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Amt. of
Scholarship
*
30
40
50
60
70
O Variance

Measures of Dis) ersion

: viation '
Calculation of Mean and Standard De =
Ji
No. of A=50 = iio
Children d=X-50
(02} — —
10 20 =
8 -10 |
7 0 0 0 =
3 +10 +1 3
2 20 73 7
— Py
=, B
. LT
X=4+ X .
2 210 <
=502 x10=50-7=50-7=43
=50 m x10=50 0

o= N

59

“Y30.

=21
30

T (zfd)‘ i

2
(—) x10=,/1.966—0.49 x 10

=/1.476 x10=1214 x 10=12.14

Variance is another measure of dispersion. The term
1918. Variance is the square of the stand

Variance =(S.D.)* =g

> Calculation of Variance
Y¥(X-X)
N

(i) Variance =

(i) Variance = 4" _(&)2
N

(i Vlrinnu=[ ﬁ_(
N

{ Daily wages:

3 deviafi

variance was first used by R.A. Fisher in

N

N

0—10
2

i

Ys

2
] ]x 7 (Step Deviation Method)
Example 23. Calculate the mean and variance from the data given belo B
en LM

1020
7

2030

30—40

10

" 3
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Calculat:,
of Mean 5 .
Daily S M.V. s nd Val’la:ce
es
| N ‘=% f& fir?
0—10 2 5 5
-2
10—20 7 = — e .
2030 10 B5-A = ~Ul ) =
| 30—40 5 35 o pr 0 0
. 40—50 3 4 0 - =5 3
B N=27 = +6 n
1 H=0 | zuten
L T fd 0
s X —A+—N x;=25+7xl0=25

2 "2 2

Variance=| 24— _(ﬁ) it =32 _(0Y | .
= N N 27 \77) [*1°

il 6% =1.185 x 100=118.51

X =2502=11851

6.4

€ the standard deviation from the following data:

[ e Jet [ [6 [ e[ ] |a]anl

[Ans. 6=3]
1e standard deviation from the following data using assumed mean method:
L8 | 15 [ s¢ [ o0 [ 65 [ @ [ 2] st | 50 ] 56|
-3 [Ans.c =8.62]
mean and standard deviation for the following data:
P 10 20 30 10 o | w0 | on |
6 3 16 15 5 | u | v |

; [Ans. X =44.059, 5=16.36]

mean and standard deviation of the following series:

0—10 10—20 2030 3040 |
2 7 10 5

00|

3
[Ans. X =25,6=10.88]

and S.D. from the following data:
21—25




formula can be ded to late the stand ati ;
, combined S.D. of three groups is given By deviation of three or more groups.

T Nlclz“'Nz"%"'Nz a3+, di
A Ni+ N, + N,
e, d,=71:)—(1¥3 ; d=X,-X5;dy=X, =Xin

?atsif:: Se:n‘:l Gsw;"ellit(l) ?h:r::e!‘lioarr\?:t:::l:;yoﬁl‘:: c:g::l?isnzg :r:pslg :t‘"l sclizs;azr;d(]ard
en, Ny =100 X,=50, o,=5 -
N, =150 X,=60, o,=6

7.-M X, +N, X, _100%50+150x 60

2
C123 +N2d2+N3d§

12 Ni+N, 100+150
L 100 % 50+150 x 60
T100+150
_5000+90_00_14000
ST a0 f
d=X,-X;,=50-56=-6

dy=X, - X, =60-56=+4
_[Mot+N el di N, i}
% N+ N,

Oy

_ ) 00%25+150 X 36+100(~6)* +150(4)
- 100+150

8. 78, 66,67, _ [2500+5400+3600+2400
20,0 = 6.7 i - 250
_ [B900_, 6

250

fence, the combined mean is 56 and standard deviation is 7.46.
r a group containing 100 observations, the arithmetic mean and stanc
and Jm For 50 observations selected from the 100 observation:
standard deviations are 10 and 2 respectively. Find the arithmetic m¢
deviations of the other half.
: N=100, X,=8 op =03
Ny =50, X, =10 o,=2
N, =100- N, =100-50=>50

andard deviation
s, the mean

can and the
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= N, X,+N, X -
Now, X123="2\X2+N3X3

: e X Ny +N,+N.
We know that: N ){|+N1X1 _ e 2+ N,
aniﬂ,/”z Wearegiven: X =113, X;=115, X =116 '
‘50(10)+5°(i 2) ' Substituting the values, we get
s’{ 116= BOUI+(60)(X5)+(90)(115)
g00=500+5042 200
10=50%: 116 x 200 =50 113+ 60X, +90x 115
| o3 _¢ 23200 =5650+ 60X, +10350
X2 £ e 60X, = 23200 — 5650 — 10350 = 7200
dl=X1'XIZ=10-8— ]z i 21=7200=120
d,=)—(;—1—fu=6'8='2=° d; = _6_0 B
ot Mot M+ Mo di d =X, - Xy =113-116=-3 = d} =9
) 0= N+N, &=X,- X =120-116=4 = d}=16
Substtuting the values, we get dy=X,- X =115-116=-1 = d? =1
2
Jﬁj: M Om= [Nlcf"”Nng*'NzGi*'Nld12+N2d§+N3d§
- N +N,+N; =
= 200+ 5003 +200+200 - Weare given: Gy =7.745, 0,=6, 0,=7
105= _—__’__1200 | Substituting the values, we get
105 %100 = 600+5003 : 7746 |0GE)+E0(49)+9005 + D)+ 60016)+ 90D
1050= 600+5003 \ 50+60+90
2 *
R 1800+2940+9033 + 450+ 960+ 90
2450 7.746 =
b 200
= e By : 6,240+ 9003
L Thus, X, =6, 0,=3 . ! 1746 ="
xample 26. Find the missing informa; =
e hmm!mhmmﬁmmefonw;w Squaring both sides,
3 4 2
e, Gf;vl Group I Group 11T Combined @1 46)2=6,240+90c5,
Standard Deviation P 90 200 200
o [Mea : 7 LT | a8 12000=6240+9003
) L] )
Solution: -, Weare given: = 113 e 9002 = 12000 - 6240 = 5760
N=N, \ 5
Ny = NN =50 §=.7_60_—_64 }
Q:TN-(N|+N!)=200_11°' , N;=90 90
=9 : o °3=‘\/an

‘

\



s of size 40 and 60 respectively have mean.
ively. Find the combined mean and

ups of observations the following results were available :

S 20 and 25 and standard deviati
standard deviation of size 1()Oe.‘”mcms

[Ans. X}, =23, Gy =6.13]

Group 1 Group I1
I(X-5)=8 ZX-8)=-10
2X-5)=40 2X-8)=170
Ny =20 No=25

nple 45]

inthe class.

nd standard deviation of both the groups taken together.

[Ans. X, =6.62, 51, = 1.864]

ight of the students in a class is 152 cm. The mean height of boys i

fth n. ys is 158 cm
d devl.atlon of 5 cm. And the mean height of girls is 148 cm with a standard
cm. Find the percentage of boys in the class and also the S.D of heights of all

[Ans. Percentage of boys =40%, 6, =6.603]

0 subgroups has 100 items with mean 15 and standard deviation 3. If the whole.
0 items with mean 15.6 and standard deviation ./13.44, find the mean and

viation of the second such group.

[Ans. X, =16,0,=4]

standard deviation.

ed X

Incorrect Values of Mean and Standard Deviation

s, mean and standard deviation are calculated by using one or two incorrect
ble. Just as we can correct an incorrect mean, similarly, there is a procedure of

in the calculation of correct S.D. are as follows:
ted sum of the squared values of the variable, i.e., find X2, Thisisto be
the following formula which involves incorrected X and 6.

e
T

?=N[o? +(X)]

ZX 2. To do so, we subtract the square
e square of correct item to incorrect
2 = Incorrected £X * — (Incorrect Vi

of the incorrect item from incorrected
. Thus,
alue)’ + (Correct value)’



lon were found to p, ¢

50 was Wrongj,

RTANT TYPICAL EXAMPLE

,29. The mean, standard deviation and range of 5 5 ical di
9. ymmetrical distribution of wej
group Ofd Zq bf)ys a;ih 40 ks, 5 kes, and 6 kgs respectively. Fi indn zxewfx;ge:t: Of:
- standard deviation of the group if the lightest and heaviest boys are excluded "

-77 i:lf:; gﬂel_e distribution is given to be Symmetrical, the mean will lie at the middle of
' Therefore, the weight of the heaviest boy =40 +3 = 43 kgs and
the weight of the lightest boy =40 -3 = 37 kgs.
‘We.are given that X = 40,0 =5 and N =20

5

= XX X
=== or 40=2% -
I 0 = ZX =800
- Corrected ZX =800- 43 —37 = 720,

Corrected X = % =40,

.
2

quaring both sides,
7 2
5)7="——(40)
) TR
X2 =20[25+1,600] =20 x 1625 = 32,500
Corrected XX 2=32500 - 43> —37% =29,282

Corrected 6= %-(40)1 =26.777=5.17

Corrected c:.= 5.17

0t obtained the mean and standard deviation of 100 observations as 40 and 5
Vely. It was later found that one observation was wrongly copied as 50, the correct
Ing 40. Find the correct mean and standard deviation. [Ans. X¥=39.3,6=4.9]
days in a festival the highest sale of a shop was on Sunday and Rs 90 more than
sale for other days;. If the standard deviation of the sale during the festival is
standard deviation leaving that the highest sale. sa

mple 49] [Ans.c=154]



10and2 respectlvely Atthe ip,
rrect. Calc\llnle‘ mean and sxanda,:
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From (i) and (i), x7 +(3-x,)? =5
o xP+9+x] =61, =5=2] —6x,+4=0
E =
xf-3x42=0 = (x
1=D(x; -2)=
0 x =12 om0

f x; =1, %, =2 and ifx; =2,x, =1,

(grouped in intervals o__
iscovered thatthe age 43 \v

[Ans X=39.95 10 =14.95

ean and standard d
eviation of the fol owing continuous series are n
t] f the foll 135.3 and 9.6

12.
1.99% (n')X 10.26=
1.99) i
pecnvely. The distribution after taki
taking step deviations i
tions is as follows:

3. The mean age an d standard deviation of @ gmup of 200 pelSO

" 510, elc) WE re found to b 40 nnd Lal::ld devnm
‘misread s 53- Find the correct mean

t: See Example 53]
4 ‘[[l‘l!\i:mun and standard deviation of 20 jtems is faund tobe
’ incol
of checking, it Was found that one i
mmed (i)itis replaced by L
devmuomf(i)ﬂnewmngmnso e (:)){ el
issing Values

© Determination of Mi
In certain situations, the values of
information. The method of computing m
examples:
Example

one or more

30. TbemelnofSMons:sHandd:evananoe
4,6and 9, find the other two.

mmmmgobsavmonshx) and )

items may be missing from the give,

issing values is explained with the help of the following

is 8.24. If three of the observations

.-
13 8 4

XA

i

and assumed mean (A). L.y €l €SI S
ean (A). From the formula of S.D., we can determine the size of clas:
al (7) and from the formula of mean, we can determine the assumed mean (A).

