i iii) and bY use

distribution of m, e i . using (i) 2
sl fo eans. Verify (iii) and (iv) by

der all pos!

() n=population megn =X _ 3+7 +11 +15 =3{3=9
N 4 4

bk‘
s
ull“

-

ymplin

pling Distribution

& Sam 51
. ; ZX-? (g2 2
(i) o2 =population vanance=T=w _8&
6=5.D.=470 8
(iif) All possible random samples of size two with replacement is N* ‘42 16and
=4% =16 an,

their sample means are shown in the following table :

Sample No. Sample * Sample S\‘\
Values Meaﬁ z HipleNa. %‘:plf m
6.3 ———1 Values | Meanz |

1. 3 9
(11, 3)

2 @7 5 w Y oar 7; ’

3. (g, }1) 7 1 (1,11 1

4 @15 9 12 ws) |1

5, 7,3) 5 13 (15, 3) -9

6. 7,7 7 1 (15,7) 1

7. (7,11) 9 15 as 11 13

8. (Z.15) 11 16 (15.15) % 15
On the basis of the mean (%) of all the 16 samples with repla X i
distribution of ¥ can be written as : A eplacement, the saipling

Sample Frequen z d=X-pz *
Means (3) o ! T ¢ a

3 1 3 % -6 36 36

5 2 10 -4 16 2

7 3 21 -2 4 12

9 4 36 Q 0 0

11 3 33 +2 4 12 ‘

13 2 26 +4 16 32

15 1 15 +6 3% 3%

5f=16 SfE=144 Sfd? =160
Mean of the Sampling Distribution of Means
P
AT -
Variance of the Sampling Distribution of Means
a
. If(x-pz 160
Var (%)= —“.f_x_ =T6" 10

Hence SEg=o;= {Var’(f) = = 3

Using the formula, pz =p and V(i):%, we get the mean of the sampling

distribution of means = iz =p=9 and variance of the sampling distribution of

Hence, the results of (iii) and (iv) are verified by using the results of (i) and. (ii).

A
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ample 4

Solution.

SAMPIing & Sampp
sty

by
sts of the following elements : Uligy

jon consi
A population 2,4,5,8,11

Fing i mples of size 3 are possi

(@ Howe 200 dmetm“ e possible when Sampling ,
without replacement. ) R
(b) List all of the possible different samples.

(c) Compute the mean of each of the samples given in part (b),

() Find the sampling distribution of sample mean X,

(e) If all the elements are cugqally likely,
mean j.

dop,

compute the value of the Popuyj,
Watioy

The pcpu]an'on consists of five elements (2, 4, 5, 8, 11).
(a) The total number of possible samples of size 3 drawn without ’ePlaCemgm
5. =10. . e
(lgf All the possible different samples and their sample means are shg

following table. OWning, |
Sample No. Sample Values m‘
. @45 % (2+4+5) =367
2 248 13(2+4+s)=457
3. 2 4.11) l3(2+ 44+11) =567 ‘
4 258 13(z+5+s)=54o ' i
5. @51) %(2+5+11)=60 ‘
6. (8,11 %(z+ 8411)=70
2 @5,8) 13(44,5 +8=567 |
8. @, 5,11) %(4+5+11)=667
9. @, 8,11) %(“ g+11) =747
\LL ,8,11) 1i548+10=80

without replacer®™

In the above table, we have 10 possible samples of size d 2 . Bach of the J,

Since, 567 occurs twice, its probability of occurrence is 10

1
sample means occyr only once with probability 75 jene?
Sampling d; 10 distribution of samP

Pling distriby % (i. bility dis
s iven beloy, ion of means ¥ (i.e., the probability

Gampling Distribution

z:arﬂl?’[i"E ¢ 53'
4 Sampling Distribution of 3 ol
3.67 | 467 5
Probability (p) Lot |1y 5§7 : 6‘57 TN
1011010753 10 716 llo 1l
(e) Population consists of the values (2, 4, 5,8,11). Since, each valug ;
likely, the probability of occurence of each value js = 1 v

-Hence,

5
Population Values (X) : n
Probability (p) : 1 1
5 5

PopulationMean=u=2xé+4xé+5xl+3x1+u
5

x1
5

1
=g'[2+4+5+8+11]=¥=5
2

LAW OF LARGE NUMBERS AND CENTRAL LIMIT THEOREM

Law of Large Numbers and the Central Limit Theorem both serve the basis for the
development of sampling distribution of a statistic.

Law of Large Numbers : The law of large numbers states that as the sample size increases, the
sample mean would be closer and closer to the population mean. It does not gurantee that if the
sample size is increased sufficiently, the sample mean will be equal to the population mean. There
are two implications of the law of large numbers (i) the difference between sample mean and
population mean can be reduced by increasing the sample size, and (ii) variation from one sample
mean toanother sample mean (of the same size) also decreases as the size of the sample increases.

Central Limit Theorem : It is widely used in the field of estimation and inference. This
theorem states that if we select random sample of large size n from any population with mean p
dstandard deviation & and compute the mean of each sample, then the sampling distribution of

ean ¥ approaches normal distribution with mean 1 and standard deviation % - This is true even
n

it . X
m’f;f"l’“hhm itself is not normal. The utility of this theorem is that it requires virtualy no
1S on the distribution pattern of the population.

QUESTIONS
?Ekﬁng“ish between population and sample. Discuss the relative merits and demerits of
E nsuf and sampling Methods. ] )
*Plain the Vvarious methods of sampling. Also discuss their relative merits and demerits.
(: Plain the simple random sampling technique and state when it is used.
Pioly tisarandom sample ? Discuss the various methods of drawing a random s.ample.
tinguish between sampling and non-sampling errors. ’

- e

p



SemPIng & Sampiy,
i

i - Strj,
ing distribution of a statistic? Also, defi uj

" by sampling ine stang,

What is meant -

3 e
statistic. o

it
OR o o
briefly the concept of sampling distribution of an estimator,
Discuss
.+ ouish between :
& D;shng‘;lsl}.‘o:’fand Sample (i) Parameters and Statistics
i ati
(')I)P gs:’!pﬁng with and without replfacemenh .
\(ll\;rile a2 note on “Sampling Distribution of Means.
. ulation consists of five numbers (2, 3, 6, 8, 11). Praw all p ossible =T
8 A Pozpw}u‘ch can be drawn with replacement from this population, Constryct 2 nple g
Z‘;‘:ﬁbuﬁon of means. Also, find the mean and standard error of the distribug, :n plgy
opulation consists of four numbers (3,7, 11, 15)..Consider all possible i %
9. Q}gd}: can be drawn without replacement from this population. Construct e
distribution of means. Also find the mean and standard error of the distﬁbuﬁonsamphs
10. A population consists of the following five elements :

3,5,9,11,17

Find : .

(2) How many different _samples of size 3 are possible when sampling is done wm‘m
replacement ?

(b) List all of the possible different samples.

(¢) Compute the sample mean for each of the samples given in part (b).

(d) Find the sampling distribution of the sample mean ¥. Use a probability histogram o
graph the sampling distribution of X.

(e) If all five p'upulaﬁon values are equally likely, compute the value of the population
mean, .

11. A population consists of numbers : 2, 3, 6, 8, 11. (i) Enumerate all possible samples of sizz2
which can be drawn from this population (without replacement) (ii) Calculate the meanof

the sampling distribution of means and show that the mean of the sampling distributionol |

means is equal to the population mean. (jii) Calculate the variance of - the sampﬁl\!
distribution of means and show that it is less than that population variance.
12. (a) Show that the mean of the sampling distribution of means is equal to the
mean ie., E(¥)=p. \ i
(b) Derive the variance of the sampling distribution of the sample mean. Is it more
population variance ?

13. Give slalements of Law of Large Numbers and Central Limit Theorem- Discuss
significance in sampling theory.

populatio®
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rests of Hypothesis - Large Sample
Tests

TRODUCTION i

The main objective gf the sampling theory is the study of the Tests of Hypothesis or Tests of
sipificance In many cfrcumstances, we are to malfe decisions about the population on the basis
sfonly sample information. For exzfmple, on the basis of sample data, (i) a quality control manager
s to determine whether_a process is wo.rkmg px:fperly, (ii) a drug chemist is to decide whether a
new drug s really effective in curinga d:sease,_(m) astatistician has to decide whether a given coin
s unbiased, etc. Such decisions are called_st?hsﬁcal decisions (a simply decisions). The theory of
esting of hypothesis employs various statistical techniques to arrive at such decisions on the basis
of the sample study. )

BASIC CONCEPTS OF HYPOTHESIS TESTING
The following basic concepts are used in the study of tests of hypothesis:

(1) Hypothesis (or Statistical Hypothesis) : In attempting to arrive at decisions about the
population on the basis of sample information, it is necessary to make assumptions about the

population parameters™ involved. Such' an ption (or ) is called a ical
hypothesis which may or may not be true.

There are two f hypothesis:

(@) Null Hypothesis and (b) Alternative Hypothesis.

! @ Null Hypothesis : In tests of hypothesis we always begin with an assumption or hypothesis
&, assumed value of a population parameter). This is called Null Hypothesis. The null hypothesis

l:‘em that there is no (significant) difference between the sample statistic and the_popula&i'on
?mmﬂﬂler and whatever the observi rerence is there, is merely due to fluctuations in sampling

d!f?n:ede Same population. Null hypothesis is usually denoted by the symbol Ho. R.A. Fisher
sum 2ul hypothesis as “the hypothesis which is tested for possible rejection under the
pul prlilon that it is true”. In other words, the hypothesis (regarding some characteristic of
ert on) which is to be verified with the help of a random sample or the h):pbtheSns which is
P“Pe:I:E' Called null hypothesis. For example, if we want to test the hypothesis that the mean of
tl:c)n tobe taken as o then the null hypothesis (Hy) sk =}‘lli]1.h B o
Baligapre 2ive Hypothesis : thesis different from the null hypothesis (Ho

thy ife;m e hYPO&\eysli:; anfisil: deﬁ{eﬁyﬁ; th: symbol H;.The two hypothesis Hy and Hy are such
the Popnlfl S accepted, the other is rejected and vice versa. For example, if we want to tesiwhet.heér
ation meap I has a specified value pg, then (i) Null Hypothesis is Ho :i=}o an

| | -
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Lar,

36 s may be () Hy:H #ho (i€, k>R O <pug) or o 8e Sah\ple T,
(i) Alternative H)g’e"::::n be more than one alternative Hypothesis. F ) H . T
Hyn <t (,.'ﬁlus,d Type Il Exrors : In the process .of hypf)thesis testing we sy,

@ Typfe ;1 ;Ir‘s called errors in hypothesis testing which are 8rouped in fyy a
samfsaf‘ ol oo and (ii) Type 11 Errors. )

0 TYPe  ors : Type | errors are made when we reject the null hypogg;

(i) Type s, when Ho is rejected despite its being true, then it is called Ty, “’\gugh, :
true. In other words, type Lerror s denoted by p (E;) =0t and the probability o Jpel err%.%:
atmfreq

decision . rs are made when we accept th
(i) T{hpe g;gsoivi:ny%enl,!:;:epted despite its being falsel,) ther? ixt“slli:;l);%o';‘hms I
e I;df :;makin‘s a type Il error is denoted by B. Thus, p (E;) =B. Yeell
pmlzlfhE f?{lowing table illustrates Type I and Type Il errors.
To Accept Hy
Correct Decision p=1—o
Type II Error p=B

While testing hypothesis, attempts are made to Me both the types of errors, althoy ghi
notatall possible to reduce them both at the same time. : s

(3) Level of Significance : This refers to the degree of significance with which we g C;!plu;
reject a particular hypothesis. Since 100% accuracy is not possible‘in taking a’ decision over fe
acceptance or rejection of a hypothesis, we have to take the decision at a particular evel of
confidence which would speak of the probability of one being correct or wrong in acceptingx
rejecting a hypothesis. In most of the cases of hypothesis testing, such a confidence is fixed at3%

OUgh i
En‘ors_m

h 4

' othesis - Large Sample Tests
¢
1o of Right Tailed Tests 57

Left Tailed Tests '

Rejection Rejection
Region

N (@

Acceptance
Region
(1-00)

Two Tailed Tests
(Los.o)

Rejéaion

Region

Jest statistic: The followingfigures illustrate one tailed and two tailed tests :

(6) Critical Value : Fhe critical values of the standard normal variate (Z) for both the two-tailed
and one tailed tests different level of significance are very often required in hypothesis testing.
The following tableé gives critical values for both one tailed and two tailed/tests at various level of

est, since the critical region is split into two equal parts, one in each tail of the distribution of the

level, which implies that our decision would be correct to the extent of 95%. For a r,pre
however, such a confidence may be fixed at 1% level which would imply that the decisionwoud
be correct to the extent of 99%. This level is usually denoted by the symbol, o (alpha) whld!
represents the probability of committing the type I error (i.e. rejecting a null hypothesis whichis
true). The level of confidence (or significance), is always fixed in advance before applying thels!
Pfogeg_urs. It is important to note that if no level of significance is given, then we 3_1W§Y5
a=005. £
" () Critical Region or Rejection Region : The critical region or rejec|
the standard normal curve corresponding to a pre-determined level of sisf‘iﬁc"‘“ce':hcép
;nd_er the normal curve which is not covered by the rejection region is known a5 3
k:gmn Thu§, the statistic which leads to the rejection of null hypothesis Hy glVe? Hy give®?
ovnas Rejection Region or Critical Region. While those which lead to acceptance©t0
Tegion called as Acceptance Region. . where ®
i o is
a"e:;h%:eh;;:;‘;;eff and Two Tailed Test : A test of any stahshc_al C};)l'll"zo.:e;ne !ﬂﬂ'd,_”'
since the entire mﬁm]lsrex_pres?ed b ¥ fe symbal (<) oy o8 ey bol ), ltsest statistic: g
region for all allemaﬁvgigmn lies in one tail of the distribution of the 17 on the T ¢ il
ypothesis containing the symbol (>) lies entirely

distribution whil " ; T 55
e the critica] region for an alternative hypothesis containing @ le! o lies-

tion region is the regont

oo

man(‘)A,,;d i

lies entirely in thy i iH
any slatisﬁ);al h : lelf}:tafl' The symbol indicates the direction where the Cnhc,a-l realled at
YPothesis where the alternative is written with a symbol “# 5

Level of Significance @ | 0=0.10 @=0-05 a=-01

Crifical values of Z (for -128 or - 1645 or -233or
one tailed test) +128 + 1645 +233

Critical values of Z (for —1-645 or -19 or - —-258 or
two tailed test) +1-645 + 19 +258

Note:: For other level of significance o, the critical value of Z can be found from the table “Area
under the Normal Curve.”
Procedure of Testing a Hypothesis:
Testing of a hypothesis passes through the following steps :
(1) Set Up a null hypothesis : It is denoted Hy. Null hypothesis assumes that difference
@ ctween any values to be compared is not significant. . g
!s“ Up a suitable level of significance : A suitable level of significance is determined to
®) est the null hypothesis. In practice, 5% significance level is used. -
Sat UP a suitable test of statistic : A number of test statistics like Z, , %", Fetc. ma-y be
(@) ?)Pglied 1o test the null hypothesis. It is decided only on the basis of available information.
,0‘;;:‘8 Necessary calculation : After selecting appropriate statistic, computations relating
6 M, ? leSlg‘c“atistic are made and values are worked out. 5 e
g Decisions : In the process of hypothesis testing, results are interpreiec
is purpose, wg :ompare t})\’gJ computed value of a test statistic wk;‘t.ht tl};\e t‘:l;{e
2 pre-determined level of significance. If computgd.vah'xe is greaterd‘a i t: a e
1% level of significance, then null hypothesis is rejected. In such a situation,
mple does not represent population.
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Lar,
s - . 1 simple by
5 ¢ Hypoth asis/Test of Significance/Sampling Tests LY
it Tests 0 i tests of significa 9
Ap P.ll.‘hﬂu;fu:a ions of tests of hypothesis OF tes| gnificance or Sampling tests o
e ) . B
ing heads *
under the f‘;“zy;;fpom=5is for Large 5"‘“‘?:“5 h
(A) Tes ¢ Hypothesis for Small Samples
(B) Tests © we shall discuss tests of hypothesis for large samples.
In this dlaPk:rH othesis for Large Samplesa‘(:/z' 30): The following are St
(A) Tesrs{t:ﬁj i {fhypothesis in case of large saniples : © imp,
a plxca-!ll_o"‘:;’f Hypothesis about Population Méan )
(1) Tes! I pothesis about difference between Two Population Means,
@ _I::: :f H;:othesis about difference between Two Population S.D's,
9 Toatof Hypothesis about Population Proportion. )
(5) Test of Hypothesis about difference between two Population Proportions,
Let us discuss them briefly. X 5 / .
(1) Test of Hypothesis about P opulation B : The test of hypothesis Concemp, |

: ean j in case of large sample requires the use of normal distribution, LetX
;Zaﬂ??l:‘:ge rl;ndam sample of size 1 drawn from avnormal population with mean :e:.}:
standard deviation . To test the hyputhasi_s;ha{populahon mean | has a specified value, g
appropriate test statistic to be used is : . g
-u .
z=""1—
L
Where, X = sample mean; jt = population mean, 5.E¢ = Standard Error of Mean. N
Procedure : The following steps are taken for test of hypothesis about population mean:
(i) Setup the null hypothesis Hy :jt =j g i.e., there is i Ce between ample mean
p yp 0 0 = ¢
and population mean. Alternative Hypothesis N : 0 tailed test).
or Hy:p>pg or p<py (Onef
(i) Compute the SE)—( by using the following formula :

@ - SEgz= % When population S.D. ¢ is known.
n

®  SEg= % When sample S.D. is known.
n

(iii) Substituting the value of X, p and . E+ in the above stated Z-statistic Jeveld
(iv) Select the desired level of sigmficancé( « if not given and corresP"“d‘{,‘ﬁfe",:h ‘a,:.der“‘
significance (Los.), we find the critical value of Z from the table 1
- xma] curve”, Jf the com Pu‘,edvaf“' ¢
V) The computed value of Z is compared with the critical value of Z. If £ £ 0ot iy
f]‘l £ J < ctitical value of Z at a?evel of significance o, then we acceptg\ gfn signi e
ty and f the computed value of Z =| Z |3 critical value of Z at a Je¥elg
en we reject the null hypothesis and accept the alternative hypothesis 71

Note : ples:
1. Ifthe populationS.D, g ;. i d for largeé samP
Do use
2 The riical value of § is not known, then sample S.D. (s) is Cons lev ) of i

are given below ; 2 (0r large samples) corresponding t0 V2

59

One Tailed Test iz =2
el of significance a, the critical values Z can b
For Dﬁl‘ec;l::e" given at the end of the book.

he noﬂ“‘:’ When no reference to the level of significance is made
No:: 5‘% Jevel of siyu'fu.:ance.

0 Jlowing examples illustrate the procedure for test of hypothesis about population mean :

The mean height of a random sample of 100 students is 64 and

deviation is 3”. Test the statement that the mean height of po; ‘ﬂ:;msitsa:ggr :t

5% level of significance. 2ot

e found from the table “Area under

given, then we always take

. '-rhe fol
pample L

We are given :n=100,X =64,5=3,p =67
Null Hypothesis :
Hy:p=67
Alternative hypothesis : Hy :u# 67
S.E c _ s 3

solution-

(=>Two tailed test)

3
=—=—=—"—="2(0.3 (For large samples, 6 =)

X" Ju J00 10

Now, we compute Z-statistic as :

At 5% level of significance, the critical value of Z for two tailed test=1-96.

Since, the calculated value of | Z| is more than the critical value of Z at 5% level of

significance, we reject the null hypothesis and conclude that the population mean

cannot be equal 67. T

A random of 400 male students is found to have a mean height of 171-38 cm. Can
itbe reasonably regarded as a sample from a large pmwim mean height
17117 cm and standard deviation 3:30 cm ? Use . =-05.

We are given : n=400,X =171-38,p =171-17,6 = 3-30

Null Hypothesis Hy:p=171-17ie, the sample has been drawn from population
withp =171.17 and 6 = 3-30.

Eample 2,

Solution,

Alternative Hypothesis H, :pt #171-17 (=>Two tailed test)
: o _33
S.Eg =—=—==0165
X" Jn 400
|z|=X2n 71381117 o
SEg 016

At 5% level of significance, the critical value of Z for two tailed test = 1-96.

Since, the calculated value of | Z | is less than the critical value of Z at 5‘3? level of
significance, we accept the mﬂl] hirpﬁwsis and conclude that the population mean

A
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heend Larga S“"‘ple
60 i o, the sample has been drawn from tp,
js equal to 17117 E !  POpulatjy, Wi Sy
mir hat she can take dictati .
Jaims that she can e dictation at the
Example 37 A slerogé:l;}‘::: reject her claim on the basis of 100'?:1:;:( 120 W,
inute. . i N
/ ::;: onstrates a mean of 116 words with a standard deviation of ;;‘wv:m‘h r‘h‘,
5% Los.). B Tds, Uy
Weare given:n= 100, X =116, s = 15,.}1 =.120
Solution. Null h)vpothBSiS Ho:p= 120 (i.e., the claim is accepted)
. i : ie., th o A
Alternative hypothesis I':F“ <_122 ('_‘ ;59 C_lallrsn —ls Tejected)
X T Jn 100 10
IZ|_|)T—u|_|116—120| Il
SEx 15 15
At5% los., the critical value of Z for one tailed test=1-645,
Since, the calculated value of Z >1-645, we reject Hy .and conclude that the iy
of the stenographer is rejected. e
Aliter : This question can also be solved by using two tailed test. Let uS have
Hg:p=120and Hj :p #120, itis a two tailed test.
And Hj :p #120, itis a two tailed test.
|Z|=26
At5%Los. Z g5 =196 (for two tailed test) 1
Since | Z|>196, we reject Hy and conclude that the claim of the stenographers
rejected.
Example 4. An educator claims that the average IQ of government collegf st:xdenls :k':
more than 110. To test this claim, a d le of 150 T Wﬂ‘smd nd
/ and given relevant tests. Their average IQ score come to 111..2 witha idnulﬁ
deviation of 7-2 At level of significance of 0.01, test if the claim of the
is justified.
Solution.

We are given:n=150, X =1112, s=72,p =110 °
Null hypothesis Hg:p <110

Alternative hypothesis : jt >110 (Right tailed test)
7-2 7-2
Eo=2-72 _ 72 _0.59
X" J150 1225
|zj=1X o] _1m1-2-110 12 _,.03
S.Ex 0-59 59 2B
Af 1% level of significance, the critical value of Z for one tailed tes " Hu'n‘

Sincy %, we &

€, the calculated valye of | Z| < critical value of Zat 1
fheans that the claim of the educator is justified.

Y
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EXERCISE - 1

m sample of 100 stuglenls gaveva mean weight of 5 i
olggsis that the mean ;velg:! of the population iihw kg,s[ii:llﬂz f:Ds 0134 l:sg }eTFsi tge
Aysample of 100 urulsl‘s oun if; have 5 Ibs as mean, Could it be rega;deg e
. £ adom sample from a large population whose mean is 5,64 Ibs and <. . 555::?8?
[.Ans. 1Z[=4-26, Hy is rejected]
aim that on an average the car is
wners of the car are asked to keepa

anufacturer of a particular make of a small car ]
3 E‘;,;“ 2000 kms per n::nlha@ raxt\}cllqm sample of 100 o
ord of kilometers they drive their cars. On the basis of these sampl i

;f,fmd that an average the car was driven 2200 kms per month with a stagngamgsi;go:ﬁ

400 kms. DO the sam?le data support the hypothesis that the average distance the car is

 driven has mcr.eased ? Useo=-05. ! [Ans. Z=3.33, H, is rejected]

Acompany da]m.s that life of its product is 1600 hours. A sample of 100 units was tested

" and mean life of its products was found to be 1570 hours with a standard deviation of 120
hours. Test the claim of the company at 5% level of significance ?

po ) h [Ans.| Z| =25, Hy is rejected]
. A weighing machine without any display was used by an average of 320 persons a day

with a standard deviation of 50 parsons. When an attractive display was used on the
machine, the average for 100 days increased by 15 persons. Can we say that the display did
not keep much ? Use a level of significance of 0-05. [Ans. Z =3, rejected Hol

(2) Test of Hypothesis about difference two Population Means : Let X, and X, be the sample
means of two independent random samples of large sizes n; andn, drawn from two populations
having means |ty and p, and standard deviations 6, and 6,. To test whether the two population
means are equal or not, the appropriate test statistic to be used is :

7= X -Xp) = (1 -1o)
~ S. ]:‘.)?1 <%
Where, X) = Mean of 1st Sample, X, = Mean of 2nd Sample SEg _
difference of two means, : %

Pmsed“,e : The following steps are taken for test of hypothesis about difference between two
Populationg means ;

< = Standard error of the
2°]

0 Set up the nult hypothesis H :jt, =jt, =0ie., Ly =H, there s no difference between the
™o population means. i
Alterantive Hypothesis: Hyy #Hy (Two tailed test)
i Hypy>p, or By <My (One tailed test)

(i)
) Compute the g, E.Xl % by using the following formulae :

2 2 :
o s‘Eil X L2 When Population S.D5G¢ and 6, are given
2 \ng ;
(b) 2.7 -,
SE‘Yl % = i—l +32 When S.D. s; and s, of the two samples are given
1 Ny
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©

_ s l+—1-]
SEx-% M

n with S.D.0-

opulatio
same PP S o xsy .
_[siy 52 gl When two samples are correlateq,
@ SEx-% "\m m 1y X1 ’

(i) Substitu

Z-statistics.

The other steps SU
for testing hypothesis
hypothsis aboul

Example 5.

Solution.

Example 6.

Solution,

. values of Xy, Xy, iy and SEg o in oy,
ting the 1= Xp e aboye Sty
ch as (i) Level of significance, (ii) Critical Value of Z,
of the difference between two means are the same
t population mean i .

from South India sh,
random sample of 1000 workers uth show tha i

wAages are Rs. 47 per week with a standard deviation of Rs. 28, A randclb\:\l: o,
of 1500 workers from North India gives a mean wages of Rs. 49 per weel vi:nnl},\k
standard deviation of Rs. 40. Is there any significant difference between lh:
mean level of wages in two places ?

o (i) Decigign
as those giyen kg

I in et o

Wearegiven: m; =1000,X; =47, 5, =28
1, =1500, X, =49, 5, =40
Null Hypothesis Hy : b =K 5 i.e., there is no significant difference between twy
mean wages.
Alternative Hypothesis Hy :jt1 #{5
st .55 _ [297 (02
7, V1000 1500

(= Two tailed tesf)

SE =1-38

s = =|-Ll+
X1-X \n, n,

\Z]= _ =2 147
SEx-%,

At5% level of significance, the critical value of Z for two tailed test=+1% "

Since, the calculated value of | Z | is less than the critical value of Z, we :‘G::Z:

null hypothesis and concluded that there is no significant difference b

two mean level of wages.

dud
. ith a stare?
The mean yield of wheat from Patiala District was 210 kg8 v::.,mer it
deviation 10 kgs per acre from a sample of 100 plots. ll! 7 '
Ludhian 3 : dard deviation 12550

2, the mean yjeld was 220 kgs with standar yiel
sample of 150 plots, Assuming that the standard deviation &
::tue state was 11 kgs, test whether there is any significant
we meart yield of crops in the two districts.

e are given : n =100,X1 =210,5, =10 A
1, =150, X, =220,5, =12
S.D. of Population =g =11

nce be!

Y
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Eample 7.

Solution.

Hypaghesis =

Large Sample Tests

. 63
Null hypothesis : Ho :lty =it i, there is no s
mean yield of crops in two districts.

Alternative hypothesis : Hy:py #p,

gnificant difference between the

(=Two tailed test)
¥ Gz[l*'l]_le\l
X1- = |=,/(11 _
1-Xp non (11) (1 +l_]

_ [ T
=V100 " 150 = VI 0807 = V2017 =1.
X, -X, -
[21=11\2|=M=7.
Ex-%, 12
At 5% level of significance, the critical value of Z for two tailed test =1.96,
Since, the calculated value of| Z| =705 > critical value of Z, we reject Hy in favour

of H;. It means that there is a significant difference between the mean yield of
crops in two districts. a

Following inf ion is available in respect of two brands of bulbs (Price same):
Brand A BandB |

Mean Life (Hrs.) 1300 1248 “

S.D. (Hrs) 82 9 |

Sample Size 100 100 |

Which brand should be preferred at 5 percent level of significance ?
Weare given: ny =100,)_(1 =1300,5, =82

n, =100, X, =1248, 5, =93
Null hypothesis Hy :j1 =}, i.e., there is no significant difference in the mean life
of the two brands of bulb.
Alternative hypothesis H 1iq #Ry

2 2 2 2
31:_}_( % = il_+s_z=‘—(82) +—(93)
1-42 n om 100 100

= ,6_1735‘3;,%: [67-28+ 8629 =12-3%9

%, -X, _1300-1248
12-399

(= Two tailed test)

Z=——"— =419
S. F‘iz} %

At5% level, the critical value of Z for two tailed test=1:96. _

Since, the calculated value of Z > the critical value of Z, we reject the hypothesis

< : i life of the two
and conclude that there is a significant difference in the mean hle ¢
b_'ands of bulbs. We should pmgjﬁ, buy the bulbs of branch A since its average

@ is more.
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ExamPle 8.

Solution.

Example 9.

Solution.

Tests of Hypoﬂ\esis - Large "
Mple g,
5 ldiers has a mean of 67.85 ; Sy
heights of 6400 so i 854
O: e 55 inches while a sample of heights of 1600 Sﬂ:‘l? and 5 Stang
d a standard deviation of 2.52 inches. Do g d:ah-“ Ame, ':Jd
Indicyyy of
thy

A sample n

deviation 0

68-55 inches an!

the sailors are on the
= X, =67-85,s, =256

jven: M= 5400'1(1 ,S1

WSS 1y =1600,X, =68-55,5 =2:52

Null hypothesis Hy:pq=H2 i.e., there is no significant differe

height of soldiers and sailors.

Alternative hypothesis Hy i > 1 0Ty <Ha (= one taileg tesy)

2 2 2 )
sy, 53 _ [(2:56)°  (2:52)
S oo o= e ——— T
SEx,_xz n 6400 1600 =0.071

1Zl= IX,-Xp| _|67-85-68:55| |-0.
SEx %, 0-071

At5% level, the critical value of Z for one tailed test=1-645.
Since, the calculated value | Z | > critical value of Z at 5% level, we reject Hyin
favour of Hy.It means that the data indicate that the sailors are on an average allr
than the soldiers. J‘
The means of two large sample of sizes 1000 and 2000 are 168-75 cms and 1) |
cms respectively. Can the samples be regarded as drawn from a populationwith |
same mean and S.D. 6-25 cms. |

average taller than the soldiers ?

TCe in =

|_ »
0071 =8

Wearegiven: ny= 1000, X; =168-75
1, =2000,X, =170
6=625 %
Null Hypothesis : Hy: g =}t, ie., both the samples are drawn from
population with mean and S.D. 6-25.
Alternative Hypothesis : Hy 1y #t,

2 2 1

SR e O L+__J

xi=% n om n My
= lg.252 (L ,1_)
o (1ooo+zooo
= 0-03906+0-01953=0~242 "

1% -%| _fes72-170 L7 =5
¥ =T o242

(=»Two tailed tes!)

1Z] 0.242

‘ X -%; i
At5% - ) 'y, :
Sx:i e/ tr‘lec; the critical value of Z for two tailed test=1 :fz 196, wewl?)“‘ml o
€ calculated value of | Z|=5.28 > critical value the pop ulation

and conclude 24
mean and S,DE%’_""‘ the samples are not drawn fro

v

o8 of Hy)

0.
f,ul‘“P]c 4

golution”

Eample 104,

Sﬂlulign.