Solution:
X x?
4 16 5
. = y Calculations for Determining / and A
9 81 S i =
5 # 4 2 " fd
x 3 _Z 3 -15 iz
X =3 +x+19 =134+ T L -16 2
Here we are given N =5, ¥ = 4.4,07 - =l3 8
=5X=4.40"=824 0 2 0
As y=z 1 13 13 -
N 2 13
xn+ : 1 32
44:%2.*]9 or x+x,+19=22 : - - L
td = N=80 = 2
n+x=3 2x,=3-x, ) E==15 fd” =208
Now, (5.0 =VM=&1 o () o= 3fd® B (Z_fd)‘ i
N N N
1334 x2 4 52 2
\ =345 4x) _ 208 _(-16)’
. 5 -(4.4y 96=.[——|—| xi
+xi+x? =5[824+193g) 80 80
= 3al4ad =13 . Al 9.6=2.6-0.04xi
> «f +x3=5 : _:-M“:v El.i e il
- £
FICa R (i 9.6= ;-6 xi
=28 s




elow:
mple, the standard deviation of the first 5 natural numbers is given as:
. 1 24 )
Bt 6="—-(5’—1 =F=~/i=1.414
T 12 12
| 3
1485 | 1545

ined S.D. of two or more groups can be found by using the following formula:
~_ [NOl+ Nyol+ NdP+ Nyl
= |——22 1T 70,

Ny +N, where, d, =X, -X,,.d,=X, - X,

the squares of the deviations of the items

q

r Fthe de taken from arithmetic mean s least.
deviation is computed from the A.M.

t amount ‘@’ is added or subtracted from each item of a series, then S.D.

affected, i.e., S.D. is independent of the change of origin.

item of a series is multiplied or divided by a constant ‘@, then S.D. is affected by
ount, i.e., 8.D. is not independent of the change of scale.

deviation has the following relation to the arithmetic mean in a symmetrical

i +20 includes 95.45% of the items.
2 ~ X+30 includes 99.73% of the items.
v ng figure illustrate the relationship:

Graph Showing Distribution of ltems

68.27% —
95.45%
X7

[T x-scale
X-10 X X+1c X+20 X+30

deviation has the following relation to qu.a.rti‘le deviation (Q.D.) and mean
) in a symmetrical (or normal) distribution:

20, M.p.=3, Q.D:M.D:5.D:10:12:15
5
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PLES
|CAL EXAM! :
IMPORTANT TYP - the distribution of marks obiained by 90 studenis j,
Example 32. The following table gives
examination: — —
[No.orstdens:_| 15 -
No. of Students: . = .
Calculate (/) Mean, (@] Standard dey and (i1i) S ying
within the range (@) Xtloand () X iza._
Solution: Calculation of X and 0
olution: Classes T MV. d=m-A ’=£- ¢ I3 f'fz
(m 7
010 4 5 30 ¥ = =
e M : =0 -2 20 40
2030 | 20 25 -10 whpa il 12207 0
3040 35 35=A 0 I o <
40—50 15 45 +10 p— 15
5060 6 55 PP Y s u
= I =-25 | 5% = 135
Feas T o5, )
X=4+ZL xi= _
(0] + o Xi 35+—90 x10=32.22
; d"? @\ ¢ T ‘
(if) u=\’x/—)v -(HT) Xi= %_(ﬁ) x10=11.92 -
(ii) ¥ +16=3222+11.92 <
M‘: of ﬂw,:’s‘se X£0 are 203 and 44.14, Under the assumption tht
these Timie e 125 areuniformly distrbuted, the number ofstudents lying within

2 Is
i0*00-203)+354 3414 any=go 1
. Percentage of stuents = 506!
g o TMB-—”Txloo=67.34%
e Ft20-2212411
imilarly, limits of the range 7
Iing within these e s £29 8¢ 38 and 56,06 and the pumber of stude™’

4
I—ox(IO—8.38)+10+20-6-35+15+li

0]
. sidh 0% (56.06~50)=84.20
-+ Percentage of students = = 8 Sikaitens.
- ents m x100=93'66%

You are the incharge of the rationin,
The following information is rece;

33.

g department of

ast;
ved from your | ity Toad shortage.

ocal investigators :

Area Mean Calories Standard Deviation of Calories
X
Y

. The estimated requirement of an adult is tak
. minimum at 1,250. Comment on the reported
. more urgent action.
. |We shall compute the 3-sigma limits X+3c for each area, which will include
proximately 99.73% of the population observatio,
approximately normal].

en at 3,000 calories daily and absolute
figures and determine which area needs

n [assuming that the distribution

3-6 Limits = X +3¢

2500 3 x 500 =2500 = 1500 = (1000, 4000)
2200+ 3 x 300 = 2200 = 900 = (1300, 3100)

solute daily minimum calories requirement for a person is 1250. From the
ove figures we observe that almost all the persons in the area ¥ are getting more

the minimum calories requirement as the lower limit in this area is 1300.
. However, since in the area X, the lower 3-6 limit is 1000 which is less than 1250,
quite a number of people in area X are not getting the minimum requirement of 1250
ries. Hence, as the incharge of the rationing department, it becomes my duty to
urgent action for the people of area Y.

s .
d Demerits of Standard Deviation

igidly defined.

d on all the observations.

able of being treated mathematically. For example, if standard deviations ofa
- 9fgf°“PS are knm\m, their combined standard deviation can be computed.

rery much affected by the fluctuations of sampling and, therefore, is widely used in
theory and test of significance.

pared to the quartile deviation and range, etc., it is difficult to understand and

It to calculate.
8 more importance to extreme observations.

Itdepends upon the units of measurement of the obs.ervatl(:nst.‘ e
the dispersions of the distributions expressed in different units.

it cannot be used to
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EXERCISE 6.8 bers : (Ans.c <y
tural numbers. :
1. Calculatethe S.Da:dm:e?i‘::i’::aof 75 observations is40and 8 respectlvely, find the I,
and stan viatio

* E:neé:nd standard deviation |.f : S
(i) Each observation is mulhpl.lcd byS.
(i) 7is added to each observation.
[Hint: See Example 50]

[Ans. ()New mean=200,New S.D. =4
(i) New mean = 47,New S.D. = 3)

i ard deviation are 9
i i IZandlS.Theumeanandsmnd 9ang
% iml;s mf"ﬁhﬁ:}:;:éns in the terms of the series that new standard deviation

is 20 and mean is 50.

[Hint: See Example 51] . ]
4. The following table gives the length of life of 300 persons:
(0| 09 [10-19] 20203039 | 4049 5059 | 6069 7079 | 80—s9
Noofpersons:| 6 | 15 | 33 | 3 | 45 | 2 |18 ] 10 T
Calculate (i) Mean (ii) Standard deviation (iii) The percentage of persons whose length of
x [Ans. X =41.85,6=18.5,95%]

[Ans. 25,35, 45, 65 and 80)

life falls within X *20.
5. From the following figures determine the p ge of cases which lie outside the range:
Xt0,X120, X+30. i

115,117,121, 125, 116, 120, 118, 117, 119, 116,122, 124, 123, 118, 120,118, 126, 127, 122, 123.

. gl [Ans. X =120.35,0 =3.45, 3.5%, 0%, 0%]

6. Acollar is considering the of anew style of collar to attract young
men. The following statistics of neck circumference are available based on of

@ typical group of college students. Compute the SD and use the criterion (X %30), t0
largest and smallest sizes of collars, he should make in order to meet the needs
of practically all his customers, bearing in mind, that collars are'worn,

on average 7 inch

larger than neck size, ;

[ Mid::hls: 125 1 180 | 135 | 140 | 15 [ 150 | 155 | 160 | 165
: sl v ][ e [ e |2 1 .

[Hints: See Example 52]

[Ans.X =14.232, 6 =0.715, J?ﬂn-i’- =12.825017.139)

I

O (5) COEFFICIENT OF VARIATION

Pearson and is widely used in
variation is denoted by C.V. and js given

Coefficient ofvariation isan i.mporun ed by Kar
" trelnive measure of dj; i :
B ik i gr dlSpel'SlOn- It was develop

by: © or more series. Coefficient ©

Coeﬂicient of ariatio, =
Vi n(Cv)=2
» % X100

P ——

1 rc:llculation p !

¢ of all calculate X

atec.
¢ value of X and G in the above formula,

efficient of Variation
f variation is used to compare the variabilj
A ity, homogenity stabili 3
g : > s stability, ¢
ftwo.: mtore series. The series haymg less value of the coefﬁcientty;f ::';?l?enc.y
f=consistent in comparison to a series having a higher value of the coefﬁ:i 101\ lsf
ent o

rom the prices of shares of X and Y gj i :
alue: given below, state which share is more stable in

98 95

41 | 44 | | 4 [ 45
91 93 | 96 | 22 [ o

r finding out which share is more stable in val
cient of variation.

. H
3
Hl&

lue, we have to compare the

Calculation of C.V.
¢ Y A=95 ?
% dy
16 51 = 6|
1 93 -2 4
4 9 1 1
9 92 =3 9
0 90 5 25
1 97 2 4
16 9 4 16
25 94 -1
9 98 3 9
25 95 =A 0 0
Tl =106 | T¥=945 | Id=-5 | za=ss
IY 945
44.8 ShareY:Y = ¥ o 10 94.5
sy’ &)z
S R

2.87
- - =2 x100=3.03%
5 .8)(100_7'25% o CVy 945

the coefficient of variation is less for share Y, hence share Y is more stable in
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Solution:

Example 36.

" By calculating the coefficient of v

Measures of Dispersiop,

60 96 14
62 40 80

o is a better scorer and who is
{he two batsman is a better scorer, we have to.compare the
t which batsman is more consistent, we have to

Find out wh
For finding out which of v
arithmetic means and for finding out

compare the coefficient of variation. K
Calculation of X and C.V.
X X=46 < Y ¥=50_ 2ala
x=X-X y=Y-F
32 —14 196 19 -31 961
" f—_—
28 -18 324 31 ~19 361
oo L9281 ]
47 +1 1 43 2 »
A .2 N e »
6 +17 289 53 +3 9
71 +25 625 67 el 289
L
2 = 9 90 +40 1600
10 -36 1296 10 —40 1600
60 +14 196 62 o T >
- 3 200 40 -10 100
14 -3 1024 0. ] 430 =
a=t)) £x=0 | mP=6s00 | Er=500 =0 =
ZX =460 y=0_ 5% = 5968
= XX 460 »
Batsman A: X=T=W=46’ Batsman B: 'Y=25.529=50
b (VN 10

Since the arithmetic mean is higher for batsman B, hence batsman B is a better scorer.

Tx? 6500 2

= J_ = ’_ = P> 5968

c I m 25495 o= s ]_0 =24.43
4-Cl

o 25.49
o - o 24.43
¥ 6 x100=55.41% C-V-—-==Tx100=48~86%

Since, the coefficient variation i
n .
consistent. is less for batsman B, hence batsman B is moré

Goals scored by two teams A and B in a football session were as follows:

No. of goals scored: 0 1

No. of matches by A: 27 9 : :

No. of matches by B: 17 : 2 ;
9 6 115 2

ariation in each case, find which team MY s

considered more consistent,

jersion:
l : 257
_‘ﬁﬂm A: '
_(goals) (No. of matches)
0 27
~7 9
8
5
4
= N=53
= Xfd
X=a+ 2oy Ny ho4mi0s

53

1.309

1.06

-2 -

d=X-4 o &
=2 34 68
-1 -9 9
0 0 0
+1 5 5
+2 6 12

Bfd=-32 S =94
= Zfdx
= X=A+—f =2—2=2—048=1.2

0

N 4
= fﬁ_(z_ﬁf]’ - 21(_3_2)
N N Vao (40
=\[2.3S—0.64 =,ll.14=1.307

/MforTeam B = 2. x 100 = 1307, 100=108.9%
X _ 12

i€ coefficient of variation of Team B is less than-team A, so team B is more

€ value of C.V. does nof exceed 100% but in Z-shaped distribution, the value

ds 100%
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actory X

- i in two factories X and Y: F.
Example 37. You are given below the daily wages paid to workers s/d* ~ ( Z_fa’)z actory Y
Daily wages No. of workers N o= Xf\dz _(Zfa\?
= Factory X Factory Y N T
25 -
- — 40 7 = [562 - (~15gY?
13—14 | » i = 192)
1415 4“4 o0 22401225 =1.445 om
| = 93-0 >
15—16 60 35 S 100 677 21,504
L ——— e T g
X o
o e o] iren | fTX CF =St
17—18 4 _rigigel 1455
= Iy et =——x100=9.60% 1.504
18—19 7 5 '15.15 o =mx100=10.25%
s the coefficient of variation is less for factory X, hence

. i answer the following:
Using appropriate measures, answer factory X has more

(i) Which factory pays higher average ‘wages?