A

Po:hesis =

Large Sample Tests
65
Two different samples fz)m two districts yieldeq
X, =648, 53 =12,
District B X, =495, 3 =140,
Test at 0-05 level of significance thaty ; —Hp >150.

e following results :
ny =100
ny =90

District A

Weare given: X; =648, s?=120,

X, =495, s2 =140,
Null hypothesis Hp :pt 1 -, =150,
Alternative hypothesis Hy :p -, >150
test)

ny; =100
1y =90

(= Right tailed

SEy - = 2

% "\ Ty

120 140
=|—=+—=/T20+15

100 5o T VIHRE®
=275=1-658

1z =(X1 -X5) -y -ny)
S.F_f1 %
- (648 -495) - (150) _153-150
1-658 1-658
=3 1809
1-658

At5% level of significance, the critical value Z for one tailed test=1-645.
Since, the calculated value of| Z | > the critical value of Z, we reject H; in favour of
Hj. It means that the difference of the two means is greater than 150. ie,
Hy-ip >150. '
In an intelligence test administrated to 60 fathers and them 100 children, the
following results were obtained :
Father’s mean score 114; standard deviation 13
Son’s mean score 110; standard deviation 11
Assuming the coefficient of correlation between them is +0-75, calculate ']‘f
standard error of the two means and state whether the difference is significant?

Hy:p 1 =MW, ie, there is no significant difference in the mean scoxe._
Alternative hypothesis (= Two tailed test)
Weare given: ny =60,
n, =100,
r=+.75

SEg 3, =




) 4

Tests of Hypothesis _ Lag, X
8e Sy -
@2 an? " Mple Ty paypothests = Large Sample Tests
= e o T 2XOTx L o
60 x100 o students of a college were put to tests in statist; 67
-2 _ : 6l following results were obained ;  and Accountancy respectivel
B %l 1114100 e marks In Staistis =45, $.D. =7 oy
| I—SF.— _ - 2 mmarksinAccountancy=43;s,D.=5
X=X Me in the two subj
) . bemeenmm-ksmded o subjects = + 0.75,
e - culate the standard error of the differen )
At 5% level of significance, the critical value of Z =1-96 for two ta; gi?lference is significant. [f:nf g‘;_twﬂ means and state whether thy
Since the calculated value of Z is greater tl}an the critical value of Zalled test, A testin statistics was conducted for a class of 70 b % -%, =0-92,2=2.17, Reject H, ‘]’
favour of Hy- I} means that there is significant difference in the 3 :\Je Teject Hoin 7. following information : 0ys and 60 girls. The test Pprovides tl:e
fathers and their sons. €20 Scores ; Boys:ny =70/ X1=70, £(X; —X1)? =7500
EXERCISE - 2 Gids i1, =60, X2 =65, Z(X, ~X2)* =7800
. s hether there is a signifi i
1. The following information 1'ela:'ielsf.f to wages of workers of two factories A ang g;.,s :evzel of significance. cant difference between the performance of boys and girls at
s o o . o al
" whether there is any significant difference between their mean wages. Use o =. 05’“- Test s, Intelligence test of two groups of boys and girls gave the foll [m. 12]=260, reject Hy]
Factory A, F. owing el
actory B Mean SD.
Mean Wages (Rs) : 100 05 I Girls : 61 o N
Standard Deviation : 16 2% Boys : 60 i 8
No. of Workers : .
0. of Workers 800 1600 Is there a significance difference in the mean score obtained by boys and gi ]sl i
_ _ [Ans. Z = 6-061, Hy is rej Veedeil5 o
2 A rsea:d\er claims that American 18 year old females are, on an average, &u‘mﬁl B Z ek nipa TGl
grlrdhss}a l138){&&11- old females. To test this claim, a random sample of 50 American femals () Test of Hypothesis about difference b twi lati
ritish females was taken and their measurments are summaried as follows: 512nd 5, be the standard deviation of two independ: s dard deviations : Let
) o populations wtih stand - tvo Independent randam. samples of sizesn; and m, from
American British ppulation SD.’s andard.deviatons o, and o, respectively. To test whether the
Average height (in inches) T=ess %o =645 ] 'D.'s are equal or not, one appropriate test statistic is to be used as s
Standard deviation - z=(5175)-(6:-05)
i s=25 5=28 - E SEg
est the hypothesis that American femal ir Briti L W 172
S es ar h Counterparts @ o CT8,§q =G
:u_n (: B:{J e taller than their Britis "P. : diference beiweil?t“:ig‘gs; sample, s, =S.D. of the 2nd sample, SE;, s, = Standard error of the
+ Use one tailed test. ’ _1.32, Accept Hy o
i ; [Ans. | Z| =132, Ac Cedure : The f .
m:msngo ggcmc bulbs of each of ‘Philips’ and ‘HMT". He finds that Phl}‘PsDF R FPlation standarq 31;2‘:;.\‘;\5 S‘tepsam taken for testing hypothesis about difference between two
hours with a S,?) °f6(7)5h z“’s and aS.D. of 80 hours and HMT bulbs has 2 mea“m:of hest s St up the null hypothesi
) two Kinds of e ours. Is there is a significant difference in {].,glx;-‘e;n 1 AlzhonS'Ds‘ ypothesis Hy :G; =0, ie. there is no difference between the two
. Two different samp [Ans. | Z|=11-61% %0 eMative b . :
District A - Sa;Ptes from two districts yielded the following results ¢ @ Compye th:;h ;s:s H =0, 20, ‘
Diwiah, 3. ey 710 m=100 e 1 =5 by using the formulse.
Testat0.051o0e %200 5, =1400,  my =200 el By = (01, O3
1 of sio e 2 ) R N i
& Dboysana 50 g Edcance thaty —, >500.  [Ans. 22 2448, o) bt T, * 3 + hen Population $Ds ooy and oy eSS
ane;l;;x%n Igfth marks of ;&,}:e:::?’:‘;“ %Xaxnination in comme}:‘ce. 1.3‘3\ L‘;’: girls ae ) s, s2 2
*U.1s there a signif; 54- 3 and 17 -5 respectively, W erea vel? 1wy = =Ly 72 . P
gnificant difference in marks of boys an girls at 1% leve M (6] s“bsﬁm oy when S.Ds; and’s, of the two samples are given.

{Ans, 2=3180%

tin,
8 the valyes of $1, 5 and SE;, s, in the above stated Z-statistic.



Tests of Hypolhesis _

ignificance, (i) critical La\’gq Sa'“Pl
ch as (i) correct significa , (i1) critical value of o
The other slagisisuo{‘ the difference between two SD's are the Sﬂn\ze’ i(11511) Degig;

st othesis
:"or :f&r:s‘g about populakion mean}l -
: The mean yield of two sets of plots and their variabiiy
b wine whether the difference in the variability in yoetle

e iven
Jevel of significance. gmﬁ“l\r:&z

68

given gy Nlyg,
In fhe lw’;;

Example 11

Set of 40 plots s
1258 Ibs ° Of 60 pigy,
1243 |y

34
8 |

40,1, =60, X1 =1258Ibs, x2 =1243 Ibs
$ 4 S =

Hy:G1 =0, ie., there is no Signiﬁcaxlu (?flfgbs,szzmrk |

1ds between two sets at plots. Hiference iy g,

Mean yield per plot
s.D. per plot
We are given 7 =
Null Hypothesis
variability in the yiel
Alternative Hypothesis. Hy :01 #03
Level of significance o= 0.05.
Test statistic : Under Hy the test staristics, for large samples is

51—5
z=—12L_ ~N(0,1

Solution.

(Two tailed test)

51,52
\ 2y 2y
34-28 6

Ieeem— = ]
2 2
(39>, 28) [1156 , 784 ;
80 120 8Os 20 e
6 6 3

6 =
4.58
level of significance Hence
ce in the variability in yields-

Since, Z <196, it is not significant at 5% wem |
conclude that there is no siginficant differen

EXERCISE - 3

1. Random samples drawn from two countries gave the following data relating!© thebe® |

of adult males : ‘

Country A cmAnL
Mean height in inches 67.42 e
Standard deviation in inches: 2.58 -
Number in samples 1000 o

|

?i)i)llssl:]: ddifference between the means significant ?
e difference between the standard deviations significant ?
e i 4=

The st ~ lAns.()]2/=156.Not significant- @il .
sam;:;‘:raen:agevmhon of the height of B.A. (Hons.) students oCa :liggn?"“
en. The standard deviation of the height © 0 B. C0

¥

1085 ¢

Jobeused a5 *

o]
0Pty

Large Sample Tests
69

. Test ignifi
the significance of the difference of

IJ,J(hesis =
B.A. Econ. Hons. students is 4.5”
eviations of the samples.
['?ns'il"ti:l:"zi Hyioy20,;  |7)=289
elligence test given to two groups of boys and girls —eb%
4 ](?irls . Mean Marks =78,5.D.=12, N=80 8ir's gave the fo
Boys: Mean Marks = 75,8.D.=15,N =120
(i) Is the difference is the mean scores significant?
ifference between standard deviation significant ?

(i s the d
[Ans. (i) Accept Hy, (ii) Reject Hy]

f HY
5 and
gandard d
. Significant.]
llwoing results :

I

st of Hypothesis about Population Proportion : A rand

< . y 0! i
tion p of mem}:el_'s possessing a certain attribute (i.e.tnpizr;é’rlg:: S!fze n(m=30)hasa
that the population proportion P has a specified value, the apIJr()‘;r::tcec:ssz's-traulitsetft
c

(4) Tet
gmple propor’
he hypomesw
p-P

SE,
p=Sample proportion, P = Population proporti
Ep =Standard error of proportion. S
z;ocsedture H "g\erfolﬁ);\ving ;t]eps are taken for test of hypothesis about population proportion :
i) Set up the null hypothesis Hy: P=F, ie, i i )
S e andl peparation Pmop grﬁgn,o ie., there is no difference between the sample

Z=

Where,

Alternative hypothesis Hy : P # Py (= Two tailed test)
or , X H,:P>P, H i

- 1 0 or Hy:P<Py (One tailed test)

(ii) Compute the SE,, by using the following formuale :

- |PQ .
(@) SE, = e and where P is population proportion and n is the sample size.

= |71
®) SEP n and g=1-p where P is not known.
(iil) Substituti
) Substituting the values of p, P and SE, in the above stated Z-statistic.

(i) Critical value of Zq, (iii) Decision making

The o
her steps such as (i) Level of significance,
he same as those given in test of

for e
n, A
h olhesii :\gp‘“heﬂs of the population proportion P are t
about the population mean p.
tions independently yielding 30

ple 12,
ance whether or not the coin is

: coin is tossed 100 times under identical condi
eﬂc.ls and 70 tails. Test at 1% level of signific
3 unbiased.
utigy,
: . 30
Here, the sample proportion p= Proportion to heads in the sample = il 0:30
Also the population proportion P =%= 0.50=Q=1-0-50=0-50

y
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Example 13.

Solution.

Tests of Hypothesis -

NI barge Sam
ul hypothesis Ho :P =05 (That s, ol is unbiased) Pty
Alternative hypothesis F1 Py (=Two iy
iy m 0  fEN el
n 100
Iz|=|’7__ﬂ=m=0'20

SE, 05

At 1% level of significance, the critical value of Z for two ta
Since, the calculated value of | Z|> the critical value of
hypothesis and hence conclude that the coin is biased.
Aliter : This question can also be solved on the basis of —
follows :

05 -4

iled test < 258
Z, we Teject the oy

SUccesse
1
P=P(H)=2=050=1-P=1-05-95

Given : =100,
Hy=nP=50, Hy=nP#50
a=-01, Z =2-58 (Critical value), np=30

S.Enp =nPQ = 100x%x%=~/§5=5

Since, the calculated value of Z > the critical value of Z, we reject the i
hypothesis and hence conclude that the coin is biased. 4 !

In 324 throws of six-faced dice, odd points appreared 180 times. Would yousy
that the die is fair ? Use o = 0-05.

Here the sample proportion p = ;in =0-555

Also the population proportion P = % =050 =  Q=1-05=0%

Null hypothesis Hy : P = 0-5 . iled tesf)
Alternative hypothesis H; : P #0-5 (= Twotd

SE = [PQ _ f-50><-50= 025 _.027
PV 324 324

Using Z-statistic, we have
1z]=

p-P _0-555--50 _-055 _.03

T 027
., SE, 02 iedist=1® 4
At5%level of significance, the critical value of Z for twWo we reect it

Sinee, the calculated value of Z > the critical value o &
hypothesis and conclude that the die is not fair.

" of HYP?

Example 14.

Solution.

thesis — Large Sample Tests
Aliter : This question can also be g A
Alter Olved on the basis of number of successes as
Given :n= 324, P =P (odd points)= 1 _ 0-50< »
2 ,Q‘I—P=1-o.5=o.5
Hg:nP =162,
H,y :nPai,u=~05
Ata=-05,Z =1-96 (Critical value), np =180
S.F.,,,, =JnPQ = 324x%x1 =8l=9
2
1z =[np—nP]_|180—162] 18
| a9
SE,, 9 N

Since, the conclulated value of Z > the criti .
hypothesis and hence conclude that the dieﬂi]shri: f\:;ue e Tect el

In a sample of 500 persons from a village
eaters and the rest wheat eaters. Can we
equally popular ?

in Haryana, 280 are found to be rice
assume that both the food articles are

Here the sample proportion=p= 20 0-56
500

(i.e., Proportion of rice eaters in the sample)
Also the population proportion=P = % =050 = 1-0-50=0-50
Null hypothesis Hy : P = % i.e., both the food articles are equally popular

Alternative hypothesis H, : P # 1

2
- ’E- {M:o.m
SE,= = =V 30

Using Z-statistic, we have

|z|=koR 056-030 006, 5y

SE, 022

At 5% level of significance, the critical value of Z for two tailed test= 1 -96.
Since the concluded value of Z > the critical value of Z, we reject Hg in favour of
Hy and hence both the food articles are not equally popular.
Aliter : This question can also be solved on the basis of number of successes as
follows ;

(= Two tailed test)

Given ; n=500,P=P(riceeater)=%=0'5iQ=1_P=1_0'5=0'5

Hg :nP =250,
Hy :nP#250, a=-05
Ato=.05, Z =1.96 (Critical value), np =280



Example 15

Solution.

Example 16,

Tests of Hypothesis — Large s
ampla 1,
Sty

1.1
- 5By =IPQ = 300X 5 X5 <1118

|:|ﬂ’;"f_|=i_—28°'250| =2.68
SE, 1118

the critical value of Z, .

ulated value of Z > lue of Z, we rq

Pymothesis and hence conclude that both the food articles are noteqy, a,lel;poe ;m][

yPp . pul
hospital, 480 female and 520 male babies were born in week. p, ar,

fl_“:res cl:] nfirm the hypothesis that males and females are b“n{ s 0 theg,

18]

M equy|
number ?

Since, the calc!

480 _

Here, the sample proportion =p = oo
: 1

Also, the population proportion = P= = 0-50

Null hypothesis Hy:P =%i.e., male and female are born in equalnimber.

1 z
Alternative hypothesis Hy: P # 5 (= Two tailed test)

. -5
SE,= EQ: M:o.omg
P \’n 1000

Using Z-statistic, we have

IZI_|p—P| _10-48-0-50 _ .02 wrilog

" SE, 0-0158 0158

At5% level of significance, the critical value of Z for two tailed test=1-96.
Since, the calculated value of Z < critical value of Z, we accept Hy. This means lh::
the figures support the hypothesis that males and females are born in equ
number. =
Aliter : This question can also be solved on the basis of number of successes
follows :

Given:u:lOOU,P:P(Female):%:OE;Q=1‘P=1—0'5=0'5

Hy:nP =500, H; :nP #500, a.=-05
Alo.=-05,Z =1-96 (Critical value), np = 480

SE,, = JiPQ = [1000x % x% =J250=1581""

|np—nP| =|480—500| 2126

SE, 1581 ot e

ﬁl"Ce, the calculated value of Z < the critical value of 2 w-f‘:;unlf‘“"'w
Ypolhesis and hence conclude that males and females are born b;

A wholesaler ed DY

les suPl’,li les:
defect P I:':s defective 3PP
the cl

|Z|=

i N apples claims that only 4% of the a|
ive. A random sample of 600 apples contained
2im of the wholesaler at 5% level of significance.

at
him ol

o of HYPO'

golution™

Example 17.

Solution.