(if) Which factory has a more consistent wage structure?
we have to compute the arithmetic

‘wage structure.

of the monthly wages paid to workers in firm A an

dustry gives the following results: d B belonging to the

Solution:  For finding out which factory pays higher wages, t
means and for finding out ‘:/hich fact&_)rg hals a more consistent wage structure, we Firm A Firm B
have to compare the coefficient of variation: rm
Calculation of X and C.V. 500 600
Wages | M.V. [d=m-A4 Factory X s Factory Y ra m‘;"‘vﬂ“ly wage (Rs.): 186 175
g s\ 2| S S I iance of distribution of 81 100
12—13|125| -3 15 | -5 135 25 =175 225 !
14|35 -2 | 30 | e | 120 | 40 [ -s0 160 ich firm pays a larger wage bill?
1a—is | 15| -1 “u | —u “ 0 —60 60 vhich firm is there greater variability in individual wages?
15—16 [ 155 0 60 0 0 35 0 0 the combined mean and standard deviation of wages of the two firms
16—17| 165 | +1 30 | 430 30 12 +12 12 i Sesther.
17—18 [ 175 | +2 14 428 % " ) P 1 fge bill of firm A
1819|185 | +3 7 +21 61 5 15 45 : X= %
N=200(5fd=~70| 5742 = 448 |N = 192 | 5d = ~158 | 5fd” = 56 otal wage (ZX) bill of firm A = X x N =186x 500=Rs. 93,000.

wage bill of firm B

@ TncoryX Factory Y
Tog o 70 o
Xodt = olss—on=1515 Foar 2B _ 155 158 1467 I
; E PN SILBIIE 192 3 N
Sirce, the arithmetic mean is higher for factory X, hence factory X pays highe" Wage (ZY) bill of firm B=7 x N =175 %600 = Rs. 1,05,000.

average wage.
i > firm B pays larger wage bill.

0
¢ |
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. ; variability in individual wageg
i ch there is greater d
¢ the firm in whi

Lhidroe ient of variation:
® we shall compare the coefficien e
FirmAa - C.V.=%xmo
cV.=sX%
X

& 20s = F=
2 _glmc=+81=9, X =186 Given: O =100=0=10,¥ =175
Glyee =% : 105 100=571%
9 100=4.84% Cg =z 007> 11%
- C-V'A=EEXI =4

Since, the coefficient of variation is greater in case of firm B, there is greater
1nce,

variability in individual wages of fim B..
i ined Mean and Standard Deviation.
o e NI +N X, 500 186+600x175
o N X +N, X, 500x186+ 6007 P

Xo=—N TN, 5004600
_ _93000+105000 198000 _ . - e9
2S00 1100

d=X,-X,,=186-180=6 = d} =36
&=, - Xy =175-180=—5 = d} =25

v ﬁv, 62+ N,02+ N, d}+ Ny dj
%r= A
[500x 81+ 600 x 100+ 500 X 36+ 600 % 25
o 500+ 600

_ ’4osoo+6oooo+1sooo+1sooo
- 1100

= % =4121.36 =11.01

Example39. Given: sum of squares of items=2430, X = 7, N= 12, find the coefficient of variation-

Solution:

Given: X2 =2430,X =7, N=12

=/&’ %y’
o= |-

e
0=\ T7 - ={535=1238
cv.=2
%100

_l2.3s
=== x100=176 853

rsion
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.9
and Y scored following runs in differen j,; :
ﬂie two is a better scorer? Who is more ¢q "ings they played in o test series.

nsistent batsman?

12 115 6 73 7
o 12 76 42 4
[Ans. X =50,0y =41.83,CV., =

‘ 83,65;7=33,0y
" Batsman X is a better scorer; Batsman Y j
ng is the record number of bricks laid each da

, the coefficient in each case and discuss th,

=23.37, C¥y =170.81
S a consistent batsman]
y for 10 days by two layers A and
e relative consistency of the two

1

675 725 625 650 700 650

. 700 600 T
50 600 575 550 650 600 550 525 625 600

e-values in respect of worker A is decreased by 10 and each of the values for
sincreased by 50, how will it affect the results obtained earlier?

ple 43] [Ans. X, =667.5,6 ,=37.15,C.V.,=5.56%

B X5=5825,6,=37.15,C.V.5=6.38%]
d by two teams A and B in a footfall session were as follows:

scored: 0 1 2 3 4 5
by A: - 15 10 7 5 3 2
s by B: 20 10 5 4 2 !

ch team is more consistent.
E, [Ans. C.V. for A =102.06%, C.V. for B = 124.6%, Team A is more consistent]
0duces two types of electric bulbs A and B. In an experiment relating to their
Wing results were obtained:

th of life No. of lamps No. of lamps J
hrs.) (A) (B)
00—700 s c
900 11 30
—1100 26 i
~1300 10 _—’-l———’
01500 3 4J I —

v electrj s - ‘
Clectric lamp do you prefer? Give reas K CAV:(B)=2J.:1
. As C.V. of A is less, s0 lamp A is preferre ]
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the following data is given:

5. Fortwo firms A and B beloriging to the same industry,

No. of wage earners:
Average monthly wage (Rs.):
Standard deviation:
() Which firm A or B pays larger am 2
(i) Which firm shows greater variability in the wage rate

i § i two factories taken together.
(iii) Find the mean and S.D. of all wo[rk:r: (‘3 tFI:m B, (i) In firm B, there is greater variabiliy,
(iif) X1 =49.87,61, =10.8

Quartile Deviation, Mean Deviation and Coefficient

ount as weekly wages?

6. From the following data, find out Range,

of Variation when mean of the distribution is 374.
X: 0—10 10—20 20—30 30—40 40—50 | 50—60 60—70
S 2 7 9 11 o 8 6

[Ans. Missing Frequency =7, R =70, Qi =23.809, Q;=59.8,
Q.D.=13.995, S.D.=17.04, C.V.=45.56%]

7. 1£20 is substracted from every observation in a data set, then the coefficient of variation of
the resulting set is 20%. If 40 is added to every observation of the same data, the_n }he
coefficient of variation of the resulting set of data is 10%. Find the X and ¢ of the original

set of data. ™ 7 s
o .,
[Hint: See Similar Example 57,20= }X_ 2 =Tl [Ans. X =80, 6=17
8. A fund manager is considering investment in the equity shares of one of two companies. The

criterion for ing the company for i is consil of return on net worth. The
following data have been collected: i

.Financial Return on Net worth (%)

Year | "Modern Industries Ltd. (MIL) | Pioneer Industries Ltd, (PIL)

2001—2002 19 2

2000—2001 20 2%

1999—2000 16 %

1998—1999 13 15

1997—1998 12 -
You are required to identify the company in which th st
[Hint: See Example 58] y e fund manager should inv:

[Ans. For MIL : ¥ = 16%, o = 3.16%, C.V. = 19,76::
ForPIL: X = 17%, 0 =4.73%, C.V. = 27.3;‘]
MIL is more consistent and investment be made in M

jent of variation of wages of mg]e G
3 . rkers ang
cent respectively, while TS and femg],

Jez:/eraﬁ averag); Wagest:: Sl‘la"dard deviations gre 2§ (;vof zers are 55 per cent
all workers given that 80 pe'r ;ﬂ‘ 1 ]f;t respectively,
ntof the workers are
[Ans. ¥}, =36.4)
per employee for

of employees, wages per em,

; ployee and var
are given below: ariance of the wage

on of wages per employee?

ngly noted as Rs. 120 instead
ry B?
=4.71 B is more variable (ia? =5, 96

factory B, the wages of an employee were wro
What would be the correct variance for facto,
[Ans.()CV. =2.5Cv,

URVE

;,method of studying dispersion. Lorenz curve was given by famous statistician

renz curve has great utility in the study of degree of inequality in the distribution
between the countries. It is also useful for comparing the distribution of

over different business groups. Lorenz curve is a cumulative percentage curve

entage of frequency (persons or workers) is combined with the percentage of other

ome, profits, wages, etc.

of a Lorenz Curve

are used while drawing a Lorenz Curve:

Ofitems (variable values) and frequencies are both cumulated. Taking grand total
85100, percentages are obtained for these various cumulative values.

‘& frequencies are plotted on X-axis while cumulative items are plotted on the

We start from 0 to 100 and both X and Y axistake the values from 0t0 100.
line Y=X joining the origin 0(0.0) with the point P(100, 100). The line

line of equal distribution. Any point on this diagonal line shows the same

.hges of the cumulated values on the graph and a curve is obtained by

t points. [t is called Lorenz curve.

i G{L"Nﬂz curve to the line of equal distrib|.}tio_n show:

ger the gap between the line of equal distribution

ation,

nples illustrate the procedure of drawing a Lorenz

s lesser variation in the
and the Lorenz curve,

curve:



Measures of Dispersq,,
/ //__-——————K

264
Draw a Lorenz curve of the data given below:

Example 40.

Cumulative Cumulatiye

Solution: pow——— Cumulative No.of otal percentage
income |  percentuge | persoms L 80 80
ot 100 80 S X100=3)
% 100 22 xq00=5 250
o 7 150 150, 100
20 300 300, 00=15 2500760
2000 ~ 200
— 0 70010035 50 ﬁx|00=sn
2000 o 230
= 1200 ﬂxll\hsﬂ) 30 mxlm:o:
2000 7% 250
r 2,000 2000 100100 » 5p°<100=100
2000
e f ] =t
Z A
| f 2
$ « .
§ ®) d"?f e’
o J
g s &/ £
20| x
w /" |
U ERIRD® DO N W
PERCENTAGE OF PERSONS
Example 41. Show incquality in wages intwo different firms using Lorenz curve from following dzt4
Wages Rs.j: 3670 | 7090 | 90—110 | 110—130 [ 130150
No. of workers in firm A: 20 15 25 20
No. of workers in firm B: 130 100 90 110 50
Wages | Mid- | Cumu- | Cuma-
s :: I.“' ":‘ No. of hc-: Camu- | No. of cﬁu:: Cuws
workers| lative | tative lative | L |
towal | 9 total ot
50— | e ot 1 20 20 3
—— 20 150 -
2091 8 | 1 | 2% | s T L s
35 100 250
010} wo § 20 [ | 2
S5 1 s | o | aw | @
no—wsol 1 | 3@ | m | o — .
— & &0 110 450 >
130-150] 140 | sw | e | ap e -
) 50 500
:  The are =
Note percentages mw&mu "

o

on
265
0
w
2
w
o]
w
2
=
w
Q
@
w
a
i PERCENTAGE OF workesn
y
obvious from the above figure that inequalities in the distribution of wages are
in Firm B than in Firm A. =
- '10
wing table shows number of firms in two different areas according to their annual
t the data by way of Lorenz Curve.
rupees): 6 25 60 84 108 150 10 | 400
A: 6 11 13 14 15 17 10 14
B: 2 38 2 23 33 2 12 4

0f 9,400 Indian families according to income size is given below. Show
the distribution of income by using Lorenz Curve.

0—1000 1000—5000 5000—10000 10000—20000 | 20000—40000

1343 4210 1892 1,460 490

mid-value of class intervals) o '
€ to compare the extant of inequalities in income distribution in two groups:
0
(Rs.): |1200—1400] 1400—1600| 1600—100| 1800—2000 2000—2200{ 2200240
480

in Gr.A: 800 960 1040 600
nGr.B: | 4300 6400 9600 3600 | 8000

[Ans. Inequalities are more in Gr.A than

Gr.B]
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LVED EXAMPLES

MISCELLANEOUS SO of dispersion for the following data:

Example 42. Calculate an wenk (inRs) | No.of wage earners
[ ages por e .
Jess than 35
3337 o
3840 2
4143 -
over 43 4
. o ended classes. One is less than 35 and the
Solution:  The given mwdrmmmbedmmined. Therefore,
mris-ow:rl! . ‘l'll:"“‘d_ ."_'m & '-‘QD‘MmlorQ.D.
the approp oy Dndati
Caleul of Quartile
‘Wages (Rs.) I L
Less 35 L) L
3537 6 76
3540 99 175
4143 18 193
Over 43 7 200
N=200
Location of 0,
Size of 0, item -%= 2%’ i.e, 50t item which lies in 35—37 group which afier
adjustments becomes 34.3 or 373,
N
Y i
Now 0,=1+ 7 i
ss3 00 H L,
4

3 7
=u5¢6x3=3¢s+6=35“
O, =3366
Location of 0,
i 3N 3x
Size of 0, h'7th;“;glmhm
.djumbuu-ns-du,

33 °375+224=3974
ion of Q.D. and its coefficient

—25-01 _39.74-35.6 4.08
QD"T‘$=\=2.04

e oo

fent of Q.0.= 22 =@ _39.74-35.66 43

following is the record number of

03+0,  39.74+3566 754 54 approx.

bricks laid each day for 10 days b
A and B. Calculate the coefficient of " = Mg

f variation in each case and discu
€ consistency of the two brick-layers. -

700 675 725 625 650 700 | 650 7

00 600 650
550 600 575 550 650 600 550 2:

lies in 3840 group which

S 625 600

for A were in every case 10 more and those of B in every case 20 more
given above, how would the answer be affected?

Calculation for Mean and Standard Deviation

Brick-layer A Brick-layer B
X _X-700 w? ¥ _¥-625 o2
‘ S ¥
700 0 0 550 -3 9
675 =1 1 600 -1 1
s 1 1 575 -2 4
__625 = 9 550 -3 3
650 =2 4 630 ! !
00= A 0 500 =4 ! V
650 =2 3 550 ~3 *
700 0 0 525 =4 L
600 s s 625=A 0 9
2 4 600 2l !
= -17 51
-13 39
er A:
5, = Yde' .
X=4+ Xi
N

=700- 3 x25= 700 - 32.5 = 667.5 bricks per day
10
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2

-

given data is in cumulative frequenc fo
imple frequency data. Y form. 1t Should first be converted into

ox ="y Calculation of X, M, Z and g
s mv. ] 4 e
( ) «25=B9-1.69 X25 (m) e=L | [ T
.
4 295 20 | 5 T
T1x25 = 1.486 x 25 =37.15 —= 1 2 S e
=J .21 20 395 -10 ) ‘T\ 4
_9x 100=208 x100= 5.56% 38 Jaos=al o | o o T——t 2|
CV.(A) =5 x10=E25 24 595 | <10 \IA-O\ g
= 24 2| g |
BrickJayer B: 10| 695 | + *\27T:+
.
7 =625 1 x25 = 582.5 bricks per day 2s lud 3 2 | 3% T o]
10 S T T
=28 | 1o 136
—_— |

51
X25
or= [10 (10)

=2.21x25=37.15
37.15

I 28
N x1-49.5+mx10=3243
N 100

C.V.(B) ———SX“’O 6.38% i n: Size of median item =7 =5 =0hitem which lies in the class 44.5—54.5.
As the coefficient of variation for brick-layer A is less than that of brick-layer B, N,
brick-layer A is more consistent. — c. .xi
(ii) If the figures forAmeverycnsewmlOmomanddmtofB were 20 more, the 7
arithmetic mean qumllmmsebleandﬂmofBbyZO but the standard el -
deviations of both of them will remain unchanged.- M=445+ 3 x10=44.5+§x10=44.5+6.84=5134

[+ S.D. is independent of the change of origin] o
= AM.of A will be 667.5 + 10 = 677.5 bricks per day
and A.M.owaillbeSSZ.S+20=602$bﬁcksperdﬂy’

By inspection, mode lies in the class 4.5 — 54.5

Z=1+ xd
Coefficient of variation of A will be = Lk wa 5. 48‘7 Py A
=201, = A
575 A, =38-20=18, A, =38-24=14, i=10

15

and weﬁdmofvlﬁlﬁmowaﬂlh—mxlob 616% =

Z=445+
18+14

8
x10 =44.5+l—x10
32

180

Afier the change also brick-| lnyurAmmnmsmonconnmﬂunbrwk'lﬂyerB =445+ - 44.5+5.625=50.12

Example 44. Calculate arithmetic mean, median, mode and standard deviation for the following |
series:

N N

136 ﬁ) x10
100 ~ {100

= ./T36-0.0784 x10= /12816 x10=11.32

Daily wages (Rs): 0345 | 0445 | o—sa5 | o s | o745 | 0—8¢
No. of workers: 4 2%

- 62 86 96 100
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owing results were available:

i foll
of obscrvations the

Example 45. For two groups - -
T(¥-5)=8 T(X-8)=-10
T(x-57=40 T(X-87=70

Ny =20 Ny=25

d the mean and standard deviation of both the groups taken together.
Fing

: Group It
Solution L sd, Sy x-5)=8
Tdl=T(X-57=40
= Zd _, 8 _sq0
).=A+T—5*20

o BB
Group II:

Let X, =E(X-8)=-10
Ydi=Y(X-87 =70
X d, ('_w)-']s
X, A+T-8+ > .

2 2 2
oue [ () CNEDRP
SRR 25 {25
) S _N,Y,+N,X’,_zoxs.w+25x7.s_
Combined Mean(X , )= N+, 20725

) _ [ MO+ Nyol+ Nyd} + Noyd?
Combined $.D. (6,,)= T

4=X -X,=540-662=-122
4,=X,-X,=76-662=+098

[200.36) +2501.62)° +20(-1.22)? +25(0.98)°
| 20+25

6.62

0=

=,/3.476= 1.864

Example 46. “After settlement the average weekly wage in a factory had increased from Rs- i‘;ﬁ
toRs. 12,000 and the standard deviati i d from Rs. 100 to Rs. 150-

senlemenllhewagehnshmhiﬂwtndm‘liﬁln'ﬂoyww?

/. before settlement = 100 %100=
/. be 8000

/. after settlement =

jon 4 !
a1
=125,
s
12000 “1%0=125%

, there is no change in C.V., there isno im

. Provement in uniforms
ct a continuous frequency distributio, iformity,

ous classes will be 70—90, 90— 110, 5

Jowing table showing weight (in grams) of SrflJ e::al:lliecsl:aSS el of 20 for the
i 0 103 89 75 98 121 110 108 93 128
85 123 13 92 86 70 126 | 7 139 | 120
129 119 105 120 100 116 35 99 114 | 135
1 141 136 123 90 Us | 18 | w0 | 7
. 107 81 137 125 | 184 | o | g 87 | us

calculate the coefficient of variation of this distribution.
value is 70 and highest is 205. We have totake aclass interval of 20, The
nd 50 on up to 190—210.
F‘Weigln (in grams) Tally Bars
70—90 NN
90—110 N
110—130 NN N
~ 130—170
. 150—170
- 17019 ]
‘ 190—210 |

it

Calculation of Coefficient of Variation

s M.V. d & st i

1 80 -60 -3 -3 2
10 1 100 —%0 -2 S “
Bo 19 120 -20 -1 -19 ‘:
;m 4 140=A 0 0 0 !
I 1
(‘,’ 1 160 +20 +l . o

3 180 +40 +2

+3
1 200 +60
N=50
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o x .'=140-§5"20= 1144
TS

2
. "? 184-(=64)" 59
£ (Ef:_) xi= (50) .

X=4

VN 50
= ,j368— 1.6384 x 20=28.5769
c _28.5769x100=24.97%
Cocfficient of variation = 54 x100= /l a4

5 iation is 21.2. W),

- series is 58%. The standard devia at
jent of variation of a series is

Example 48. The coeffici

is the arithmetic mean?
cv=°=x100
Solution: Y
=_ O
= =7x100
21.2x100

Mean ()= — =366

ing ni i ival the highest sale of a shop was on Sunday and was
R ![{):r:(lig ;ol::t::):;sd: :vf:;dslceforlﬁm days. If the standard deviation of the sale
dm-mgtheﬁesuv-l is33.33, find the standard deviation leaving that the highest sale.

’ X-X) =
Solution: G = &——N—L (Formula of S.D.)
’Z(X-Yf
33.33 i

= hz=-‘%xgx9=lom [-x=X-X]
Stmdayvl.lu=}+?_0
x=X-X
=(X+90)-X=90
Snmofdnesqmufdevinimmhdingﬁundly.
=10000~ (90)* =1900
)2
o for 8 days = _LX'—X) i '

Im n:
= T=J2_BTS=15.4 i
Example 50: If the mean and standard deviatj of 75 ob: ions is 40 an respectively: find
ﬂnenewmmlndlmduddwiahif ) servalmuwgﬂ_l E
() Bach observation is multplid by 5. Loy
(i) 7isuddadmeld|m

rsion

273
9 New X =200, New =40
~ The reason is that the change of scq, affe s
| New X =47,Newo=38 <15 the value of by Xandg,
The reason is that the mean is affected b - .
. affected by change of origin, Y change of origin but S.D. is pot

ations of aseriesare 4, 6,8, 12 anq |5 Their
4 i P mea w
4 fegpecnvel_y. Make such alternations inthe terms ;fat':]: Z?Fdard deviation are
1d new mean is 50. Ties that new S.D, js
en X =9,6=4
ies with new S.D. is obtained when each observations S
. . ons is . :
ation will also increase the value of mean 5 fimes. In lhel;iTeL:izg:: li’) Sf This
ation is multiplied by S, the mean b, s xample, if each

€comes 45 and S.D. b 2
is that change of scale affects both mean and stangarg deviggenes 20- The

r manufacturer is considerin,

g the production of a new style of collar to attract
men. The following statisti

cs of neck circumference are available based on
nents of a typical group of college students. Compute the SD and use the
1(X +30), to determine the largest and smallest sizes of collars, he should
order to meet the needs of practically all his customers, bearing in mind, that

e 'worm, on average a inch larger than neck size.

: | 125 | 130 [ 135 [ 150 | s [ 150 | 155 [ 160 [ 165
| [ v 150 & [ » s 1 ]1]

0.5
145 - d'=(X_fA)
-1 i
r & Fad f fir?
4 -4 16 -16 64
19 3 9 57 17
X 30 2 4 60 120
63 2 1 63 63
66 0 0 0 709
29 +1 1 2 =
18 +2 4 o 3
9 3 .
1 +3 16
16 4 e o
N-lz:n = =14 | -5 |




nonthly wages (in Rs.) of 100 Workers are distributeq as fol],
Ollows:

N=100

62+x+y=100
x+y=100-62=38

p?dinintervals
_erdthmhe Z=1+ A Xi
114,

e 27-x

©256.25=200+ ————— 100
: Q-0+ @i-n "
125200 = 2700—100x
; 27-x+27-(38-1)
5625 2700-100x

27— x+27-38+x
56.25 < 2700-100¢
16

25 x 16 =2700—100x
9002700 =— 100x .
© =1800 =-100x -
©__ 1800
X=——=
7100
 X+y=38=y=38-x=38-18=20
~ x=18and y =20

where, A, =| £, —fols Ay=lfa-fol

[ y=38-x]

18
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Now, in order to find out 9% variati

70+79+61+90+ 50 350
\

on in the distribution, we have to find out ¢, 70

60+60+60+60+60 33
el il

A+_7:fix, 250+—ox100 =280 -

co-efficient of variation. 5 =29_o
3
e 7 M.V. (m) d & i fa 53+61+47+ 71442 2574
=227 AT+ 42
| ®) | T T ] / e B
100 12 50 e : g deviation (
0— - = 5 "100 AT ~18 18 dard deviation (o )
100— —— | 2
00 |21 | 2s0=A 0 0 2‘:) 0 HOFEN (207 i
) PO R0+ (=200
300400 | 20 350 100 1 -2 20 5 =T =124=1387
200500 17 450 200 2 - 8 AL =
- + 3 50 300 3 18 54 dard deviation (6 3) = E =0
= BTN |-
N=100 2 B
o devistion (o) = %
§

Example 55. The following table shows the marks obtained by three students A, B and C inan

o
7.=Z x100=
Cr=gx10="5

‘de'z Efd = 2_05_ 3°
100 100

530.05

=,106.41=1032

3.87

fficient of variation (C.V.) = }x 100= L

87
[ X100=19.819
208 009X100 1.99 x100 0 81%

1.4107 x 100 = 141.07
07 x100=50.38%.

mclentofvananon (CVv)= —xlOO 0%

S CO ﬁiclent of variation (C.V.) = 04—382x100 18.83%

t is clear from the above data that

most oonsistent asin his case, the coefﬁcient of variation is the least.

Student

L Subject—

Maximum marks in each subject

800 700 900 600 1000
5 S; S3 S Ss

eviation of Rs. 3,000. What will be the mean and standard devmxon ifall

& & 500
560 553 549 540 5 are increased by (i) 10%, (ii) 10% of the existing mean?

B 480 420 540 360 60 pohcy would, you recc d if the g t does not want to have

c 424 427 423 426 420 { ed disparities in wages?

Determine which student has shown (i) most consistent performance and (if) mo*
inconsistent performance,

g all the salaries by 10% = multiplying each salary each by 1.1. Hence, the
a0 is also multlphed by 1.1. Since, S.D. defends on change of scale, S.. is also
ed by 1.1.