E““\ple 1,

thesis — Large Sample Tests
73

Here, the sample proportion=p = Proportion of defective apples = 36 006
Also, the population proportion = p = 49, — 600 X
Null hypothesis Hy : P = 4% or 04
Alternative hypothesis Hy : P # 4% or.04

It is a case of two tailed test

s, - (0. [FE50%
5 0 =0-008

Using Z-statistic, we have
zj=le=Pl_006-004 002,
SE, 008 008
At 5% level of significance, the critical value of Z for two tailed test=1.96
Since, the calculated value of Z > the critical value of Z, we rei s o
g +» We reject H,
H,.It means that the claim of the wholesaler cannot be accepte]:f o in favour of

-04=Q=1_.94=_96

A manufacturer claimed that 95% of the qui which are lied to a
factory conform to specifications. An examination of a sample of ZJDrpieces of
equipment revealed that 18 were faulty. Test his claim at a level of signifi

(a)-05 and (b) 0-01. : ot Ogniichiee

Here, the sample proportion

p =Proportions of pieces conforming to specifications para
_200-18 —E—O-QI
200 200
Also population proportion = P = 95% or 0-95 =0=1-0-95=0-05
Null hypothesis Hy : P 2 0-95 (Claim is justified)
Alternative hypothesis H, : P <0-95 (Claim is not justified)
Itis a case of left tailed test.

PQ _ [0:95%0-05
SE,= [—%= ’—=o-0154
P7V n 200

Using Z-statistic, we have
-P| _|0-91-0-9
2 lp=P_j09-098
SE, 0154

At 5% lgvel, the critical value of Z for left tailed test =1-645
g A_t 1% level, the critical valuie of Z for left tailed test=2:33

S:nce, the calculated value of Z > the critical value of Z for one tailed test both at

fe/.° a“‘:l 1%, we reject Hy in favour of H.It means that the manufacture’s claim is

Jected.

Inabig city, 450 men out of a sample of 850 were found to be smokers. Does this
Information support the view that the majority of men in the city are smokers ?
SSume o = . 01.

P -



Tests of Hypothesig _ Large
74
= i -~ 450
Solution Here, sample proportion =p = proportion of smokers = 55 =08
olul o

. e
And, pnpulalion proportion = P= 5= 0-50

ko Q=1-P=1-05=05
< : P=0-50 (That is, smok
Null hypothesis Ho : P=0-50 (Th ers and non-smokery 5,

umbers)
:\llemative hypothesis H; :P>0-50

PQ _ [0-50%0-50
=] =|———=0-
S.Ep ‘I 2 1 %0 0171

Using Z-statistic, we have

(= Right taileq tesy)

-03
0-0171
At 1% level of significance, the critical value of Z for right tailed test =2.33

Since, the calculated value of | Z|< the critical value of Z, we acc
conclude that majority of mean in city are not smokers.

00171 =175

Example 19. o
F defective nails. A random sample of 400 nails when examined for defective
items, is found to be containing 16 defectives. Test the claim at o= 0-05levelof

significance.

Solution. Here, the sample proportion = p = proportion of defective nail = % =004

And, population proportion=P =2%or 0-02=Q=1-P=1-0-02=0:%
Null hypothesis Hy : P < 0-02 i.e,, his claim is accepted.
Alternative hypothesis Hy : P 20-02 (=> right tailed test)

_ [ [(x0% _ oy
SEp=yT = 400

Using Z-statistic, we have
|2]=BP U0, o
S.E. 0-007
P Jed test= 1-645.
At5% level of significance, the critical value of Z for one taile P "
Since, the calculated value of Z > the critical value of Z f?r one ta isenot accep)
- the null hypothesis and conclude that the manufacturer's claim

EXERCISE - 4 siderte]
1. A coini N 2 1d you consit
unbig & t?ossed 10,000 times and head turns up 5195 hmesix‘(;‘_lz Yoo Ho s

2. A die is thrown 49152

consistent with the foh times and out of these 25145

o
yielded eime;.‘;;rgn is
othesis that the die is unbiased.  [AnS- 2=

A

table:

S“’!\ple T% ]

ept Hy ang

A manufacturer claims that a shipment of finished nails contains Jess thans

r6~,[5‘h?.,
e

is — Large Sar;\ )t
o of Hypothesis 8 ple Tests
i 75
die was thrown 9000 times and out o g, .
3 4 e hypothesis that the die was unbiased 7 - °220 Yielded a3 or 4, Is i consistent with
, A sales clerk in the departmental store laims g gy o [?\“‘- Z=5, Hy is rejected]
leave w“ho'ltlhout b & }:::\r t;is:. A random sample of 50 s}s‘D"PPefS entering the store
them left wlk B );:/\gl ){ 8. Are these sample results ¢ Ppers showed that 35 of
the sale clerk 2 Use a 5% level of significance, T O?Istent with the claim of
found tcobe 8 fe company, however claimed that only 5% of thy Of defective parts were
Test at 5% level of significance whether the claim of the company iesl l; p'°l§11uct is defective.
[Ans. Z=2.29 e : En.a e

6. Amanufacturer claims that at least 90% of his goods ;‘::];lci:a:go:\?" claim is not tenable]
sa;?flieaf\fcem pieces has shown that 20 were faully, Teo; hism:lr;i‘:\sg:c;'}ml‘imf.ﬁ
sif C: . [Ans|2|—3 % level o
io cil d =3-33,H, is i jected]

7. Ina big city, 325 men out of 600 men were found t 10 18 1ej
sppor he conchuson tha the maforty of et ey e o e
ypO ESISCeal'.. Ang, Z1=2. A Al e
8. A medicine is claimed to be successful in 90% cases. In alsamplle l!)f 22(](?‘1 'aggnz ;Zleded]
cured. Will you accept the claim at 1% leve] of significance ?  [Ans, Z g ey reje?: ‘W;;rel
2 o

(5) Test of Hypothesis about the diff ce betv two lati : Letp; and
. g Pop P :Letp, an
p, be the sample proportions obtained in large sample of sizes n d ot
populations having pro}:_rorﬁons Py and P,. To teslt) the hypoth:as?: tl:l:tdt;gvenif::‘ ;?iex-j\::
between the two population proportions, the appropriate test statistic to be used is :
72=P1=P2)-(P, - Py)
SEpy-p,
Where, p; = 1st sample proportion, p, =2nd sample proportion
Ep, - p, =Standard error of the difference of two Pproportions.
MDZ‘:;‘EIIC::;: n The foltliowing steps are taken for test of hypothesis about the difference between
P Pproportions :
()] 2:2;5:?3 null hypothesis H, o :Py =P, ie, there is no difference betweeen two population
ions.
oArltemative hypothesis : Hy : P, # P,
Hqy:P >P, or Py <P,
p1-po DY using any one of the following :
When the population proportions P, and P, are known, then
_ [LG=P)_ P (-PF)
S. F‘Pl -P2 - ny

(Two tailed test)

i (One tailed test)
(i) Compute 5.,

@)

Whe n
€1y and n, are the sizes of the two sampes.

en the population proportion P; and P, are not known but sample proportions py
nd p, are known

S. = yohE! P B 1 S B RV PO O
Ep1~p2— pq[H+E] Where p= e, 1y 1 P

(P = pooled estimate)



Tests of Hypothesis — Large S
mpl

g othesis — Large Sample Tests
76 91 p2r Pri P and S.E.p, _p, in the above stated 7. © Tegyg ests of HyP Py tnar_rex, g 0 77
y es of p1/P2: 1/ . “Statist; =———=2= = 20+
(i) Substituting lh]e v:l(lll) Jevel of significance, (i) critical value of Z , (iij) Decision, h::?' ny +ity m ¥ m %= 2 9=1-p=5
Theaother stepS SUCEER e rence between two proportions are the same as g, Bivengo 3.6 (1 1 o] &
testing the hypothesis - Mlegt SEpy-p, = 7077 (WO i ﬁ) =L T
of hypothesis: _—_ 0 persons were considered regular co, 4900 " 1200
in district A, 450 p A MSume, _ [ 201
Example 20- Ir;: C:;::;e :]f 1600 'Persons. In another district B, 400 persopg Wer:f::a"l“‘ = V320000 = 0~0002392=0.0155
consumers of tea out of 2 sam}::‘e ‘;\f»/gogxlsaier::’sniol)f: these data indicy " Now, using Z-statistic, we have
significant difference between the 25 drinking py; 2 z|=P17P2 _0:05-0.033 g.017
concemned ? Use 5% evel e SEp_p, 0015 g =10%
. Let P, and P, be the _pox_aulalion proportions lof Persons who are Teguly
Solution. n the districts A and B respectively.

nsumers of tea i ; v o
;33 set up null hypothesis Ho : Py =Py i.e., there is no significant difference inte
drinking habits in two districts.

Alternative hypothesis Hy : Py # Py (= Two tailed - —

450 _ 400 _
=22 —0.45,n, =800,py =— =05
1y =1000, py = 7000 =0-451 P2 =500

_mpytigpy Xty 450 +400 _ 850 = Ol
TTm+m,  mp+n, 800+1000 1800

and  q=1-p=1-0-47=0-53 Solution.

1.1 1 1)
< fpg[ L+ L)< J0any 059 (1 + L
SEpy-p, = Pq[”l*,,z} 047 )(woo 800

=4/0-00056 = 0-0237
Now, using Z-statistic we have
P1—P2
12—
S EP 1-P2
0:45-050 _ 0-05
"7 00237 0-0237
At5% level, the critical value Z for two tailed test=1+ 9?-2 reject
£ Since, the calculated value of Z > the critical. value of Z, we ¢ iclos
conclude that there is significant difference between the two dis
tea-drinking habit is concerned. ‘
ove
Bample21. A machine produced 20 defective articles in a batch of fmo'.:‘“:;vg
produced 10 defectives in a batch of 300. Has the machine imp )
pulahol\ o
pectivel)"

=2-1097

the Hy
o far 3

chauling

 artics
Solution. Let P, and P, be'the proportions of defective articles iruthe F:;
manufactured by the machine before the after overhauling *

We set up the null hypothesis Hy : Py < P.

Alternative hypothesis Hy:Py <PyorP >P,
We have, n, =200, Py =:TO0 =0-05,n, =300,p, =

B
(=0One tailed test) Ple 23,
10 _.0333
300

o

At 5% level of significance, the critical valye of Z for o
Since the calculated value of | Z| =1.096 < the cril

5% level of significance and concly,

ne tailed test = 1. 645,
tical value of Z, we acce; t Hy at
de that machine has not improved, ke
Before an increase in excise duty on tea, 400

Y , persons out of a sample of 500
persons were found to be tea-drinkers. After an increase in excisepduty 400
persons were known to be tea drinkers in a sample of 600 persons. Do you tilink
that there has been a significant decrese in the consumption of tea after the
increase in excise duty ?

Let Py and P, be the proportions of tea drinkers in the population of persons
before and after the increase in excise duty.
We set up the null hypothesis Hy:Py=P,.
Alternative hypothesis H. 1:P, <Ppor P>P,
400 “400
Now, n, =500, =——=0-8,n, =600,p, =— =0-667
ac) P1% 500 n P2 =50 =066
_MP1+tmp, X +x; 400+400 800 8

ch mtm, m+m, 5004600 1100 11
Andg=1-pagoBo3

FURTY

1 1)_[8 3(1 1 ]_
S| Lo L= 8u 3 (L 1 o027
SEp-p, ””[,,1",.2] 1111 (500 * 00

(= One tailed test)

Using Z-statistic, we have
1Z]=P1mP2 _0:8-0-667
SEp_p, 007
At5% level of significance, the critical value of Z for one tailed test=1- 645_.
Since, the calculated value of | Z| = 4-93 > critical value of? =1-645, we reject the
null hypothesis and conclude that there is a significant decrease in the
consumption of tea after the increase in excise only.

=493

A sample survey of tax payers belonging to Business class and F
class yielded the following results :
Business Class Professional Class
Sample Size ny =400 1;2 = 1250
Defaulters in tax payment % =80 )
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Solution.

Example 24.

Solution.

Tests of Hypothesis —

Largeﬁ Sampl, Tag
ypoth¢ i NS
P te is the same for th, =
sis that the defa.u.lters ral gt
Tesle :"({‘Ise; :.05 level of significance). two ¢ asses o
payers

i f tax-defaulters in busi
Let Py and P, be the proportions of tax A N
classes, respectively-

. : P, =P, i.e., there is no si; i :
the null hypothesis Ho : Py =P, Snifcant g .
X: szlf;filers rate for two classes of tax payers. erence,
Alternative hypothesis Hy:Py#Pp o (=Two - -
=80 _0.20,n, =420,p, =2 —0.15
We haveny =400,p; = 20 0-20,ny P2

420
_mp1ttabs ntx 80 + 65 =1i5=0,177
ny +1y ny+n, 400+420 820

andg=1-p=1-0-177=0-823

. { 1.1 _f. .23(L+Lj=_
SEp._p, = pq{;;-pg)- 0-177 % 0-8 00 a0 0-0266

Using Z-statistic, we have

At 5% level, the critical value of Z for two tailed test=1-96.

Since, the calculated value of Z < the critical value of Z, we accept Hy and

conclude that there is no significant difference in the defaulters rate for two classes

of tax payers.

A market researcher engaged by a particular company believes kh:!:i:
ion of households using pany’s products in city A exce.e.ds 7

;ro;orﬁnn in city B by 0-05. The reseacher conducts survey of two cities an

finds the following results :

i holds using '
City A Sample Size No'.:ot;fl;l::l;,: roducs
A 1 =160 12:
B 1, =150 1

Use 0-05level of significance and test the researcher’s claim. g
/s products Y
Let P, and P, the proportions of households using company’s P
and city B,
Wessetup the null hypothesis H : P, = P, =0-05

0-°1 2
Alternative hypothesis : Py -P, >0-05 (=>Oneta
Now, ny

iled test)

100
=160,p1=%=0~75,n2 =150, p, =T§6=0'67
MPi+ngpy _x; 43, _120+100 _220 _o71

p=——zz

= P o =
m+ny, oy +n, 160+150 310 .
andq=1‘P=1—0-71=0.29 '

is — Large Sample Tests
othesis T8 P!
HyP'

7
1.1
SEp _p, = —+— = [p.
P -Py Pq{,,l "z] 071)(0'29(1;0*1; J=°'0515
0

Now, using Z-statistics we have
(P1=pPy)-(P, -P. .
121= BB R 055067 g5

-, 00515 = o~.0515 =052
At5% level, the critical value of Z for one tailed test=1. g5,
Since, | Z|=0-58 <1645, we accept Hy and conclude g
S that the i
households using the company’s products jn i . 1 o
hous, y’s pi cts in city A exceeds to that of city B by

1. Inasample of 600 students of a certain college, 400 are found t
college from a sample of 900 students, 450 were found to use ;o‘tl;ee::k_ﬂ(:t\s‘;lr ;\no!}t\;r
two colleges are significantly different with res; % ether the

ges 2 pect to the habit of usin, dot pens at 5%
level of significance. . [Ans.|Z|= 6-5% H, 11:; rejea::tedf
Amachine produced 20 defective articles in a batch 0of 500. After

defective articles in a batch of 100. Has the machine improved ? overhauling it produced 3

[Ans. | Z |=-476, Hy is accepted]

s

.

@

Before an increase.in excise duty on tobacco, 400 people out of 500 were found to be

smokers.. After an increase in the-excise duty, 400 persons out of 600 were known to be
smokers. Do you think that there has been a significant decrease in the Pproporticns?

[Ans. |Z|=4.81, Hy is rejected]

. Ina sample of 600 men from a city, 450 are found to be smokers. In a sample of 900 from

another city, 450 are found to be smokers. Do the data indicate that two cities differs

significantly in their smoking habits ? [Ans. | Z|=9-7, Hy is rejected]

. E:ON arandom sample of 200 students from the Kurukshetra University, 90 were found to

foui:?z’:‘g and from a similar sample of 160 students from the M.D.U. Rohtak, 64 were

di_ffe[mcéjigggying' Do these figures suppose the hypothesis that there is no significant

-

=

the two universities so far as the proportion of coyping students is
2 K’Memed? : [Ans. Z=0-95, H is accepted]
" ihe tPle survey of tax payers belonging to buisiness class and professional class yielded
e fol]ong results :* ging
Business Class Professional Class
Dty Pl Size m =200 =160
aulters in tax payment =9 xp =64
Test that

the defaulters rate is the same for the two classes of tax payers.
unijf ’ [Ans. | Z|=0-95, H; is accepted]
o gt i ive, similarly, 800 units
fr M a factory aj ted and 12 are found to be defective, similarly,
5% le:nlothel: factory 39 ;\esg‘esg:fi an:nIZ are found to be defective can it be concluded at
€ of significance that productions in second factory is better than in first factory.
Asury, [Ans. Z =1-184, H,, is accepted]
gy Clevisi i i ig ci rticular hight programme
Yy Svision aud vealed that a pai :
fe ¥ 50 out of 2(1)10 1;:;: amnda St(,xl%uctl 2} go females. Test the hypothesis ata =- 05 level

- 500

| P A
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10.