Solution:  The given data has been shown below:

e ‘When all salaries are increased by 10%, the S.D. also increases by 10%.
‘ Student s ]S s Average | Standard is increased by 10%, the mean is also increased by 10%.
L Subjectos T [ S| S S5 | o marks | deviation 8 all the salaries by 10% of the existing mean = Adding a constant amount
A 7017 )6 |9 ]| s 70 13.87 m
=2 oo TaTaT ot - . Ve depen dent of the change of origin, it will remain unchanged if each sal:;y
I < s lalelolre — — w by 10% of the mean. But mean will increase by 10% of the original me:

N
it showed increase inthe

igement do not want to have increased disparities,
Ethe workers by 10% of the existing mean.




)

ample57. 1f10 is subtracted from €V

lution:

(20X - 100s) - (10X — 100s) = 200 — (- 200) '
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nd manager. is considering investment

i stori i .
ies. The criterion for selecting the com N the equity shares of one of two

ery item in a data st then the coefficient of variation of ¢y,
pany for inve;

jtem of the same data set then the

ata is 20%. 12018 added to every I o ke

s on net worth. The following da
T ?f :riation of the resulting set of data is 10%. - = g data have been collected:
. o 0uimd to find out the coefficient of variation of the original set of data, Year = 7 Retarn on Net worth (4)
T G b'e i
Yonare el o tandard deviation of the original data set be X and s. ocern s L (UL | Pioner ndusr
Let the average an : » 19 fes Ltd. (PIL)

xx-10_ X _NO_g_jo
Averageofa}litems‘x—lo S A AT A

Standard deviation ofall items ‘N—10"=5" ! :
because the value of standard deviation remains the same if each observation

is is >
EII: series is increased or decreased by the same q‘,’a"th) 1
A s . . e . . .
Qiveis }_{-mxwo_ 20 required to identify the company in which the fund manager should i
e 307 200 Industries Ltd. (VIL): VeSS,
= 5=20X -200 4 _
o 20%-100s=200 () ean return on equity (y=ZX _19420+16+13+12 80
- $(X+20) EX_N20_» = ; N 5 s 7
Average of all items X +20° =———="7= "~ X+20 1
N N N Lo dard deviation (S S(X-X)* |2
Standard deviation of all items X +20" =5 eviation (§.D.) =| ————

(This is because the value of standard deviation remains the same if each observation

in a series is increased or decreased by the same quantity) -

Given : =———x100=10 . B
wven X+20

=[(19_16)2+(20_16)2;(16—16)2+(13—16)2+(12—15)2]lz
5

= 100s= 10X +200 =3.16% (approx.)
= 10X —1005=200

sl nation () fous euaion ), W e 25t

3.1

ol fficient of variation = % x100= —1‘?6 x100=19.76% (approx.)

P 3 ' .o ZX _20+24+16+15+10
A = . X:ﬂ:«] mOﬂegulty(X)=7=___S’=§5§=l7%
if 10 ) ]

Putting the value of X in equation (if), we get X -TY T

10(40) - 1005 =—200
400-1005=-200

- 1

' g ; =[(20-17)’+(24-17)1+(16—17)2+(15—17)3+(1o—17)’12

S e B LEREESUREOUS S
T

=4.73% (approx.)
4.73

/. Coefficient of variation of the oripj
' e original data set: .
=S y00=8 ata set: fficient of variation = S._]_). 1002 Px100- JA—
i Dokl °=Ex10,0=,15% : : ; .
- ; In »q‘j %ef?Cient of variation for MIL is less than coefficient of variation for PIL,
{ Sl:freld.that profitability of MIL is more consistent than PIL. Hence,
d

fould be made in MIL.
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MULAE
1 IMPORTANT FOR!

’

ed Standard Deviation

N6l + N g2 5
& O = 1 203+ N, d

N|+N1
=X, -Xp and d,=X,-%,,

> 1.Range

Range=L-S
_L-§
Coeff. of Range = I+S

+ N2d§

nt of Variation
> 2. Quartile Deviation

o
CV.==x100
_0:-0 X
QD.==2—*=
2
;-0 . 2
L OF QB ——— Variance=(S.D.)
Coeff. of Q 0,40, :
< o G = +/variance
> 3. Mean Deviation
For Individual Series:
or . 10|
D.=—
For Discrete and Continuous Series: . X
R 371D| ear by dispersion? What purpose does a measure of dispersion serve? .
N ! the various measures of dispersion. Explain the relative merits and demerits of
Coeff. of M.D.= M.
Average
> 4. Standard Deviation
For Individual Sﬂifl : coefficient of variation? What purpose does it serve? Also distinguish between
e Z(X-X) . Actual Mean Method coefficient of variation.
N nge, interquartile range, quartile deviation, mean deviation and standard deviation.
. $d* (Td)? their merits and demerits.
(o= N ( N )  Assumed Mean Method n. Discuss the merits and demerits of different measures of dispersion.
B $d? (zd ) o
(iii)) o= - |\~ X i : Step Deviation Method

For Discrete / Continuous Series:

X-X)
@ o= 2L - ) . P

gatant is subtracted from each score in a series, what will be its effect on X and ?
. _|Ef® (T )? 3
gz T_(T) : Assumed Mean Method
P D 7 T
(iii) o= B ( S ) Xi  :Step Deviation Method
H_




—_—

Measures of Skewnegs

o INTRODUCTION

- 1cced the measures of central tendency gng
g ters, we have discussed
In the preceeding tWoO chfp y

isati ison with each ot}
i summarisation and cpmgansyn i
jispersion of freq f:zl‘h:;(:;beafrequency dismbutlt?n in the sense th?x therg
These measures, however, do not adequately B citon Yt 4 e

e e o mean and stan 3 ;
could be two or more distributions with the sam® ution. This implies that there is need t

. ttern of distrib
from esch ather with o538 © 000 e disibution. Thse messure are v asmeaur
evelop ures

of skewness.

KEWNESS
e el eans lack of symmetry in 2 frequency disu'ibutiol_l. Skewness denotes the
de “:,:d‘:lp:-(;v: :;san;isuibuﬁon from symmetry and reveals the directlonv of §ca1em.ess ?f the
mi:e It gives us an idea about the shape of the frequency curve. When a distribution is not
lsymn;elrical it is called a skewed distribution. Skewness tells us about the asymmetry of the
frequency distributiom.

O DEFINITION OF SKEWNESS
definitions of sk are given below:

from sy

Some imp

y of: adistribution. *
. —M.R. Speigal
ical or skewed.
~~———Croxten and Cowden
3. By skewness of a frequency distribution, we mean degree of its departure from symmetry.
~———Simpson and Kafka

1. Skewness is the degree of asy ry or dep

ical, it is said to be

2. When a series is not sy

O SKEWNESS AND FREQUENCY DISTRIBUTION

. The concept of skewness will be made more clear from the following diagrams showing 2
symmetrical distribution, a positively skewed distribution and a negatively skewed distribution.
(1) Sy ical Distribution: Ina ical distribution - Symmetrical Distribution
or symmetrical curve, skewness is not present. The values of
mean, median and mode coincide, i.e., X = M = Z. The spread
of the frequencies is the same on both sides of the central point of
the curve.

X=M=Z

ed pistribution: A distribution Whic]
called skewed distribution or asy,

skewed distribution may be cither

ively skewed.

Skewed Distribution: If the longer taj]

f distribution lies to the right of the cglittx}'] P]
a positively skewed distribution, 2
ely skewed distribution, the value of the mean
an median and median be greater thap mode.

h s not
Mmetricy]

Pnstively Skewed Distribution
Positive]y

y Skewed Distribution: If the longer tai] of
irve of the distribution lies to the left of the
called a negatively skewed distribution,
1y skewed distribution, the value of the mean
M4 9

an and median be less than mode, i.e.

BETWEEN DISPERSION AND SKEWNESS

of difference between dispersion and skewness are given as under:

oncerned with measu

co ring the amount of variation in a series rather than with

concerned with direction of variation or the departure from symmetry
——y 50 —_— .
us about the composition of the series whereas skewness tells us about the

ispersion are based on averages of the first order such as ¥ , M, Z, etc., whereas
are based on averages of first and second order such as X M,Z,0,etc.

4 = Z, then skewness is absent in it. On the other hand, if the values of mean,
¢ not identical, ie., X # M # Z, then skewness is found present in the

i Quartiles from the Median: If in a distribution, the quartiles (0, and 0;) are
he median, ie., Q3 -M=M=-Q,, then skewness is absent and if
N skewness is present in the distribution.

ata: When the data plotted on the graph paper givesusa }Jell shaped curve,
0 the other hand, when the data plotted on the graph do not give the normal ol
e two values of the curve are not equal, then skewness is present in the
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L Calculation of Kar| Pearsong Coeffigi
™ Height s Clent “l'Skewness
y . ®
MEASURES OF SKEWNESS " extent of asymmetry ina series. T, E
a £ akenness help us1o find out the direction 1nd XY in the units in which . %
Mwm or relative. The s 'Mﬂ'-;“u of skewness. The measures whic, 39
may hm are expressed are called absolute are called relative measures of skewneg, T0A
— om.:wnmhn form ofnﬁﬁ'(:‘m of skewness are useful to compare 1, 51
also cal coefficien
Relative measures of skewness, = 62
skewness of two OF mOre Series. e . namely 63
There are three imp
Pearvon’s Method - —
(1) Karl c X=A+%=60+ls_8=60-.0%q_
(21 Bosfag's Bl N 163 969 = 60,969
(3) Kelly o on E_(M\)z‘_ W
's Method _ ‘ i : ; ,j v W) Ve ﬁ)
a (1') PC-:M " o arithmtic mean (¥ n:“,(z), median (M) and standarg L 1 \ E\JGJ
deviation (& ). Karl Pearson has given the following - =J3-°lﬂ4—0-9395=\;2.0739= 14413
Absolute Messure of Oocfficient of § 2 ion, mode is 61 (as its frequency is maximum)
T sgeX-2 Coeffcient of Sg === X =60969, c =14418, Z=61
is ill defincd, X-z -
When mode () s dcfned, then | When mode (Z) 51 I(E-W i tofSkewness=—=w
Sy =3(X M) Coctficient of S = 2= : o 1.4413
The value of Karl Pearson’s coeflicient of skewness usually lies between 1. In case mode isll - IO~°31 —— 00215
defined, the value of coefficient of skewness lies between 3. 4418
© Steps for Calculation

's Coefficient of Skewness—Continuous Series
(1) Calculate mean (X ) of the dxmblm Karl Pearson’s Coefficient of Skewness from the following data:
(2) Calculate mode (Z) of the distribution.
(3) Calculate medisn (M) of the diswribution.

| 0-5 T5-10 l10-15\ns-:o\:o-s]zs-so\so-sslzs~ﬂ
- | 2 5 7 13 21 5 8 3
(4) Calulate standard deviation (). - | ) I s T w (s[5
(5) Put these values in the formulae. __Calculation of Karl Pearson’s Coefficient of Skewness
The following examples illustrate the procedure of calculating Pearson’s coefficient of skewness ‘ 7 T \ = \ ar \ 77 F \
o Caleusonof 2 : 2 (2”;) 1 20 _:5 | 8 1 =
Example 1. From the following data, find out Karl Pearson’s Coefficient of Skewness: o = T T =
| Height (in inches) No. of persons 15 7 25 | w0 | 2 [ 8| 28
L] 10 =20 13 s | 5 | 1 | -1 | B
) 0 =25 21 | 25=A o | o | o 0
2 30 =30 6 [ a5 [ 5 | L [ 16
= 2 =4 8 325 0 | w2 | e 2
=
: 3 —_40 3 375 5 | 8 |9 iw
L N=73 \ ElEs




Example 3.

Solution:

Measures of Skewney,

DY 225+£_2x5=22.5—0.6=2l.9

X=A+——-
r -9
zfd,:_fd x'=.}2§_( )xs
=\"N 75
,}25733 00144)(5—./25589)(5—1599)(5 7.995
2025
By inspection, modal class is : T
z=h+ /x:=20+m

2fi— ~fo- 12
=20+?=zo+3.08—23-08

Thus, X =219, 0=7995, 2= 23.08
X-z_09-B8__ 455

Coefficient of Skewness =— 7995 -
Calculate Karl Pearson’s Coefficient of Skewness from the following data:

R e i

is a bimodel series, the following formula for calculating

Since the given series

skewness is used:

3(X-M)
Coeff.of Sg = s
Calculation of Coefficient of Skewness
Wages f MV. d d N4 [ cf.
(m)
300—400 5 350 | -200 -2 -10 20 5
400—S500 10 450 -100 -1 -10 10 15
500—600 10 550 0 0 () 0 25
600—700 3 650 +100 +1 3 3 28
700—800 2 750 +200 +2 4 8 30
N=30 o =-13| za?=41

Toar D s i ss0. 2
X=A+ N X i=550 30><10
=550-43.33 = 506.67

Median lies in the class interval 400—500.