=}

In a random samp

is considering two different TV advertisements for promotion of a ne
. Company 1

Tests of Hypothesis —

Large Sa‘l.\ple T%
. t difference of opinion about the Prorampm,

whether that is a gred lAns. | Z|=1. 627, Hoeils’e;wee“ the
of 2,100 persons from Panjab 1260 persons are founq tobe Ccep‘ed]
mple of 4000 persons from Haryana 2360 persor oy foung 1
another mndonr:i :ta indicate at 1 percent level of's%mf‘lc;nce that (a) the tyq i to by
honest. Do the spect to honesty ? (b) the persons in | }aln )?P P ore honest o Cﬂmes -
Fforent with resp [Ans. (@) Ho : Py = Pz., 1:P #Py,| Z|=0-75, AcCEPtared
to Haryana. (b) Ho : Py < Pyi Hy 'Pfl PRl 2i=10.75, A“egl }}i{“
: ’ i difference in the g 0

. wants to find out if there is any €gTee of |
An advertising agency “Y:lnlg

: nificance
e and females

. A randon samp],
1 between men and women. ple o 200 .-
for a given brand 12;5;3 it was determined that 58% of women and 65% en
Zawamen wa;tta o =005, test the null hypothesis that there is no signi
brand 10)?1“},'0 ulation of men and women who are brand loyal'.
e BeE [Ans. 2 = 147, Accept Hy)
i i 2 NeW prodyy,
believes that advertisement A is more effective l:har{ advertisement B.Tug
Management ed Y with virtually identical consumer characteristics were selecteq to test
legl mafket x‘an ed in X and B is used in Y. In market X, out of 60 customers who'saw the
this belief. A ‘: ‘;; bought the product, while for market B, the respective figrires were 1
ad:ﬂ;_‘s eD‘:etEe, results indicate that advartisement A is more effective than advertisement
ans : : e
B? Test at 5% level of significance.
(Hint : Use one tailed test)

o Of men shgy,
ificant di!fm“ne

[Ans. Z = 1133, Accept Hy]

Example 25.

Solution.

MISCELLANEOUS SOLVED EXAMPLES : ]
A man buys 50 electric bulbs of each 'of ‘Philips’ and ‘HMT". He finds that

d HMT
Philips bulbs has a mean life of 1500 hours and a S.D. of 60 hours-an

bulbs has a mean life of 1512 hours with a S.D. of 80 hours. Is there a significit
difference in the mean life of these two kinds of bulbs ? ;" life of two
Let us take the hypothesis that there is no significant difference inmean
makes of bulbs i.e., - is Hy i #H2
Null hypothesis Hy : 17 =pt, And Altenative hypothesis : ; Two tailed test)
Given: ny =500, )—(1 =1500, 51 = 60

ny =50,X, =1512,5, =80

2 2 2
SE- - = ﬁ+5_2= e B
=% " \n n, 50 50

2 [%+%29=ﬁﬁz‘a

=200 =14-14
X K| _[1500-1512] o g4
- TS

[ ——

X1-X2

165°

mele 26.

. golution

Eample 27.

Solution.

' E"“"Pl-eza.

othesis — Large Sample Tests
{ HyP'

- » 81
At 5% level of significance, the critical valye of .
Since. the calculated value of Z jg Jgg lhanol ésfcau; tS\:,o tailed test =1.gg,
accept the null hypothesis and ¢ % level'of si

onclud, : ifi
i of bulbs is not significant, < "9¢ that the difforgmes in e e

A sample of 400 persons was take;
and standard deviation of these p

n from a large Population,
reasonably be said that in the po

The mean we;
€ISons was found to be 68 1 elglrl
Pulation mean weight wil) o gy, :: e
Let us take the hypothesis that the Population mean .
Hy:=67 and Hy :j 67 sequal to 67 je
Given:n=400,X =68,1=67,5=¢

At 5% level of significance, the critical value of Z for two tailed test=1.96,
Since, the calculated value of Z is more than 1.96 at 5%

level of signi icanc, we
reject the null hypothesis and conclude that Ppopulation mean is not Sq‘llx?.l to 67.
The means of two large samples of size 400 and 900 are 75and75-75 respectively.
Test the equality of the means of two Ppopulatio;

ns each with S.D. of 2.
Let us take the null hypothesis that there is no difference between the two
population means i.e.,
Hyipg=p, andleuﬂz_z _
Given:n, = 400, =900, X, =75,X, =75-75,6 =2

2(1 .1 1 1
E = = = —_—t—|=2 |—+—
SEg %, \j“ [n1+n2] 20 500

9+4 13
=2 |—=2.|—=012
252 Y e

PR ML=
= 1.96
At5% level significance, the critical value of Z for two tailed test=1-96. )
Since, the calculated value of| Z | is greater than the gr_itical value of Z, we reject the
hypothesis and conclude that the means differ significantly. e
. i ts :
Intelligence test given to two groups of boys and girls gave the following res

s.D. Number of
Mean Marks - " Students

80
/ Girls 78 Az 1
1
Boys 75

(=Two tailed test)

" th,,é difference in the mean scores significant?
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Solution.

Example 29.

Solution.

Example 30.

Solution.

Tests of Hypothesis — Lal'ge Sa
Mple v,
St

T . %, =78, sp=12
=120, X, =75, Cosy=14
i f two populati
the null hypothesis that the mean o Populations 4y, :
Let us take Hy g =tige e equal, .
Jternative hypothesis : Hy:pg #By (= Two taileq test)
e 7 2 2 3
R T L e (12) 19
X1-% \n ny 80 120
=T-8+1-63=1-852
X,-X,| _78-75
1z)=X=Xel 2P
SEz-%

At5% level of significance, the critical value of Z for two tailed test = 196,
Since, the calculated vlaue of | Z|=1-62 < critical value of Z, we acq
hypo;hesis and conclude that there is no significant difference betwe
score of boys and girls.

ept the ny||
en the meang

utomobile manufacturer asserts that the seat belts of his firms are g)
Ae?c:nk effective. A consumer group tests the seat belt on 50 cars and find it
le?ffective on 37 of item. Test the correctness of the manufacturer assertion at 5%
level of significance.

2 37
Here, the sample proportion=p = 0 0-74

Also, the population proportion = P = 90% or 0-90 ?Q =1--90=0-10
Null hypothesis Hy, : P =90% or 0-90 (Claim is jus‘hhe.d.) p

Alternative hypothesis H, : P < 0-90 (Claim is not justified)

Itis a case of left tailed test

- ’PQ 2 0900 .04
Sy A 50
lp=P|_|0-74-0-90]_,
04
S.Ep 0 ed test=1:645
At5% level of significance, the critical value of Z for left taile et Hy

" Lo we Téj
Since, the calculated value of |Z|> the critical w_ralu'e Oftzc:)ﬂ'ed'
conclude that the automobile manufacture’s assertion is no

1Z|=
al

aired
<vely of curly oy

In two large populations, there are 30% and 25% ‘esPec‘;‘e,:l);f 1200 and &

people. Is this difference likely to be hidden in samp

respectively from the two populations ? ;

Let Py and P, be proportions of curly hair people in two 1at
Given: P, =30% = . 30, Q=1-0-30=0-70,n, =1200

Py =25%=025,Q, =1-0.25=075,m, =900
We set up the null hypothesis Hy, : P; =P, i.e., the differ
fikely to be hidden in the samples,

ge populatio™

on
nee in P°P“w

Y

! o ofH

| Solution.

Py

pample31.  The results of IQ test of two groups of 8irls are as under :

ypothesis — Large Sample Tests
Alternative hypothesis H. 1P # P,

(= Two taj
Sy, = PR sied e
" n

. 2
[Here, proportion of successes in tW0 populatio,
NS are
T known]

83

_ [3xT
1200 * 55
= 000175 +5- 00021 )
=+/00385 = -0196 »
o-LPmRl 0005
Pi-p, 019  giog =255
At 5% level of significance, the critica] value of Z f; ;
Or two taj =

Pl T i i © tailed test=1.96,

and conclud
to be hidden due to simple sampling fluctuario:s. e

at the difference is unlikely

Group of 120 Girls : Mean = 84,S.D.=10
Group of 80 Girls : Mean =81, S.D. = 12
Do they belong to the same population?

To test if two independent samples belong to the same population, we have to test

() The equality of population means and

(il) The equality of population standard deviations
(i) Let us take the null hyp
significant i.e. Hy:ipg=p,
*1=120;m, = 80,51 =10,5, =12, X1 =84, X2 =81

othesis that the mean of two groups of girls is not

2 2 2 2
SE, o = [Si,%2_ |0 (D" 00, 14
X1-X2 "\n, "m, V120 80 Vi 80
= J0833+180 = 2633 =162
Applying Z-statistic
]Z]:M:M:%:L&S
— SE, 5, 18 1L .
At5% level of significance, the critical value of Z for two tailed test =f 15.;61 v e
Ince, the calculated value of | Z| is less than the critical value of Z Cl' e
accept the null hypothesis and conclude that there is no significant

¢ IMean of two groups of girls. .

(i) Let ys take the hypothesis that there is no difference in the SDs
8Toups of girls, i,

Hyio, o,

of the two



Tests of Hypothesis — Lar
8€ Sam,
Ple

Teg
il o o) _|uo? | 12?2 5
(o1, %2 o —
SEgy-02 =\2m, 2, |2x120 2%80
_ [0, 18 _ a16+090
“V240 160
= /1316 =1147
|o -6, 110-12 _
(gt = =17
SEgp-op 1147
. calculated value of | Z] is le:ss than' lhe. critical value of Z a5,
i‘cncce:tu}\-len and conclude that there is no significant difference in ' sl_“’wé
deviations of two groups of girls. . "
Since, both the Hypothesis Hy:ftq =R, and Hy':8; =5, are ot
say ﬂ'\ak the two groups of girls belong to the same population. gy

(i) Test of Hypothesis about population mean :
X-p
X

s
LU

W

(i) Test of Hypothesis about the difference between two population mean :
X, -X

1Z)=—2

SEx_ 3,

Where SEg

2 <2
(s o2
1,72

non

Where SEz

X-%

=l2| Lyl
nom

(iii) Test of Hypothesis about population proportion :
1zi=E22
i
s, = [PQ
n P
(iv) Test of Hypothesis about difference between two population Pwportions H
1z|= Pi-py

P1-P,

Where

IMPORTANT FORMULAE \‘

1
2

3

[ORPNTIF

=,

168 of HYP

Where

thesis — Large Sample Tests

= [pa| 2+ L
SEPl-PZ ny Z
_mP1*"P2 and g=(1-p)

P=" n+m
(p = polled estimate)

QUESTIONS

s statisti thesis ? Discuss th )
What is statistical hypol scuss the procedure of testin, st .
Explain the following : 8 2 statistical hypothesis.

@ Null hypothesis and alternative hypothesis.
(b) Type 1and Type Il Errors.

() One tail and two tailed test.

(d) Acceptance and rejection regions

(e) Level of significance.

How do you test the equali

case of large samples 7 ty of two population means and two population proportions in

. Explain how the size of o (alpha) is determined for testing an hypothesis.

Outline the procedure for large sample tests and discuss their theoretical basis.
Discuss the applications of large sample tests.

. Distinguish between a null hypothesis and an alternative hypothesis. Use example to

explain the nature of null and alternative hypothesis in cases of one and two tailed tests.

Explain the concept of level of significance in test of hypothesis. Discuss bri
procedure of testing a hypothesis. o Sl e

S.tate the null and alternative hypothesis regarding the population mean that lead to :
0} lfft-taﬂed test (ii) Right-tailed test (iii) Two tailed test;
[Hint : Left tailed test: Hy:pu=pg, Hy:p <pg, Right-tailed : Hy:p=pg Hy:p>pg;
Two tailed test Hy i =jg, Hy :p # 1)

BBB
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\34
Tests of Hypothesis - Small Samy),

_ Testg

NTRODUCTION - . ! d

INTRO “ous tests of hypothesis or test of sigmflcar}ce discussed in the previous chapter yeg
The varlm o samples. Tests of hypothesis relating to large _samples are based o i

relatedpl;gn:"'%a) Sampling distribution of a statistic approaches anormal distributio

assum| 5

Dution whether¢;
\ the population distribution is normal or not, (b) The values of the sample statistics
no

are sufficient
close to the population values. But these two basic assumptions of large samples don't hold ool

i to make a separate study of small sample
5 f small samples. Therefore, it becomes necessary > ) .
‘tre\.si:s:l;riso‘:s smalll:ampling tests are available; the most common being them are:

(1) t—test
Small Sampling Tests

(2) Fisher's Z—test
(3) F—test
x
(1) t—test

- . ublished 8
t—test is a small sample test. It was developed by William Gosset in 1?02..-2;.}’1701' applyité
test under the pen name of “Student”. Therefore, it is known as Student’s Y :
H=test, the value of t-statistic is computed. For this, the following formula 1.: 1:5 .
Deviation from the population paramete:
" Standard Error of the sample statistic

. o
The calculated value of is compared with the table value of ¢ for given degeess
certain specified leve] of significance.
Applications/Uses of t—
(1) Test of hypothesis al

§ freedon

L
ications of 1€
test : The following are some important applicatio!

e
bout the population . age of indeP
(2) Test of hypothesis about the difference between the two means in ca% les:
samples, t samp’
(3) Testof h

5 enden!
ypothesis about the difference between two means'wl“‘ dep
@) Test of hypothesis about an observed coefficient of correlation:

gt |

i HypathESis —_ Small Sample Tests
s of
85 ° is about th i
othesis about the population mean
) Te:t ofl:‘glf’size n (513(:_) drawn from h: normal po(g unknown ap,
m s e population mean p has a spegif;
ﬁ%"si i!shral:nﬂk\nogvn, and 11< 30, we use ttest iy S0 Valu
atjon v
demu

87

d sample gize is small)
e i A
sample mean X, T test the

= When Population standarg

3 ified S.D. of the samy le.
o 5= Motdified i p!
whe® _ gize of the sample .
cedure: The following steps are taken whl_le testing the hypothesis about the
; )'1“’ Get up the null hypol}.\esm Hy:p= K ie., the Population mean ispg
o Altenative hypothesis  Hj :pu#p, (=Two tailed test)
he oiue of ;z)d:l: lcll0 tand; 0:1 d Aon o eone ailed tes)
fter the val led standard deviation of th g
@) "E:;\r;:ny of the following formulae : gl s?’“ple (5) is computed by
(a) When deviations are taken from the actual mean ;
_EX-X)?
- n-1
(b) When actual mean is in fraction and deviations are taken from assumed mean :
2d2 —(d)2 xn
S=|———
n-1
I Where, d=X - A (deviation from the Assumed Mean)
I ) When sample standard deviation is given :
() p 8!
Bl L
Va3 or ac1's
() The values of X, p and Sare substituted in the above stated formula.

() Degrees of freedom are worked out by using the following formula :
Degrees of Freedom =p=n-1

() Obtain the table value of ¢ at the stated level of significance () and for given degrees of
freedom from the tab)

le of “values t-statistics” »
©) I the computed value of ¢ =| t| < table value of t at a level of significance o, then we accept
I the null hypothesis.

h}’pot}t\he:.q’mputed value of t > table value of  at a level of significance a, then we reject the null
'S and accept the alternative hypothesis. -2y

°f5i1m'p'mam Note : Since *f* distribuﬁ)g:\ is symmetric about ¢ =0, the significant valu?sh:t aéeﬂveﬂ
| s E"‘lflcax.me ‘ for a single tailed (right or left) test can be obtained from the table of two
g v (:: 8 the value at the level of significance 2c. For example :

, ©05) for single tailed test=t (0-10)for two tailed test.
:v (0-01) for single tailed test=¢” (0-02) for two tailed test.

(0'925) for single tailed test=£%(0-05) for two tailed test.

005) for single tailed test = (0-01) for two tailed test

P (0.
tin, i amples :
& Procedure of population mean is clarified from the following examp

Population mean y :

S

tes|

.
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Example 1.

Solution.

Example 2.

Solution.

Tests of Hypothesis —

tien
A group of 5 pa
[nsl;\e 1igm_of the a
Pupulalion is
(Given the tab!

Let us take the null hypothesis that mean weight in the Population js

Ho=l1=48 and

ts treated with medicine A weights : 42, 39,48
bove data, discuss tl.\e s.u.ggesﬁun that me,
48 kg. Test at 5% level of significance.

le value of t for4 d.f. at 5% level is 2-776)

Hy:p#48

Small Sampe -

48, 60
eand gy,
a,nwe‘g‘“of:&

4] ie,
(= Two taileg test)

X -%p2

- IX_230
X

Applying t-test:

p ol
S

46-48 2%2-236 _ 4-472
= -t

8514 8514 8514

Degrees of freedom=v=n-1=5-1=4
Forv=4, £ for two tailed test=2-776

Since, the calculated value of ¢ s less than the table value, we accept the null hypothess
and therefore conclude that the mean weight in the population is 48 kg:

A random sample of 9 boys had heights (inches) : 45,

47,50, 52,48, 47,. 49, 53 and

tin
51. In the light of the data, discuss the suggestion that the mean heigh

population is 47 -5.

(Give the table value of ¢ for 8 d.f. at 5% level = 2-306).
Let us take the null hypothesis that the mean height in

Hy:p=47-5 and

H, =pn#47-5

ulati
the(390’1I')wo tailed tes!

Hia i 47-5ie

Y

qusts ©

Bample3,

e S“lhlinn.

; Hypofnes

is — Small Sample Tests

51
X =442

. I

T=49«11

Gince, the actual mean is in fraction, we shoul n
mean' (49) to simplify the calculations, d take deviations from assumed

Applying t-test :

X-p 49-11-47.5
t=— = Ju="
2:62 i
_1'61X3_4~83
"Te e
Degrees of freedom=v=9-1=8
Forv =8, ty,5 for two tailed test =2-306

Since, the calculated value of ¢ is less than the table value, we accept the null

hypohtesis and therefore conclude that the mean height in the population is 475
inches.

Aliter : The vlaue of S can also be calculated as :
2 2
B 1
2x-%2 =22 - 55 O _gig
n

9

- s(X-X)? _ &8

R T PR
o ’#:26]‘)’;2'62

A random sample of 9 values from a normal population showed a mean of :hl -5
inches and the sum of squares of deviations from this mean equal to 72 inches.
Show whether the assumption of mean of 44-5 inches in the population is
Teasonable. (For v =8, t g5 = 2-776)

X=415,4 =44.5 n=9,2(X-X)? =72 '
'j‘et Us take the null hypothesis that the population mean is Lt
e Hyip =44.5and H, :p 2445

_Ex-X (2 2=
M = (R E



Example 4.

Solution.

Example 5.

Tests of Hypothesis —

- othesis = Small Sample Tests

Smal] g, H
AMple Teg 1estS of . _ 91
N _ We are glve“:"=12’X=16:5=1-8, =15
AppiYnS [t]= Eiel SV golati©™  Null hypothesis Hy :p=15
==3 ternative hypothesis H,:ps15 : .
PELLEL LI R = (Rt
S XV = §= |2 g2 _
i ) n=1% {18 =148
=p=n-1=9-1= = . i
Degees of freedom =0= iy Applying t-test:
Forgv =8, g5 for two talledf;eslt _t}2| :io:le TR X-u 16-15
¢ d value of| t| > the ta » We refect the nu]| , ST V=g VR
Since, the calculate tion mean is not equal to 44.5, YPothes & Tgg V12184
Hpseit Ba¥ e popel tl di from a?\ automatic fill i PN -
5 o ken at random ic fillin, i =11, .19 for one tailed test=1.
Sixteen oil tins are fﬂ € " e 8 Machine, 1y, | Forv=11,tgq9 est=1.363
mean weight of the tins is 14-5 kg with a: tavm;lar:ll d:vxa!mn O£ 0-40kg, g u\: A Since, the calculated value of| | =1-84 > table viaue of ¢ at10% level of signifi
sample mean differ significantly from the intended weight of 16 kg? 1 A oy

s onn=16, X =14-5,5=0-40,p =16 ‘
e given:n=16,X =14:5,5=0 1 .
‘If]eet :rs f:ke the null hypothesis that there is no difference between the s
and intended mean i.e.,
mean Hy:n=16 and Hp:p#16 (= Two tailed test)

16 2 _ [256
- , n_2_ |20 y(a =J—=,o.413
S=li1® 16-1 9 15

the null hypothesis is rejected and conclude that the sam
manufacturer’s claim of improved mileage performance.

Aliter : The value of t can alsol:e calculated by using the formula :

Xz
=224
16-15

18 x,’12-1=1-84.

ple data support the

[ % (X-X)? ]
vosE f—

n-1
Applying t-test :

e e B it L Y BV
S 0-413

Degrees of freedom=v=n-1=16-1=15

Forv =15, £y g5 for two tailed test=2- 131

Since, the calculated value of | ¢|=14-52 > the table yah_i? of t,

hypothesis. It means that the sample mean differ significant

mean 16 kg.

Aliter : The value of can also be calculated using the female;

|t|=lx_'“_|,[n'_1
s
.5-3.872
_|14:5-16] — _15 3-872 _14.52
—Tx,llé 1———0T

liné
ile for Basn i
A consumer testing agency while examining a new a“tm:‘;l;er ga“"“w“::hi
mileage performance found that 12 readings of miles Cofie; per allon @ e
the normal conditions resulted in a average of 16 mi€ sults S“PPOf P
standard deviation of 1.8 miles. Do the sample ri,(orm‘"ce :lm“
Manufacturer's claim that the new automobile gives 1: the dist”
than 15 miles per gallon ? Use o= 0-10, assuming tha

mileage performance per gallon is approximately norma®

we reject the nul
from the intended

A

EXERCISE - 1

. Six boys are chosen at random from a school and their heights are found to be in inches :

63, 63, 64, 66, 60, 68. Discuss the suggestion that the mean height in the population is 65
inches ? (Given the table value of t for 5df at 5% level is 2-57).
’ [Ans. £=0-888, Accept Hy]
Ten specimens of copper wires drawn from two large lots have the following breaking
strength (in kg. wt) :
578, 572, 570, 568, 572, 578, 570, 572, 596, 584
Test whether the mean breaking strength of the lot may be taken to be 580 kg. wt.
[Ans. t=1-481, Accept Hy]

- 10 Stlllldents are selected at random from a college and their marks in Hindi are found tobe

as follows :

71,72,73,75,76,77,78,79,79, 80
In the light of the marks, test whether, the average marks in Hindi of the college areH75].
€ value of  at 5% for =9 is 2:262) - " [Ans.t=1-054, Acceptd ho!
random sample of 16 values from a normal population sho‘_Ned amean gft:lt.?haenme afn
2‘;‘“ Of squares of deviations from the mean equal to 135. Canitbe ass;u:x;a aRe‘ect e
e:‘e Population is 43.5. Use 5% level of significance. " [:::w;ight i; 11%802 a:d
Stan g LONS are taken from an automatic filling machines. The m

i ignifi the intended
WEiglslr;ildeviaﬁ"“ 0-1502. Does the sample mean differ significanctly from

3 : 1is 2-262).
62 (Given for 9 degree of freedom at 5% leve [Ans. t=4-034, Reject Hol



Tests of Hypothesis — Small g
am,
92 40 and standard devaili
of size 10 has mean as 40 7 ion=5, this
ulation having 42 as mean? (For o=, 1 o' 2?2?‘”%

ple Tesy
le :
6. Arandom samp! from the pop
regarded as taken IT! = 1 NS, t=1.y

. i chine is set to dispense 8 ounces per cup. If the mag;

7. Asoft erlrél;nve;\c:r'uégn"l‘:lp fill of 8-2 ounces with a standard deviation of S 3o stestedy
linlesv.,y:gecongucle about the hull hypothesis of p=8 oun;cs against Lheu:lct%' Whay
hypothesis of > 8§ ounces ato:=0-01. [Ans. |t|=1.gg5 Acc?;;ag‘?

0

i i two means in case of ind
thesis about dxffeence.between —
@ Ti;s‘;:;el;};l::\t random samples of sizes ny and 1, (1, <30 and 1 <30) be den v:\n :::‘Ple;:
Let fwf ulations with means Hy and p, and equal skandarfi devmh@ © =0,y .;n
b i istic ‘#’ to be used is : o
- the appropriate test statistic
use t-testand pp! % %,
t=—"7g— -

S

]
Procedure The following steps are taken while testing the hypothesis about difference
between two means :

(1) Set up the null hypothesis Hg : it =Ha i.c., there is no significant difference between ty,
populations means :

Alternative hypothesis Hy :jptq #Hy (=Two tailed tesl)
or  Hyipg>py  or - pq<py (=>One tailed tes)
(2) If the population standard deviation oy and o, are equal i.e., 61 =03 =0, the values of §is
computed by using any of the following formula :
(a) When deviations are taken from actual mean :
o [P -X)2 +2(X, -Xp)?
ny +ny =2
(b) When actual mean s in fraction and deviations are taken from the assumed mean:
= — 2
o[- a0 420 ~Ap) oy By - A =y Ky =)
ny+ny =2
Where, A, and 4, are the assumed means of two samples
() When standard deviations of two samples s, and s, are given :

. (ny -1) s% +(ny -1) s%
ny+ny =2

8) ';he values of X, X, n, and 1, and Sare substituted in the above stated formula.
) Degrees of freedom are worked out by using the following formula
Degrees of freedom =y =ny+ny -2

The other steps ; o - iii) decision ™
testing the d“fel'l:ncs:‘::! as (i) level of significance (ii) table value of ¢ (i) in tes

i0 o
’:“;% ite

tinf
hypothesis. fween the two means are the same as those BiVer {ollowi®
The testin . .. clarified by e
= 8 procedure of the differnece of two population means is clarified DY

15

B‘aﬂ‘?u b

Sol“ﬁon

o

¢ Hypothesi® =

Small Sample Tests

In atest given to two

First Group :

Second Groups :

Examine the significance of difference betw,
e

students of the above two groups. (The valye ngrt\ ::\;%n;:::ll::)a:ﬂsf!cuud b

Let us take the hypothesis that there is L£.=2.14)

o signifi i 2
of the two groups of students i.e., gnificant difference in the mean marks

Hoipyi=p, and H,:
= X237 — 1TH1#Hy (=Two tailed test)
Group xl L4 (X, -X,)? Group 1 X,=31 = G
X1 X;-Xy) X, (Xi 2| X=Xy
-X,)
18 -19 361 29 5
20 -17 29 % T >
3 -1 1 % iy @
50° +13 169 3 & 1
49 +12 144 30 -4 16
36 =1 1 4“4 +10 100
34 -3 9 46 +12 144
49 +12 144 ’
41 +4 16
txl =333 I -%)? | TXp =238 \ 20 - %y
m=9 =113 =7 =386
> IX; 33 - X, 238
Xy=—1="2237, K=—2-T-m
ny 9 n, 7

)2

n F1y

1134+386 [1520
= [———=,|—=4108-571=10-42
9+7-2 14 106:5

Applying t-test :

_37-34 9X7 3 ) gg-071
10-42 |9+7 10-42
Eegrees of freedom=v=n; +n, -2=9+7-2=14
Orv=14, ;05 for two tailed test=2-14 .
Since, the calculated value of ¢ is less than the table yaldy ;Ne acceupl: l:\ ;0“:;“
YPothesis and conclude that the mean marks of the students of two group:
differ signiﬁcax_\tly.



Solution.

Tests of Hypothesis — Smﬂll'SaN X
Ple
e

endent samples of 8 and 7 items gave the followin,

g Valyey .

Two indep I
Examine whether the differnce between the means of two sammes issi

at 5% level. . L ;
Let us take the null hypothesis that there is no significant difference inthe g .
ie,

and  Hy:pg#p,

Py = (= Two ty
_HLM—'T 4)* X A; =1 Tt
A =12 | (X1-4q 2 2=10
’ﬂ X1 -A7) Op-ay | Fo-ap
5 | -3 9 10 L
1 -1 1 12 +2 4
" +1 1 10 0 0
" 1 1 14 +4 16
15 +3 9 9 =¥ 1
9 -3 9 8 -2 4
2 0 10 0 © a0
14 +2 4
X =% (X -A)® | X =73 (X - 4
m=8 =34  m=7 =25
- 73
- 9% I~
X|=? Xy 7
1175 =10.43

d
Since, the actual means are not whole numbers, we take 12 as assumed forX; an
10 as assumed for X, :

] ———
- 2 -
S lE(Xl —A)? +2(X, —4y)? -y Ky -4 -1 Ky A)
= T

ny+ny, =2
) 2
[34+25-8(11.75-12)% -7 (10-43-10)
= 8+7-2
=/4-4004 =2-0977
Applying -test,
¥ v o _10.43  [BX7
s e W LS -=EL5,17(;/X 557
S '\ny+my 2-0977 ... ’
1.32 ¢
=-——x1.932=1.2158"
2.0977><1 932=1
Degrees’of freedom

=v=8+7-2=13

s e

Solution.

thesis - Small Sample Tests

Forv=13, g5 for two tailed test = 2:1¢
Since, the. c:alc':dulated1 ‘:]ah:le\ of £ s lesg
hypothesis and conclude-that there is ng g € we accept th
my'?; e 0 significant difference in the ml:ansea? l‘ll\l:
Aliter: The value of S can also be calculated as;

E(X) -Xy)? =za2

(X, -X,)2

95

than _ﬂ.\e table valye,

- (2d))? /ny=34-(92
=24 = @dy)? /n, =25-(32
Z(X0-X)2 +2(x,

ny+ny =2

/8=335
/7=23.71

-X)? _ [Bsima
e il
8+7-2
The mean life of a sample of 10 electric ]

light bulbs was found to be 14
with s =423 hours: A second sample of 17 bulbs chosen from a d:fie:\sl ‘l::‘:c:
showed a mean life of 1280 hours with s=398 hours, Is there a significant
differnce between the means of the

=2-097

n two batches ? Here s is the standard
deviation.
Weare given: n; =10, X, =1456, 51=423

ny =17, X,=1280,  s,=398

Let us assume that there is no significant difference between the means of two
batches, i.e., .

Null hypothesis Hy :juq =p,
Alternative hypothesis H. 1R #Rg (=>Two tailed test)
5= (ny -1)sf +(ny —l)s%

-2 -

~fa0-1xa23% (7 -1) x 3982

-\ 10+17 -2

x "_—_1610361+?534464
a 25

o [4144825 _ 47 47
%

Applying t-test :
m .
S n oty
1456-1280  [10 x17
40717

10+17
440




Example 9-

Solution.

Example 10.

Tests of Hypothesis — Swmall
Sam
Pl

Teg
soffreedom=v=n,+n2—2=10+17—2_25 '€ Tegy
Degreezs #, for two tailed test=2-06
T e ‘[a]lsculaled value of | t|=l-9806< the table value of ¢, We accep
Sincel, dlheelicﬁ[ there isno significant difference between the means of ~ Opb :0 &
conclu men A and B are wroking in a cerh-\in district. From Samp], =
Head Office, the follownpg results were o, mf. g s“ney
y significance difference in the average sajeg Dby, !:We
the

Two sales
conducted by .the
whether there is an
two salesmen :

No. of sales 2
205

Average »
dard iati 20 a5

=20, X, =170, 5,=20 = 53 =400
1, =18, X, =205, 5,=25 = s2=625

We are given

Let us assume that there is no significant differnce in the average sales between
two salesmen i.e., Hy : 1 =H2
Alternative hypothesis Hyipp#Ky
(ny-1) S% +(ny =1) s%
ny+ny =2

(20-1)x 400+ (18—1) x 625
= 20+18-2
_ [fE00+1065 _ 1825,
36 V" 36

(= Two tailed test)

Applying t-test:

—)_( nqn.
- el= 2 vz,
S 1y +1y
- 170-205| [20x18
I1=""225 {20+18

35
=% 3.077 =4-786
2253077

Degrees of freedom =v=n, +1, —2=20+18-2=36
For=36, t s for two tailed test=1-96

Since, the calculated value of |#|=4-786> the table value O £y
conclude that there is a significant difference in the sales betwe

- in statistics, 10 students in one class sh

80 with a standard deviation of 8, while 12 students in an a="
o oS #

mean grade of 76 with a standard deviation of 10- USlng}% secondﬁ“’

ey ‘ ;
significance, determine whether the first group is superior to

e T
£1, W Il en

o
owed ameat 5: d:d 1
other clas® 4 Jeve! of

-

d
eject Ho:‘:‘ ‘

1 fesﬁo

50!0‘“’“‘

bimph 1

Solyg:
0 lq"‘“’l\. y

¢ HyP!

hesis — Small Sample Tests

iven: =10, X, 97
VibargE "1_10'§1=80'sl:835%=64
ny =12, X, =76,s, =103

t us assume that mean grade of t,
];IZ (R =H2 © 8rOUPS don't diffey g
Alternative hypothesis Hyipys " -

ght tailed test
S= % est)

Mty -2

- J%
10+12-2 )

_ [576+T100  fig7g

- Tﬂl%%/ﬁ:gqs

]t}:ﬂ Mty
S \ny+n,

80-76 [10x12

915 “{10+12
4

Applying t-test:

=915 ¥2:33=1-0185~1-02

Degrees of freedom=v=n; +n, -2=12+10-2=20

Forv=20, 3, for one tailed test=2-528

Since, the calculated value of | t| < the table value of , we accept Hy and conclude

that the mean of the two groups are the same i.e., first group is not superior to the

second group.