Mo r
15-5 500
Xi= 400+Tx100=4oo+100—

M=1+

287
zfa/'2 zfd,z
Xi= 4‘ 13

30
,[1367 0188x100 mﬂm
50667 Median =500, = 108.6
X - M) _3(506.67 50

%100

=1.086 100 = 108 ¢

cient of S = e =22272500) _20.01
¥ ) 108.6 _m=+04\84
the coefficient of skewness from the following d
ata:
int: 15 20 25
- 30 =
ncy: 12| 18 25 i 33 30

21
first find actual class
point and ; = difference

: ld.pomts of the different class intervals a
by using the formula m+i/2, where, : g,r‘;:: i
, two mid-points. i

2 Calculation of Coefficient of Skewness

ses I Mid-point
e, - m
17.5 12 15
; 18 20
27.5 25 25=A \
25 24 30 | |
7.5 20 35 | | |
4 21 40 s | w5 | v | w
| =120 \ \ St =85 \zf,ﬁﬂﬂ
@ S0 T 85
| ?{=A+%V—xz=25+E>0><5=25+3.S42=28.542

=J2fd’2_(2fd’)2 e PO (Y
N N 120 \120
= 29920502 x 5=2.4902 x 5= 1578 x 5 =789

highest frequency is 25, mode lies corresponding to mid-point 25, i.e., in
DJ
3 Z=1+ A i
A +A,
.225A,-25 18=7,A,=25-24=1,i=5

“Z=22.54+ - x5=225+4375=26875
741

Sk _X-z_2850-26875_L66T_,,
P 7.89 7.89

W degree of positive skewness.




ess
288 [ 5060 15 55=A
] 0
s earson’s coefficient of skew, ] —60—170 10 65 0
Example. Find the meer mode, standard deviation and P sty B 7080 7 O % L
AMPE™ e following data: —5090 5 BT W 0
i i +3 28
[0 | 90100 2 95 +40 Is
[Ne otPeons | > ALy ! ' Rnd S T
it should first be converted into ; ! - fd =
Solution:  Since it is a cumulative frequency s, o 4 X=a+ F i 55292 o e |
frequency series: ] . N 700 %10=55 522 49
= 2=493
N MLY. (m) d g bl Jat i fd? N2
Years lfs :5:"-30— =3 —45 135 ..L o= % . (Zﬁ} Xz 332 52
— 17 15 20 -2 34 68 ‘ e a 100 100) =
;:::g - = 0 1 —19 0 4 = 3.52—0.2704X10=mx‘0
T I5A 0 0 0 0 . =1.8026 x 10=18.02
55 Ty s +10 +1 *19 19 Jlinspection, modal class is 40_50
s 3 5 +20 | el o] L Z=1+ f 1 - 30-20
Toul | =10 il EXEET TR S R
= A+yixa—35+( 55)xw 35— 5.045 =29.95 B —40+ 10:5‘°=40+4=44
W' . &_ “55 efficient of Skewness = X-z_ _H8-44 53 —om
109 109 : o 18.02 1802
4 gr f 20 items, TX =1452, %X 2 =144280 — B
0.2546 x10=2.3967 x10 Sroup O > 280 and mode = 63.7. Find Karl
65‘3 ’s co-efficient of Skewness. T
=1.548x10=15.48 d . -
Byi ion, modal class is 30— 40 cientofskewness=X
Ji—fo " 27-19 8
N Z= —L17J0  yi=304————x10=30+—x10=35 _— = ZX 1452
b A T e 16 '3 X= =726
X-Z_2995-35 : e
. Coefficient of Skewness=——=—"———""=-0.32 e 144280
fent o ST 1548, B ,’—— D L
Example 6. Calculate Pearson’s coefficient of skewness from the following data: "
. 7214-5270.76 = 44.082
Imm]lo|zolso|4o]sn|,so|7o|80 % 2
[No.ofstuents: [ 100 | 97 [ o0 [ 20 [ 40 ] 25 [ 15 | 2 clentofskewness—u=w—0.202
Solution: Since it is a cumulative frequency series, it should ﬁm be converted into simple o 44.082
frequency series. certain distribution the following results were obtained:
Marks s my. d d 1 st 40%,X 25,2=20
(m) D\lt coefficient of skewness.
10—20 3 15 40 -4 12 48 o] c
== =— c=10
2030 7 25 T30 3 1 3 : C.v. %% 100=> 40 5" 100=
3040 20 33 20 32 20 80 ] %
5 - 25-20 5 _1_
4050 20 s -1 =] 30 30 jent of Skewness = 2 = o oz M
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_sg_//—\

; i ther method of .
EXERCISE 7.1 . s has given anov d of measurip )
s cocficient from th following data: (Use Pearson’s Form, and third quartile (05). Itis also calleg fut:r::? o 5 02564 upon megig
ess 0 et] M),
1. Calculate skewn the following formulae for measuring skewness: o “rmeamﬁng skewness,

Bowley's Coefficient Of Skewnes,
s

[Ans. Sg=—2.22, coeff. of Sy =

2. Calculate Pearson's Coefficient of Skewness from the following data:

=nE=n=ary
Profis (Rs. lakks): | 7080 | 6070 | [0 6 3

35
I No. of I 1 I 2 T
[An.?=46-“’ Z=47.86,6=17.08, Coeff. of Sy =— 0,0304]

- l'457] Coeff. of sk = 23+ 0y

3. Calculate Pearson’s Coefficient of Skewness from the following:
|o]10|zo|30|40.|_so-,|so»[70 ™

Marks above: = A
N: of students: | 150 | 140 | 0 | %0 | 80 [ 70 | 30 | 14 0 -examples illustrate the procedure of calculating Bowley’s measure of skewness:
[Hint: See Example 19] [Ans. X =39.27,6 =22.8,M =45, Coeff. of S¢=-0.75)
owley's coefficient of skewness for the following frequency distribution:

4. Calculate Pearson coefficient of skewness based on mean, median and standard deviation
hildren per family: I 0 I 1 2 3 2 3 =

from the following data:
“Age Groups: 010 | 1020 | 2030 | 3040 [ 4050 | '50—60 | 60—70 7;})’:3: [ 7 [ w [ 6 | 2 L | 5 |
No. of workers: 18 16 s | 1z | 10 s 2 1 of Bowley’s Coefficient of Skewness
= - — —L No. of families oF-
[Ans. X=26 app., M =23.67,0 = 17.46, Coeff. of Sy = 0.4] [0} \ il \
5. The daily expenditure of 100 families is given below: ll) 7 ll 1
10 17
[Daily expenditure: | 020 | 2040 [ 4060 [ 6080 [ 80-100 - T = 1‘
[Noofamitis | 13 | 2 |z | [ 6 ] =3 > s
If the mode of the distribution is 44, calculate Karl Pearson’s coefficient of skewness. 4 18 76 |
[Hint: See Example 18] [Ans. Coeff. of Sx=0.237] =~ 5 11 87
6. Find Pearson's Coefficient of sk from the following data: 6 8 95
N=95
[Heightnches: | 6062 | 6365 | 6668 | o071 | 72 z : o —
'menm [ r I T I = T = | 5 wley’s coefficient of skewness is given by
o . +0, -2M
[Ans. Coeff. of S = 0.034] cient of Sy = 9:+0, -2M
Q3 - QI

7. From the marks secured by 120 students in Section A and 120 in Section B, the following

measures are obtained : . . '
0, = Size of (ﬂ:‘_l) item =—,—= 24™item

Section A : X =350, 6=17, Z=32
Section B : X=40.0, =10, Z=30 A
Determine which distribution of marks is more skewed. [Ans. B is more skewed] o 24" item is 2. Hence, 0, =2

395+ =72th item
4

B

D, .
Q3 =S8ize of3—(N—4+—)th item =

10f 72" item is 4. Hence, 0,=4
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95+1 ths
hitem = =~ =48"item.
Mssizeof%(N*‘l) 1 2

smdu‘nhs.umgd‘;"u -

_0:tG -

Coeff. of skewness ==5 5 ™

4_+2,—_2—,(—3=-°-=0
4-2 2

=

of Skewness in Continuous Series
© Calculation of Bowley's Coefficient

iles and median from the fo|,,:
o Dbased on quartiles ant Wing
Example 10. Calculate coefficient of skewness

data:

3040 | 4050 | 5060 | 60—70 [ 7055
Marks: 10 1020|2030 |
{:‘m{m|n|m|u|lo|3s|zs m

Solution: Calculation of Bowley’s Coefficient of Skewness
Marks I ef.
010 0 10
1020 25 35
20—30 20 55
30—40 15 70
40—50 10 30
50—60 35 115
60—70 25 - 140
70—80 10 ” 150_
_N=150
) =%=3%-°=31 5h item. O, lies in the class interval 20—30
—=c.f. —
0==l+4 7 xi= 204275735 10=20+125=2125
Q,=¥ =%xl$0=|12.5th item.,
Q; lies in the class interval 50—60,
1lV-c.f,

112.5-80

0=l +4 =50+ x10=50+9.29=59

Median item =%=%9=75ﬂ.m
Median lies in the class interval 40—,

dven below:

ince it is a cummulative frequency series, first we conye,

293

2f—.xi= 40 5-70
7 Y 10=as

" 0,=21.25,0,=5929, =45

Coeff. of S=22+ Q1 ~2m
QJ"Q[
_ 592942125 24 45
T 59292135
_80.54-90 _g 46
T 384 =m=—04249

ate Coefficient of Q.D. and Bowley’s Coefficient of Skewness from the dat
ata

Inhklu(leutlun):l 10 20 ““
i1+ [ 5[ o 5512

=
EH

. Tt it into simple frequency
= R ——
~0—10 8 3
3 020 12 R
2030 20 0
— 3040 1 20
" 40—50 5 =
e 3 59
60—70 1 =
- N=60

ST 9:-0,
tof Q.D. ===
g O 03+0,

=Size of(%’—] th item = % = 15th item. O, lies in the class 10—20.

27158 )
o=h+4 7 ><i=10+—12—x10=10+5.833ﬂ15.833

 Size of ( % N)th item = % % 60=45th item. O lis in-the class 30—40.

3
—~N=ef- —40
i i 45

=30+ ——x10=35
Q=1+ 7 Xl—39+ 10
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-, _35-15.833 19167 47
Coeff.of QD- =5 5 = 35415.833  50.833

N80 s item.
ftom = Size of -th ftem = 30h

Median
Reef 20
3=t 30-
~ - xi= T x10=20+5=25
M=l + 2 xi=20+ 2
0,40, ~2M _35+15833-205) 0833
Coeflof § =525 —5— = 35-15.833 19167

Example 12. Calculate Bowley's Coefficient of Skewness from the following data:
Xam| . )

1 intheclass 6.5-7.5

Median lies in the class 20 %

e T o e e 1

[Froquenc: | 2 | ¢ [ 1 [
Solution:
intervals by using the formula 7 3

mid-values.
Classes Mid-values s cf.
(m)
0.5—1.5 1 3 2
1523 2 9 11
25—335 3 1 22
3543 a 14 36
4553 5 20 56
5563 6 24 80
635735 7 20 100
75835 8 16 116
85535 9 5 121
9.5—10.5 10 2 123
N=123
0, =si.naf-:!dl imn=¥=30,7s
O, lies inthe class 3.5-4.5.
—'_tf _
0,=1,+-4 iz35e 20752
14
=35+0625=4.125
. N .
0, =size of T‘hﬂﬂ“‘lx:z} =92.25th item

As the mid-values of the different class intervals are given, we first find actual clag
+ & where m=mid-value, i =difference between two

295
IN
P e L
=1 e s 5922550,
/ T
=6.5+0.6125=7 |5

Median item = Size of(ﬁ}h item < 123
2 2= 61

Sthiitem,
fies in the class 5.5 - 6.5,

e,
= 2 . A
M—11+T><i=5-5+6h\_:6

o x1
| =55+02292=57202
Coeff. of Sg= 9:+0 -2M _ 11125+ 4125~ 35 7299
3 -0, 7112524125
_11.2375-114582  —02907
T 29875 aggs 00

distribution, Bowley’s coefficient of skewness is -0.56, 0, = 164 and

an = 24.2. Find O;and coefficient of quartile deviation.

. of Sg=—0.56, 0, = 16.4, M=2472

s -0
iigisgm 2t 164-2242)
' 0;-16.4
03— 164) =0, +16.4-43.4
0,+9.184 =0, +16.4- 48 .4
Q- 0;=164-484-9.184
-1560,=-41.184

0,=264
op=21-Q1 _264-164
2 2

icient of skewness from the following information:
te of two quartiles = §

L8 Mode=11 ¥
im of two quartiles = 22

1 Mean =8

FAN
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method of measuring skewness js

M -2X
Solution:  Weknow 3;:;:27-1“2“:27 &
= - : 3 ive
- z ciles: Kelly has given the following fol_mma'; f:)’ Prof. Kelly. 1t is based
- u=3= : [ Abolute Measuresof S| " measuring skewness;
Q,+Q|_2M_22-2>‘9=22-18=3_1 T Se=Poo+ Ro—2M )
) wness=/‘ 3 8 g 505 1. Coeff. of 5, = B0+ Rg—
Bowley's Coefl: of Ske! 0,-0 2 Se=250% Ro-2M°
or Pn=Fo
or

the first quartile is five times oy,

o i f the median from 3

Example 15. For a istribution ("¢ distance 0 »s Coefficient of Skewn - o

P ™ hird quartile from the ‘median. Calculate Bowley’s €5 for (he 2. S5x=Dy+Dy =24 2. Coeff. of 5= 20 £ Dy - 241
Dy~ Dy

distribution.
Solution: Wemgivm:M—Q|=5(Q;'M) ;
dey’ -+ of skewness is given 0¥
By st 0 u-0) (@M=~
SeBovien)= g anyr(M—0) (@3~ M+X0: ™ M)
40;-M) _2-_067

e P et

T - M) 1,
EXERCISE 7.2 = hese in the formulae.
T Caicutass cocflicient of quardle deviation an T Bowley’s coefficient of skewness B ::ﬂta given below, find out Kelly’s Coefficient of Skewness based on
following data: :
o [ s | Avovesd ] [ o0 [ w2 [ 2w [0 wwnls
[ L o TS T & [ L2 [+ [ & L » w7 L
[Ans.g, = 18.33,0; = 35, Coeff. of QD= 0313, Coeff. of Sg=0019] 3
2. Find out Quartiles and Coefficient of Skewness from the following data:
x:|3|4|s|‘s|7‘s s | 10 | i \\ B il
Jﬁ|2|5|7|"|‘° 8|5- 6 — .
— Taas @, 5,M= 7, Qo= Coetor 50 l o |
3. Calculate Bowley's Coefficient of skewness from the following data: : 21(()) ‘l "
40
[Midvanes |75 | 100 | 15 | 150 T 155 | 200 5 |50 7 | 4 -
[Frequeney: |35 | %0 | @ [ w0 | 15 | ® w | 2] 3 | 50
. ——— TAns. Coeff, of 5x =~ 00 =50
- 4. The mean, mode . of a distribution are 42, 36 and 15 respectively. If its B wley's :
: . » y. If its 0!
coefficient °f5k=:"“¢1‘5 is 1/3, find the values of two quartiles, — P, = Size of 20N, th item = L3 45th item.
[Hint: Find M=X-§Zj {Ans.01=20 0,=50 1 100
ns. 01 =20 lies in th . )
5. Calculate the quartile co-efficient of sk for the following distributi Bl iuieral 403
= T e g distribution: 90N Cfr
ass: —! 1—15 | 16-20 W —kJ- 45-40
I I Py=1+ 7 xy=40+——7—x10—47.14
10N 10X50 o -
P,,=S f—thi — =77 =5thitem.
10 1Z€ O 100 th item 100
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z—9L__——;”’/_,,,.———-’--"”_\

o interval 10—20.
Pliesin the class ¥ W g
100 xi
I’|o=,1 + f

=1o+§%4—><10=11-67

i N o =30 = 25th item.
Medianitun=S|zeof‘i—th|tem- 25th itel

2
Mlies in the class interval 20-30.
%'C-f- o 25-10 0
M=l,+—-—?")(l=20+——’20

15x10 )
=204 ——=215
20+ 20

Py =41.17, Pjo= 1167, M=215 i pa Mg
- A 67=2X21.
Py tPo—2M 471141012222 2 gy

Kelly’s Coeff. of Skew.= o —Po 2714-11.67
' \
EXERCISE 7.3
—
1. Calculate Kelly’s coefficient of skewness from the data given below: )
X: 110115 115—120 120—125 125—130 130—135
£ 4~ 10 26 i R 7
X: 135140 |- 140145 145—150 150—155 155—160
£ 90 52 33 =17 7

— [Ans. Coeff. of Sx= 0.013]

2. Compute Kelly’s coefficient of skewness based on percentiles from the following:

[ Maris: [ 1520 | 2025 | 2530 | 3035 3540 | 4045
mmduu: I 1 2 m = - -
[Ans, Coeff. of Sx= 0.082)

B

MISCELLANEOUS SOLVED EXAMPLES

Example 17: Calculate arithmetic mean, mode, standard deviation and coefficient of skewness for

the following:
, Marks (less than): 10 20 30 40 50 ﬂ
No. of students: 4 10 30 40 47 ﬂ

N

—_
X=d+ZD =954 12
N Ci=2Hgx10=28g

ection, mode lies in the class 20—30
Z=1+ i

_fD 2
— IO e 0-6
Xi=
P T R T

14
—20‘*‘5 %x10=20+5.83=25.83

=t () 2
c= T—(T) Xi= E—(E) x10
\} 50 \50
E. =1.74-0.1444 x10= 1263 x 10 = 12.63

_X-Z 28.8-2583 297

. - o 26 e 0

:1 a 'ly‘expéndimre of 100 families is given below:

[ 2040 [ w00 [ eo—s0 [ s |

|?\z7]?\L\

e missing frequency for the class 20—40
e e e e be X. The frequency for the class

s [ of |
13 | 13
x | 13+x
27 40+
44-x 84
16 100
N=100
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The formula of ‘mode is:
I+ Dl i
Z=h*of, o= 12
it lies in the class 40—60.

Since the given modal value is 44,

27

__/XZO

44=40+ T (44 %)
\

4= 40+_zl—-x20

27-x
—40= %20
44 -40 m

or
27-x
=2—x20
or 4 0
or 40=(27-x)20
27-x=2
or x=25

for the class 20—40 is 25 and the frequency of the class 60—8

Thus, the frequency
is 44—25 = 19. Thus, the completed frequency distribution i is:
[ o2 | 20 [ w0 | so—so =T
13 | 25 | 27 | 19 | 6|
Calculation of Coefficient of Skewness
Daily ¥ MV. d d T 1t
ditu (m)
0—20 13 10 —40 | -2 —26 52
20—40 25 30 -20 E —25 25
40—60 27 S0=A 0 — 0 0 0.
5030 19 70 +20 +1 19 19
80—100 16 % 0 Ty T =
N=100 =0 | =160
Karl Pearson coefficient of skewness = —— Z=
[

57 d . 0
X=A+Z—xi=50+—x10=
N ! 100xlo 50

e ( ')’ Jl60 e

i xi=[—-|—| x20
J - Y100 (100) -
=T6=0x20

=1.265 x 20=25,

. Zfd‘

ess

(given) 301
Coeff. of Sy=X=Z_50-44

- c 253 ~3530237

late Karl Pearson’s Coefficient of skewness from yp, foll

e
i3 sbove: s R T N ollowing data:
f students: 150 120 i = o = = - _
70

form vert these data into
- f M.V. d
(m)
T 0 5 —40
20 | 40 15 20
o | 20 25 =
5 0 45=A g
e T 55 +10
5 T 65 +20 “
— 7 75 +30
L 0 85 +40 402
TN =150 b l m-—szo\ j

ls a bimodal series (i.e., there are two maximum frequencies), we will find
1ent of skewness by using the formula

“Coeffi. of Sy w

X=A+-xi=45+

(-=86) 86
x10=45-—=
150 5 39.27

B . 3 150
Median item = Size ofz = =t =75th item. Median lies in class 40—50.

ﬂ—c.f.
L M=1+2 2
f
75_70><1o 40+—x10 40+5=45

=40+

):fd” ):fd" _ _siq_ as
*I=\150 150

5.20%10=228x10= 228

553 033X10
e L 7-45) X572 ogs
£ of siuness - KL= 3092149 X305
% =

Y
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;tion in a factory before and after the settlement of an ing,,
1t10!

view St
the gains or losses m the point of i€’ of workers anq tia)
e ga

You are given the POS hat o

Example 20 cs
dispute- Comment on 5 M e st o
management. B - o .

. 12 = 1\ =-0.625
Coefficient of skewness afier the Settlement of 2
Of dispute

M 75

. Thus, the distrib 0 "0

i e distribution i it

;lt-}:‘vl:’s negatively ske‘:rsegfel;‘lvely skewed after e settle "

B b of workers getting lore the settlement of dispu:e_l'_‘}‘]flfd|spute whereas

] worke ow wages has ; - This suggests

o g, e e
Wi

late Bowley’s coefficient of skewness fo age of workers has increased.

Sip==

‘ . the basis of the information given:
Solution:  The following can comment on the increase or decrease i

(i) By comparing the total wage bill we

of wages. . .
t11':;:1”:“3:1 bill before the settlement of dispute = 2,400 X 45.5=Rs. 1,09,209 57 310 " e llowing du
i w = 1=
Total wage bill after the settlement of dispute s;;.l,sso xt 4;; R;. L1 1.;254 a2 = 3313 e —
p after the settlement of dispute even thougp . o x 20
Hmm::mflwndmswmll::sdeuuxdmw from 2,400 to 2,350: This-means that tﬁe 3 m.ter\_/als.are it mcluswg form. For finding median and i -
?evengenmwgeo is now higher. This is definitely a gain to the workers. distribution into exclusive form; ) uartils, we converthe
we cannot say that increased wage bill is necessarily a loss to X f
mmgmﬂ;‘ becanse if it results in greater efficiency of workers and, therefore, 4.5—15 m I
higher productivity, it would be positive gain to management also. 75105 oy ‘3;
(i) Median before settlement of the dispute was 48 and after settlement it is 45. This 10.5—13.5 33 - 2a |,
means that formerly 50% of workers used to get above Rs. 48 and now they get -13.5—16.5 20 S
only aboveRs:45. ) ‘ 16.5—19.5 4 n I 19 060 —
(iii) By comparing the coefficient of variati ion before and after the settlement of - N=100 |
dispute we can comment on the distribution of wages. 0 1
Coefficient of variation before the settlenrent of dispute Q, =Size OfT == 25th item.
o - a8
cV. =7x100, where,6=12,X =45.5 ), lies in tlle class interval 7.5—10.5.
12 A y
CV.=—=x100=2637 ek -
455 - Q1=1|+—4f—><i=7.5+25 1 =847
Coefficient of variation affer the settlement of dispute 6 = 10,)_( =47.5 ) I 3100) -
_ 1o - Q, =Sizeof — ==——="75thitem.
C.= = x100=21.05 k. 3 PRl
3 m i s,
Since the value of the coefficient of variation has decreased from 26.4 0 21-0 i A TS
ﬂ.lel'e‘ is sufficient evidence to conclude that wages are more uniformly i N-cf.
Fhsmbu‘ted‘aﬁer tl.n: §etﬂ'ement of dispute or, in other words, there is lesser O,=1+ A4 xi=105+ %3 x3=13.42
inequality in the distribution of wages after the dispute is settled. ! f EL
Median = Size of%,— = 1—22 = 50th item.

8 in the class interval 10.5—13.5.
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kewnass

| | 2 305
M’m a8 . ]
| 5 P Mean 0.12=038g
St 50-38 1 ]
L 277" x3=11.447 € 0.88 Mean = 88 or Me: =8i
M=1 s 2 xi=105+—5 ! s

3+ 0 —2M Mode = 3 Median —2%
-. Bowley’s Coefficient of Skewness = /Q3 )
13.42+8.87-2X% 11.447 J

- 13.42-8.87

88 =3 Median -2(100)
3 Median =288 or Median = g6
‘mean and median are 100 and 96 Tespectivels
er the following distributions: y.