Aliter : This question can also be solved using two-tailed test. Let us have;

Hg :ptq = p, i.e., the first group is not superior to the second group.

And Hyipq#py (=>Two tailed test)

In the light of the facts given, the relevant test statistic ‘¥ computed is :
|#|=1-0185~1-02

Degrees of freedom=v=n, +n, -2=12+10-2=20

Forp=20, £, for two tailed test=2-845.

Since, the calculated value of | | <table value of t, we accept Hgand concluc?e that

the first group is not superior to the second group-

i - d 198-82
I £ sizes 9 and 7 are 196-42 an
Ty, The o ot e soinm oft deviations from the means are 26-94

Tespectively. The sum of the squares of the
and18.73 l‘zspectively. Can lhg samples be considered to have been drawn from
{he same normal population ?

Given : %, _)7])1 ~26-94

n =9, X;=196-42, X
$(X, -X,)* =183

n,=7, X,=198-82,
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Example 12.

Solution.

w

Tests of Hypothesis — Smay S
am,

)f
ypothesis that the samples are drawn Ple Ty

null h from
Let us take the =p, and Hy 2ty # 1y (Two tailed test) the Same

population ie, Hy k1

X -X) 2 +2(%-X;)2
5= ny+ny =2

56.94+1873 [45-67
=‘/’9’+7-:z' 14 -V326=1.81

Applying t-test:
d X=Xy [
= Yny 4y

|196~42-198-82| 9x7
B

1-81 9+7
2-40x1-98 2-6254
18

Degrees of freedom () =1y +11, —2=9+7 -2=14

Forv=14, t o5 for two tailed test=2-145

Since, the calculated value of # is greater than the table vlaue, we Teject the ny)
hypothesis and conclude that the difference is significant. Thus, both the samples
have not been taken from same population.

A random sample of seven week old chickens reared on a high protein diet
weight : 12, 15, 11, 16, 14, 14 and 16 ounces, another random sample of five
chickens similarly treated except that they received a low protein diet weight:8,
10, 14, 10 and 13 ounces. Test whether there is significant evidence that
additional protein has increased the weight of chickens.

(The table value of ¢ for 10 degrees of freedom at 5% level of significance s
2.228) {

Let us take the hypothesis that additional protein has not increased the weightof
chickens, i.e, Hy : iy =pp and Hy : iy #p, (Two tailed test) |

= = 7
% =1 | (x;-X2| X2 x,-%
X, -X7) — |
» =2 4 8 ;
15 +1 1 10 -1 -
1 =3 9 14 +3 1
16 +2 4 10 =1 7
14 0 0 13 +2
i o .
16 7
+2 &
X =98 L > (% 24)?1)
m=7 (% - %) =
L | =22

is
P Hypomes
18

— Small Sample Tests

9

S=

My +ny -2

_[2+w g
N 7+5-2=J%=2-14

Applying i-test,

t=

S ny+m,

_W-11 x5 .
T 2.4 745

o =2-_3;4“'703=2'394
Degres of freedom @ =ny+ny-2=745-2=19
Forv=10, t¢5 for two tailed test=2.228
Since, the calculated value of # is more than the table v.
rejected. Hence, there is a significant evidence
increased the weight of chickens.
Aliter : This question can also be solved by using one tailed test.

Let us have, Hy : iy =, i.e., additional protein has not increased the weight of
chickens.

And H; : g >, (as we want to conclude that additional protein has increased the
weight)
Itis a one tailed test.
In the light of the facts given, the relevant test statistic computed is :
t=2-394
Degrees of freedom=v=n, +n, -2=7 +5-2=10
Forv=10, tg5 for one tailed test=1-812.
. Since, the calculated vlaue of |¢|=2-394 is more than the table value, the null
hypothesis is rejected. Hence, there is a significant evidence that additional
Protein has increased the weight of chickens.

alue, the null hypothesis is
that additional protein has

EXERCISE - 2

omly chosen sailors are 68, 64, 65, 69, 72 and 64. Discuss in

oy
el s "
Cap are 8lven the gain in weights (Ibs) of lions fed on two diets X;
In Wﬂghts (ibs)

and x5 :



N
Tests of Hypothesis — g, all g,
100 Amp|q w HypoLhESis — Small Sample Tests
i
Testat 5% level whether the two diets differ as regards their effect“c;f :he mean in, ”
. wejg:;\ds offertilizers were applied to 15 plots. Other conditions rem;hlﬁ'f\si Reiecﬁ:in Testat 59 level whether the performance of twy salesmen differ
> ;‘:l?‘ls I quintals are given below : 8 the sam, {ﬂl ement performed on rando e Slg(mﬁcmtly.
Measur their nicoti m samples of two kinde . 005 =2179at df=
9. following results on their nicotine content (in mgs): © kinds of cigarettes yielded }}2
ST
Examine the significance of difference between the mean yields due to differen; 1. Brand B :
fertilizers. . ¢ the difference of means of th M[A“s' £=0-535, :ctcept i uming that nicotine content is distrib
the sgnificance of the e two samply Assum? e e ributed
* :‘iegsn:i!icancsrf‘rom the following data : Ples at 5% levg B higher nicotine content than Brand A. normally, test the hypothesis that Brand B
ow ol Wi l (Hint : Use one tailed Test)
— b; of Tierms » can SD. 0. The nicotine contents in milligrams of two samples of obaccét:\:. lf” =1-315, Accept Hy]
Sample 4 : 6 b 8o smpleA: | 2 | 2 | o e obeas follows:
Sample B : 5 50 10-0 3 sampleB: | 2 | 28 3 =
; | . g 2 %
(The table value of t for 9 d.f. at 5% level is 2-262) [Ans. t=1-84, A ) Can it be said that two samples come from nox . .
5. Test the significance of the difference of the means of two samples at 5::“?)k ol mal population having the same mean 7
significance from the following data : il [Ans. |t|=1-92, Accept Hy]
X (3) Test of hypothesis about diffeenc s
Sample Size Mean Variance | pired data) or paired t-test : i—test is also u:e‘:lel:‘::::‘ﬂ:w}(: me;\n 8 ¥ithdependient samples e,
Sample A : 10 1000 10 means in case of paired data i.e., when the sample ilemz a};g‘:hee::n?: lu:ui?:\‘iffffe a4
e " ¢ situati
Sample B : 2 — = tnacﬁh\g a‘nd d. For 5.'):at1'111;;le;:l p:formance of some students are taken down b:;:::: :rttdu:ft:::‘;?ri
, we want to fin e effectiveness of extr: i sty
(The table value of t for 20 d.f. at 5% level is 2-086) [Ans. t=4-42, Reject o] diference between two means in two situations in c::e :f;z::?g;g"ﬂls; the significance of the
6. 'llJ'wu salesmen A and B are working in a certain district. From a sample survery conducted Tlobeused is : »the appropriate st staistc
b t};g head office, the following results were obtained. State whether there is ay d
ignificant difference in the average sales between the two salesmen. s '=§ An
Where 7= e =d
- A B mean of the difference, i.e, - = size of the sample
0. of sales S= "
P 10 18 tedf::dard deviation of the difference.
s es (Rs.) 170 __/_,&5,’/ O means i ca'I'he foll'owmg steps are taken while testing the hypothesis of difference between
tandard deviation (in Rs.) 20 . B 25— | () Set up ui: of paired data: -
[Ans. t=3 79, Reject Hyl Alternag; m}:].l patesi Hy:d=0 or B1=H2
7. ns. t=37% ive ; ki i
}l‘n asample 0f 10 electric lamps th : ; 4 tobe 1456 hours 3¢ 413 i _)'pothesns Hy:d#0 or 1% (two tailed test)
ours respectively. Anoth, ps the mean life and S.D. was found to D€ £1200 hours & i Hy:ds>o : 5 (one tailed test)
S.D. 398 hours. Is there er 17 madomly selected lamps had a mean hf;’ G ’ ) Find the dif te,  By<iy or H2>H1
any significant difference in their mean values ¢ 5, Acep Hyl @ ference between each matched pair as:
8. Two salesmen are working ; [Ans. t=1-5 i;\a ek # jCalculaxe the d=1-1I or n-1
givenas: rtking in a shop. The number of items sold by them € mean of the difference ﬂil:
-z
(iv) ==
fi, ) The .
i al n ) . .
g f"m\u;l: : of the standard deviation of the difference is computed by using the



Tests of Hypothesis — Small g, -
2Mplg 1,
Sty

102 =
s(d-d)

S="po1
n-1

zd? @) xn
e =
n-1

or

Gand n are substituted in the above stated formula,

sofd,
(4) The value re worked by using the following formula :

f freedornvil
(5) Degrees© -
Degrees of freedom =0=11 L, i ii) table value of ¢ (i
her steps such as (i) level of significance, (i) table value of ¢ (ifi) decision gy
) (;2%‘08 difference between the two means are the same as given in test of ]‘}’POIhesis_ g for
fes|

i test in the Business Statisg;
Ten students of M. Com. were given a atistics. T,
imparted a month’s special coaching and a second test was conducted atil{ew i
of it, The results were as follows : flld

Example 13.

Do the marks give an evidence that the students have benefited by extr
coaching ? | . y
(Given:v=d.f.=9, t 55 =2-202) '

: : fere the
This is a problem on paired observations from two dependent samples e
paired f-test is used.

Solution.

Computation of Mean and S.D.

Marks in Ist | Marks in IInd
Test X, Test (after extra
coaching) X

Students

Students Marks in Ist Test %
1 .36 32 i
2 0 2
3 38 30
1 36 2
5 4 18
6 38 64
7 40 32
8 46 40
9 58 52
10 - 62 £

s

pypothes’s ~ o4

11 Sample Tests

6
Z
8
9
10
n=10
‘- Zd -64
difference=d =—=—__g.
Mean di n o 10 6-4
_ 2d® -@? xn 2192-(-6-4)2 x10
= [0 )7 20
n-1 10-1

2192-409-6
= o =1407

Let us have the null hypothesis H, :d=0 ie, Py —py
benefited by extra coaching).
Alternative Hypothesis Hy: a>0 ie., K2 =11>0 = py >y, (ie., students are
benefited by extra coaching)
Here one tailed test is to be applied
Aliter : The value of S can also be calculated as :

2(d-d)% =2d? —(Zd)? / n=2192-(-64)> / 10

=0 (ie., students are not

=1782-4
2(d-d)2 ;
Oy ol il ’%=14,07
n-1 9
Applying t-test :
d
|t|=§.Jﬁ
-6-4 20-238
St =—=1-438
=107 0= 1507

Degrees of freedom=v=n-1=10-1=9
Foru=9, ¢4 for one tailed test=1-833 t
Since the calculated value of | t|=1-438 in less than the table value of t, we accep!
Hy and conclude that extra coaching has not benefited t:l\e st:.\dents-

Aliter ; This ; d using two tailed test:

3 question can also be solved using ;

Let us take the hypothesis that there is no difference In the marks before and after
Special coachin g i.e., extra coaching has not benefitted
Hy:d=0
H:d=0 Y
In the light of the facts given, the relevant test statistics

the students i.e:,

Ang (=>Two tailed test)

‘¢ computed is



—

Example 14

Solution.

Tests of Hypothesis — S
mal] g,
AMple

|¢]=1-438 Tesg
tailed test=2-262 i
Foro=9, tos for 0 -1.438 is less than
¢ culated value of[f[__l- is less ‘the table va},
gmc;: ::::clu de that extra coaching has not benefited the sy, de‘:\'isof L we e,
0 : . |
A certain medicine given to each of the 9 patients resulteq ip the £
lloy;

increase in blood pressure

-1, 4, -3, 5, 6,

3,
¢ ‘ - 3 -4,
. dicine will, in general, b L |
Can it be concluded that the me, , in g , be accompy; |
ini::ease in blood pressure ? (Given £.o5 (8)=2-0306) Pained by .\
Let us assume that the medicine does not increase tlle blood pressure g
Ho:d=0 ie, M1=H2 and  Hy=d=0 (:Tw‘”';;lﬁd.ts)
)
5 6 -4 | -1 2o3g
36 16 1 2 1
_ zd 16
72283 1078
n 9
a2 —(@)%xn  [162-(1-778)% x9
S=f—m - o= =4.086
d 1.778
’=§"/’7=4.ose x+/9=1-30

Degrees of freedom (v) =n-1= 9-1=8.
Foro=8d.f, tyg5 for two tailed test= 2-0306
Since, the calculated value of |#]=1-301is less than the table value of t, we accept
the null hypothesis and conclude that the medicine in general does not increist
the blood pressure.
Aliter : This question can also be solved using one tailed test.
Hy: d<0 i, there is no increase in blood
medicine.
Hy:d>0 (=>One tailed test)

In the light of the facts given, the relevant test-statistics
d
|t|=;«/ﬁ=1~30

For d.f.=v=8, 15 for one tailed test=1-86 £t
Since,the calculated value of | =1. 30is less than the table VaIes, £ osqure
and conclude that medicine in general does not increase the b10°
Aliter: The valu_e Scan also be calculated on :

2(d-3)? =242 —(za)? / n=162-(16)> / 9=1

pressure after

' computed is*

3355

we accele & |

b 4

Employees
pefore taining :
After training ¢

Solution.

o

¢ Hypoth

esis — Small Sample Tests

5o [2E-D)° s ®
n-1_ 9y =408
10 prsons were appointed in a clerj PPN
were noted giving a test and the n::rlkpf::::; :ln ool
ed out

months training and again th i
of 50. Bain they were given a test anq

:ffﬁce. Their performance
50. They were given 6
marks were recorded out

By appiying the t-test, can it be concluded that thy

benefitted by the training ? (Given ford.f.— 9 fos=2 ;Gezl)ﬂpln)'ees have been
) tos =2

Let us take the hypothesis that the employees have not been b

training i.e., Hy :d =0and Hy :d #0. (= two tailed test) enefitted by the

Before Tzr;inlng (D) | After Training (I) d-n Fd —l
26 +1 1
20 20 0 0
35 34 -1 1
15 13 -2 4
42 43 +1 1
28 40 +12 144
26 29 +3 9
4 41 =3 9
35 36 +1 1
8 - 46 -2 4
n=10 £d=10 £d* =174
- =d 10
= =1~

zd? - (@) xn
S n-1
2
_ 174-100" _, 269
10-1

APPlYing t-test :
d 1 _3~’16_92=0.741
t=g- =T 0=

Degrees of freedom=p=n-1=10-1=9



. inistered to each of 12 patients resulted in the follo

. Acertain sumul.uss azdsml:'lﬁl;fgl -2,1,5,0,4 and 6. Can it be concluded
bkﬁ)‘;j Pf:zlr:fel;e Iacéor'npanied by an increase in blood pressure ? (Forv
willin g

iven intensive coaching and two tests were condu.cted, First test befoy
12 .s‘,:‘]:egn;;v :efoilr‘i/ire‘st after coaching. The scores of two tests are given below t
coac

Tests of Hypothesis — Smal S

AMple 1.
Sty
. t=2-262
for two tailed tes! :

Forv=9 "‘fal:ula'e" value of t is less than t}}\‘e table value, e accepy
Since;hl:;s and conclude that the employees have not been benefitieq hﬂ;e ny
hypo! ™ fhe
training.

v S can also be calculated on :
Aliter: The value $(d-)2 =2d% ~(24) / n=174-(10)2 / 1

=2
z-d)” _ £=4-269
=11 10-1

EXERCISE - 3

WiIng increag
that the sﬁmaile“:‘
e W oy <2y
[Ans. t=2.9p, Reject H

Student 1l203falslel7T8T0 0 uly
Marks in st test 4 |51 |26 |35 | 42 I] 60 | 41 | 7
Marks in 2nd test 62 {40 [ 61 135 | 30 | 52 | 68 | 51 |84 |63 |75

w

Has the coaching helped in improving the scores ?

[Ans. t=4-885 Reject Hy, Coaching is careful]

The sales data of an item in six shops before and after a special promotional compaignare

as under : -
Shops : A B C D | E :
Before campaign 53 28 31 P EE) 2
g 6 -
After campaign : 58 29 30 55 5

Can the campaign be judged to be a success ? Test at 5% level of significance.

[Ans. =278, Reject Ijlnl

. fter a traininé:
An1.Q. (Intelligence Quotient) test was conducted for 5 officers before and a
The reuslts are given below :

-Q. before training :
LO. after training :
Test whether there is an
(Givety, (4)=4-604)

Eight students were
given another test of
marks in the second

Difference in Marks :

Officer : 1 11

110
120

y change in L.Q. after the training progra:\me-

they
‘s coachings theif
given Test in statistics, and after one mo.nt}ésthe differenc® &
the similar nature. The following table give
Test over the first :

Roll Number ;

1 2 3
4 =2

Hil
[Ans. t=-817, Accep! eaﬁ

is — Small Sample Tests
othesis
of HYP!

5 e gifference in marks statistically Significan 7 107
Is

[Ans- +=0-623, Accept H and training jg not i
effective ., difference in marks j
is

Statistically significant]

on s Z€T0 i€ P= 0 or the ob:r,erved correlaf
poP n-ate test statistic ¢ to be used is

rop™
ol :

r
i te— 3
; \}1 -r?
i
1= sample correlation coefficient, n= size of the sample.
i WI\?;') cedure : The following steps are taken while testing the hy

more Ypothesis about coefficient of
qoelation = . - o X
the null hypothesis Hy : p=0, ie., correlation coefficient i .
o Stl?:zgserved correlation coefl €tlicient in the population is zero or

ficient is not significant,
Alternative hypothesis Hy : p# 0 (= Two tailed test)

() Substituting the yalues of 7 and 7 in the above stated formula.

) Degrees of freedom are worked out by using the following formula :
Degrees of freedom=v=n—-2

The other steps such as (i) level of significance, (ii) table value of t and (iii) decision making for
| tsling the population correlation coefficient are the same as those given for the test of hypothesis.

bample16. A correlation coefficient of 0-6is discovered in a sample of 18 observations. Is it
I significant at 1% level ?
Solution, Given, r=0-6,n=18
Hy:p=0
i and  Hy:p=0 (Two tailed test)
Applying t-test :
r

0-6 6
i t= .Jn—2=———x,}18—- ='—x4=3
-2 = 92 8
Degrees of freedom=v=n-2=18-2=16
Forv=16, t o5 for two tailed test=2-92 o
Since the calculated value of | #| =3 s greater than the table va'hfe of t, we rfgec ' o
and conclude that the observed value of the correlation coefficient is significant.

Exlm . . .
Ple s, A random sample of 27 observations from a normal POP“]“';‘"‘S gllv:iso: 'i::rl‘l:e
lation coefficient of - 0-4. Is this significant of the existence of correla
Population ?

snluliu“_ (Given for »= 25, t.g, =2.79)

We are given:n=27,r=-0-4

Hy:p=0
And 0P

0 (=>Two tailed test)
Hy:p#



— Y

is — Small Sample Tests
akhesls
£ HyP

Tests of Hypothesis - g, Sampj, . 1" 0 or 25r2 >4.243¢ (- , 109
08 g 29-24361% > 4,943 436 05,2
ying -test r = 6 or £2, 423
Aply pam—. fn-2 90037
= ‘/]—:’_7 - r>0-38 +2436
alue of r which is m
0.4 Hence, any V: Ore than 0. 38 oy dbesion e
=m i level. Besigniticant for25 g 1, 55,
4 coos EXERCISE - 4
———x5=2" | -
917 i f 18 pairs frq
B dom sample of 18 p: 0m a normal populaty :
Deges of freedom =v=n-1=27 —22 7—925 3 5:;“1\5 this value significant of correlation in lhg pupgll;;f:\“;ed 7 cortelation coeficient of
tailed test=2- - ’
Forv=25, g5 for tWo is less than the table val lue of r i le of irs a bi [Ans. t=1.7
N d value of | ] is less than v Vvalue, we accept i .nd the least value of rin a sample of 18 pairs a bivar; 4% {\ccept Hgl
Since the calcu::f:  oerelation of the sample is not significant to wf;m:lind ] F:/" (]ievel. ariate normal population significant at
conclude I.I;al h correlation in the population. the 5% [Ans.|r|=.468)
existence of su . . airs of observations must be inc] i
irs of observations must be included in a sample in org 5, How many pairs o X € included in a sample in order that
Example 18- & P{:o:rxfin:);};aell?t:m coefficient of value 0-42shall have a calculateq V:llll?:; correlation coefficient of value 0-52 shall havea calculated value of  greater ﬂ?x:n‘);-s;;;m
an obs .
727 o A [Ans. n=24)
t greater than 2 7! le of 27 pairs of dom sample of 25 from a normal universe i i
) val 4 Arandom k fuverse gives correlation coeff; -0-
(b) chtl lh:plilaas‘ti ::l‘l;; i?:; 1;:: u?dr;:ds(i);isfaig;zt 5% lelz/el. o ues froma this significant of the existance of correlation in the population ? (ERBEOg 0ty
bivariate p [Ans. |t|=2-624, Rej
. . 3 . Reject Hy|
. «ven : r=0-42, Critical value, 2.72 5. Arandom sample of 27_ pairs gf observations from a normal po, ulation i
Solution. (a) Given:r=0- r J:_E coefficient of 0-58. Is this significant of correlation in the poplt)ﬂ:ﬁon ? Eatea fonelalion i
= =
We have t= 2 3 )

. ) ) [Ans. t=3.56, Reject Hy]
A 6. Astudy of the heights of 25 pairs of husbands and their wives in a factory shows that the
In order that the calculated value of t may be greater than 2.72, coefficient of correlation is 0-37. Test wheth

er correlation is significant or not val
p 0-4 55272 of tat 5% for 23 degrees of freedom is 2-069) [irx\“: £=1-903, A(crc:;t H:;
=x hm-25272 = )? Xt 7. Isa value of r=-0-48 significant if obtained from a sample of 25 pairs of values from a
11 -( normal population ? [Ans. £=2.624, Reject Hy]
4 =2 0-42 Jn-2 .
o L e >2.72 = 536 2:72 o F’Sh“"_ s Z—Transformation
J1-1764 m"::f is Use;:fl to test the significance of the correlation coefficient if the value of the population
0-42 fn-2 4 on coefficient is zero. If thy lati elation coefficient is other than zero or
: fn-2>2-72 ero. e population correlation c
= 0-908 0 = e {:n ﬂ::tbe‘“’eef\ two sample correlation coeffiicents are to be tested, then the t-rest can not used
. 2-72 = .88 =>n-2>35 case Fisher Z-test is used. Fisher's Z-test has two applications :
2 = [n—2>5-8 0T ¢ 1 hetical
> Jn-2> 0.2625 . pothsided) f‘l“!ofpoESt “:helher an observed value of r differs significantl fr.om some hypt
(Squaring is; Pulation correlation coefficient, other than zero, the appropriate test statistic to used
or 1> 34.57 +2 or 3657 t
% 7 at leas!
Hence, the required value of n would be greater than 36'57;2 if + must be mot® : 7= Z -2,
(b) In order that the ‘¢ may be significant, the calculated valt Mg "l SE,
than the table value of r for 25 d.f. at 5% for two tailed test: Iy tes‘:i;l\“
=2.06 o
We have [y = and  ts(25)=2"0 ) g & Procedure js «
- xfn-2 05 fel Up the h as follf)ws, : -on correlation coefficient is equal to
r i Pecifieq ., al Ypothesis Hy, : p=pj, i.c., population
Thus, according to given condition, ¢ > 2-06 Creafye, . O tere is no difference between rand o ulation correlation
grl ’ 5r>2:0641 : °°erﬁciexe\lt.$ the valye of (sample correlation coefficient) aimlilo‘:u (&:P(omuh:
ﬁ L o " are changed into Z-transformation by using the fo!



Tests of Hypothesis — Small s

ample
110 i 7€ Tegyg

[l+r)
Z%log! (:J:ldSlSlngm A

Z-transformation of p

1+
Z,=1-1513. logyp (ﬁ]

) Z-lransfnmlalion ofr

(iii
1+r1
Z ~1.1513. log10 [1—_—'—)
te : If pis not known, then it is taken as zero in which case p=0,
(iv) ?:eest.andard error of Z is worked out as under :
v,

S»Ez=ﬁ_—_‘§

(v) Finally, we compute the value of Z as follows :
s ~4p
1 =(25—ZP)X’H—3
n-3
(vi) The calculated value of Z is compared with 1-96 at 5% level of significance and 2B
Jevel of significance. ) o
1f| Z|>1-96, the difference is considered significant at 5% level of significance otheryise
insignificiant.
1f| Z|> 258, the difference is considered significant_ at 1% level of significance otherwis
insignificant.
The following examples illustrate the application of Z-test.

Z=

Example 19,  Test the signiﬁcanlce of the coefficient of correlation r=0-5 discovered ina
sample of 19 paired of observation against hypothetical correlation p=07.
Apply Fisher'’s Z—test. g

Solution. Let us take the hypothesis that correlation coefficient in the population s 07 i¢,

Hy:p=0-7and Hy:p#0-7
Given:r=0-5,p=0.7
Applying Z-transformation, we obtain :
Z-transformation of r
T+r
Zg=1-1513 log, [:) Z,

1+0-5
=1-1513.1og ;o (1jo 5)

1.5
=1-1513 I [—)
0810 0.5
=1-1513xlog 3
s =1-1513x-4771 = 0-549
Applying Fisher's Z-test

Z-transformation of p
1+p
=1.1513 log g ;[;

. (1+07
=1-1513.log10 | 7207

1.7)
=1-1513 log 10 (—0-3

-1.1513x log (5-67) .
_1.1513x0-7536=0-86

b §

"

ypalhesis — Small Sample Tests

Z-z
Z|=="%p |0:549_ m
121==32 1085045

L
—
Vo3

=3
0-319
=0'3l9x4=1,276

=T
Since, the calculated value of| Z|j
5% level and conclude that the J;;iﬁs:l than1

*96, we acce
. - i fows Pt the nul| :
(2) Testing the significance of the diff: " cortelation coefficieny iy o}.‘;'p othesis at
correlation coeffiicents. Tence betwee, .

i independent sample
correlation coefficients.
Procedure

Its testing procedure is as follows :

(i) Firstof all, set up the null h " :
correlation coefficients i.e., Hy ;:f othesis that there 1s no dj

=p,
(iii) Thereafter, the two values . and .
using the following formula : 1 7, are changed into Z-transformation by

Z=115131og,, [:1)
-r

(iv) The standard error of the differen,
under :

ifference between two

ce between Z; and Z, is worked out as

[T 1
%172 "\, =3V, 3
(v) Finally, we compute the value of | Z|as follows :

Z1-2
lz]—2

S.E.

1 1
n1—3+n2—3

1
Where Z, =1.1513 logyg (%}
=1

1+r,
Z, =1-1513 logy [—2}
1-rp
(V) Ifthe calculated value of| Z |is greater than 1-96 at 5% level of significane, the
ifference be{ween two ’s is significant.

The. following data give sample sizes and correlation coefficient. Test the
Significance of the difference between the values using Fisher's Z-test.




Tests of Hypothesis — Smayj s 4
- Sampl .
12 Sty

the hypothesis that two correlation coeffic;

en|
sation © L Hyspy=pa and H 51 %P (= Two hiled tegg) - %© Mot i
Sigmﬁcamy .e., Ho onofr Z-transfo, : ey
Z-transformatio! 1 TMation of "
1+rp -y 1+
2, 1151310810 |15 Z,=1151310g,, [l\'z]
sy
1+0-87 140.
s iosn (o) 151 eg, (12059

1-87
=1:1513log10 | 5713,
=1-1513 log 1 (14-384)
=1-1513x1:1577=1-33
Applying Fisher’sZZ—tst,

=1-1513 log,, (1&]
0-44

=1-1513x log 1y 3.545
=1-1513x0-5495=0-63

1-33-0-63

. 070 0-70
= = =T===r"r=0.9
1Z] 1 1 1 061 078
17 1 5-3'13-3
n -3 ny =3

As the value of Z is less than 1-96 at 5% level of significance, we accept the ny
hypothesis and conclude that the difference is not significant.

EXERCISE - 5

1. Test the significance of the correlation r=+0-75 from a sample of size 30 against

hypothetical correlation p=0-55. [Ans. | Z|=1-8, Accept fful

2. From a sample of 10 pair of observations the correlation is 0-5 and the corresponding

population value is 0-3. Is this difference significant at 5% level of significance ? Apply

Z-test. [Ans. | Z|=0-96, Accept Hyl

. The following data give sample sizes and correlation coefficients Test the significance of
the difference between two values using Fisher’s Z-test.

Sample size Value of r
23 0-87 5 ol
28 0-56 [Ans. | Z|=1, AceP i,

; ons. I
4 A correlation coeffcient of 0-6 is obtained from a sample of 19 paired observ:::e‘; Hyl
significantly different from 0-4? [Ans. | Z|=1-076

(3) F-Test (Variance Ratio Test) e

F-test is named after the istici; i i d to test Whemﬂt J
i T grealer statistician R.A. Fisher. F-test is use
bmdependent estimates of population variance differ significantly or whether the twoé;z" 1; outthe
b e tregarded as drawn from the norma] population having the same variance. For c2
est, we calculate F-statigtic, F-statistic is defined as :
Fe Larger estimate of population variance 5%

2 2
- where, 51792
Smaller estimate of population variance S%

| is — Small Sample Tests
othesis =
S HIP
1 13
i follows :
‘ednde‘ rocedure 1S 35.
Ff““5 lé‘:’;iiull hypothesis that the two Population Varianges
“ a .
@ ariances of the random samples are calculated T equal e, 103 =2
. The V' — .2 Y Using fo . 2
@ % ) ny mula ;
S L o1’ 2
§=" -1 m-1°1 o |z RO
712 n
3(X, —X2) L
1=¥’_’— ar n, -1°2 or Lr ) (2X,)2]
5= -1 =1 ,,rllzxz_\l
b ratio F is computed as : Ty
| ) The variance s
(i) st ,
| = S% where, S >S§

. degrees of freedqm are computed. The degrees of fry %
) g; ulagkion variance is denoted by v; and the smaller esiiemd:;re\ g;l:e I%I\E:l;:summ e
v, =degrees of freedom for sample having larger variance :n -1 '
v, =degrees of freedom for sample having smaller variance =lnz -1
Then from the F-table given at the end of the book, the val i
o with 5% level of significance. e value of F is found forv, and v,
(vi) Then we compare the calculated value of F with the table value of Fys f
of freedom. If the calculated value of F exceeds the table value g? F?r\'::lea:e?ﬁ &ig::flsl
hypothesis and conclude that the differnce between the two variances s significant. On the
other hand, if the calculated value of F is less than the table value, the null hypothesis is
accepted and conclude that both the samples h:

p ave come from the population having same
varaince.
The following examples illustrate the applications of F-test :

‘ Bample2l, Ina sample of 8 observations, the sum of squared deviations of items from the

mean was 94-5. In another sample of 10 observations, the value was found to be
101-7 Test whether the difference is significant at 5% level. (You are given that

at5% level of significance, the critical value of F for v, =7 and v, =9dfis3-29).
Stlution,

Let us take the hypothesis that the difference in the variances of the two samples is
not significant i.e., H, :0% _-—-c%

Wearegiven: =8, 5(X,-X))?=%5
15 =10, T(X, -X,)? =1017

Z 5 |
2 I -Xy)” 945 %5 4
-1 8-1 7
2 2% -Xp? 1017 1007 g 4

27 p-110-1

APplying F_test,