Distribution B
A lsmgutinn

-0.13

the coefficient of skewness based on quartiles is (g "

Example 22. In a frequency distribution, ke <38, find the vlhe oy

the sum of upper and lower quartiles is 100 an:
and upper quartiles. i
Solution:  Given: 0, + 05 =100, M =38and Sx =0

- +0,-2M
Bowley coeff. of skewness = _Q_S__‘——

0;-Q >
Substituting the values in Bowley's formula, we get -
0.6=100=238) B iy € Variation as distribution B,
- % iving reasons Tue/False? Comment,
v 06 - =100-76=24 ; i e
o W) 24 CV. for distribution A = 100 x Oa _ 100 x 10 _ i
or QJ_QI=—0_.E=4O S Xy 100
) Now Q;+0, =100 i ; . () (Given) V. for distribution A=100x 28 =100+ 0 _ | |
0;-0,=40 (1)) X, % )
By adding (i) and (i), we get Since C.V.(B) > C.V.(A), the distribution B is more variable than the distribution
20,=140 \. Hence, the given statement that the distribution A has the same degree of

= 0;=170 : variation as distribution B is wrong.

Alsg 30, 0 Q7' 0= A=e<30 Karl Pearson’s coefficient of skewness for the distributions A and B is given by:
So0,=30, U= . . X = -

Example 23. Pearson’s coefficient of skewness for a distribution is 0.4 and coefficient of variance Sc(A) = (X -=M) _ 3(100-90) -
is 30%. Its mode is 88. Find the mean and median. 10
Solution: ~ Weare given S, = 0.4, mode = 88 and coeff. of variance 30 %. We have to calculate Se®) = 3(90-80) _a
mean and median. . 10
Sx= How - Mo ce Sy (A) = S (B) = 3, the statement that both the distributions have the sam
c

gree of skewness is true.
Coeff. of variance is 30% or —:_{— =03

l'_Mode : 38 .
=—Mean __ Memn _ 8%
SD. 03 -0.4=1-——Mean_o.12-1 Thean

Mean
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IMPORTANT FORMULAE

MEASURES OF SKEWNESS
> 1. Pearson’s Measures
- Absalute skewness: _
Skewness=X —Z
wﬁ:en mode (Z) l; l:ll deﬁ;ed;t(h%n " s e st e
ewness = -

iled study of Kurtosis, it is necessary to iy d
. rodug

ersion and skewness, kurtosis |
s S 1s the f
es us an idea about the shape ey At
pe of a frequency d'xstﬁb:f;zns‘;(c o i
. M. Kurtosis indig
d than the normal distribfxzt‘its:

Relative measure of skewness: °¢ the concept of moments

. X-zZ
(i) Coefficient of Skewness = T

o -
general statistical measures used to descr
s rib
tion. There are three basis for defining m or:::d analyse the characteristics of
S
yout the Mean 4

‘ T-M), .
(ii) Coefficient of Skewness = 3—(—T—)(when Zis ill defined).

> 2. Bowley’s an;us

. about Assumed Mean
Absolute skewness: about zero.
5 Skewness =05 +0 ~2M" ;bout the Mean
Relative measure of skewness: t the miean are called central mo)
Ccdintabdiencis Q%ZA—I ments. They are denoted by Greek symboly
3T ¥

,X5...X ,be the nva i Fyiet
' > :n wi!] e gl'\\\l/:l obf;l ? variable Xand X be its actual mean, then the
> 3. Kelly’s Measures )
Absolute skewness: .
Skewness= Py +Pg—2M or Dg+D; -2M
Relative measure of skewness:

_Py+Py -2M - Dy+Dy-2M

where |, = rth moment about the mean, r=1,2,3, 4

distribution .
< i X)' (or grouped data), the rth moment about mean is defined as:

where N=Z f,r=1,2,3,4..
Coefficient of sk :

Poy — Pyo Dy—D, and 4, the various central moments are as follows:
f ndividual Series Discrete/Continuous Series \
’ =1 e
_QU_ES_TIO_NS_______ —— al Moment = ZX-Xy _ 0 \ m =M =0
. DT . . ik
1. Whatis skewness? How does it differ from dispersion? Describe the various measures of skewncss: T X -X)
2. Distinguishb dispersion and sk and point out the various methods of measuring i
skewness. T
3. What is skewness? What are tests of skewness? Draw rough sketches to indicate different types - mv- -
- of skewness and locate rough the relative position of mean, median and mode in each case: e
4. (i) Define skewness. How does it differ from dispersion? - fX-Xy "
(if) Explain different measures of skewness. ' . . :
ded to higher powel but in practice the first four moments are obtair

' of computation,
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m

=0 because the sum of the devig:
ong

Note 1: The first central moment 1, is always zero, ie,

309

N 100 % Iix_w
i (X -X)=0). : - hi==2-X)
taken from the mean is zero ( A( sare ofthestandard deviation, ey = (5. - _ZS(X =X 21409 NS0
i d central momentL,is the square ¢ il DYy = N = Too- =214 Ifx_%
Note2: The secon istribution, i.e., i, = Variance=0". _ 100 P Wy = =Xy
is equal to the variance of the distribution, .., 2 (X -X) o967 X:@
o four central moments of the following numbers: 1,3, 7,9, 19 = = 2671200 1
N - '
j Example 1. Find the first Calculation of Moments
. Solution: —
X=6 S x-X)° I~
X x-X (X-X) = (X-X)t
T—6=-5 25 = 625 —
; 3-6-33 : _?7 U and then converteg o " SUoh :‘::::»?\Z
7 7-6=1 1 1 ied mean are called non-central Moments, ¢ ,mk’ central moments, The
9 9-6=3 9 - 27 81 asmudash). If X, , X, x, ¥ el Y are denoted by the Greek
10 10-6=4 16 543 256 e rth moment about assumed mean i d é’n‘ezluud of a variable X ang 4 j it
X =30 TX-10=0 | Tr-X)?=60 [E(X-X)" =—60|2(X - ¥ <o ] (X —A) Where 1 and given by:
N=5 v €re 1L} = rth moment about assumed mean A
,?:E{:?B:s r=1,2,3,4,
N 5
T(X-X) 0_ _}:(1\’—){)2 =EQ=12 (A) is defined as:
n= N =§ i K2 = N 5
=iy _ 44 X
ty= EX-X) K0 = # = % =208.8. and 4, the various non-central moments are as follows:
3= o A
N 5
’ . e e Dros =
Example2. Calculatept, i1, ,1t5,14for the fol quency distr on i C"“‘“‘““’“s Series
L _LAX -4 s
Marks: 5—15 1525 | 25—35 | 35—45 | 45—55 | 5565 \ W= % _ ‘+4
- " 0 15 10 -
No. of students: 10 20 25 21 V E(X - ‘ . - g
= ===
Solution: Calculation of Moments N N N
Marks’| No.of | Mid- X=34 - e = . W _E(X -4y wy 2 2 4 _zp
m(dnm v-l;a ~© x-X | 1x-X%) | 1(x-%%| f(x-%° | £(x-X N N N
4
[s—=5| 10 10 100 2 240 5760 —138240 | 3317760 T E(XI; A) \ " p {Jd* J
" )
[15—25] 20 20 400 -14 -280 3920 54880 768320 -
5—35 ’ 25 30 750 -4 -100 400 -1600 6400 ded to higher powers in a similar fashion, but in practice, only the first
[35—s] 20 40 800 6 120 720 4320 25920 dmputed because of the difficulty of computation. ) .
[as—ss| 15 50 750 16 240 3840 61440 983040 © common factor in the x-column/Mi?‘;:lhzﬂuebzosl;:rl:;ig’e% g§ ZJE‘:\;“&VE
60 4569760 € computation process of moments can er y ]
I 55—@5 [ 1w [ o =Ly u 20 — 6760_ 1257 —— "ﬁ taken from assumed mean by a common factor (i), and xf\ulttply ’the ;an,o;se
N=100 /X =3400 YWX-X) |5 -X02 | & -X) | & ('671’00 -,-z ,i%and i*. Thus the four non-central moments Kj, i, H3an Wy
. a =0 =21400 | =a6800 | =296 .

ollows:

7



X

il - . X=values or mid-values of the X-colump,
o — o0

Where, d' ==

© (3 Moments about Zero or Orid

‘!' b’ erk S’T!‘bol \(Nad as ny)
The wﬁv:mxm;!ﬂwm-mm.baumuaﬁmmg“m\
Xy X Xybethey he
‘ wx -0 _EX
s
leﬁw\—mmmmn-:lm’vuuf-dby

v,

.
v, =L (X -0 =N

lows:
Putting r = l.:.sﬂl.unmmmﬂmnmnafoi

‘Discrete/Continvous Series
Individual Series ==
sa-0 X' % ‘,'.E_.&'_.x

‘.I-_T_-.T-A N
~ e
soc-of X -

v B2 ==
3
-0 _IX -

vy 2 2 3
x N

_a-ot Iy ,..M‘..
W= N N

Monmmmuhwlohi’ﬂp‘wiwhmmefmfourmomemsm
compumdmdlkmdw.
° Md“m%“mwﬁﬂmmu
ﬂnomnlmuhuﬂymdﬁuhwmmeassumdmm
luding zero by using the following relations:
Using M ts about Assumed Mean
W, =K — K] =0 (Always)
e =p3 - @i -
g =p3 =35 1+ 200)°
By =Rg - 4pd R FERa Y -3

IT:Aﬂi,’:

Ba=V; =3V, +2V)
Ba=V, —4vay, +6v, Vi -3V

o’ =3 -pi?

it + Ay 1= G 07+ 3
central moments.

= MOMENTS

res of Kurtosis

of Central Moments into Non-Central M =
about ay el ' rtuting s ' °"‘1°“'s including Zarq
oW 5t -
.nn(-’mt any Value ‘A’ from — 7 “omputed from the centra]
entral Moments ,,“;:;:r‘:;ﬂ\“; P
=A P oments
+)

+30 14 -20)°

vy =5 43,

VH =Wy by g g 2
signs are reverse of what we had while convert

to find X for converting central momen:

| in analysing the different aspects of frequency ¢
the central tendency of a set of o'bsenar'

height of the peak their curves would make, The ¢
in analysing a frequency distribution:

Moments | What it measures
moment about origin or zero (v)) | :
moment about the mean (u,) |

and third moments about the mean (i, and u.)

and fourth moments about the mean (1, and u,)

the first four moments about mean from the following distribution:

T T N Y N N A

2 o | s [ s T"» [ s | v+ |

shall first determine moments about assumed mean, then calculate the central
using the appropriate formula.

Calculations of Moments
X f d=X-A \ I \ I \ i \ it
A oa=4
3 3 1 % [ | = | . |
9 2 R T =] 1o
25 ] s 25 23 2
35 0 0 0 3 =
20 1 ) 2 2 =
8 2 16 2 L 2
1 3 3 9 2 ;1 -
N=100 =10 | Tl =140 | Tl =40 | T =560




}:_fd'=_
u;:T 320
Y

;= T - ) tral moments by ug;,
od mean into cent = Using th
ts about assUM §
Now, we convert mor
formula
=0 1=1.39

P (-0 =14~ 00

s of Kurtosis

3
L JEA L 25 13
pi= 2N 320 >(0.5)* =0.5074
we convert moments about as, . d m
ean in
. © Centra] moments by using the

i l‘l=0, 2o
g =R3 —H{T = 04547 - (0.0375p = 04534

” =5 =35 +2u0" =0.0600 3(0.4547y(g 037
I‘O_p‘ LR TR [
=0.5074 — 4(0.0609)(0, 0375)+6(0.454 4)(0.0375
culate first four central mements from the folloy wing dist
inches): 60—62 63—65 66—63 |
5 13 2 =

first determine moments about assume
using the appropriate formula,

20.03757 = ,0099

d mean and then calcul

il 3x1.4x(-0.0+A=0.1’
PETEE T .u.‘ﬂh =(-0.4-3%
o _0.4+0.42-0. oa:=0 018
Gl ‘3“"
PR TH e T
=<e-4x( 04y x (-0 D+6x1AX(-0D? ~X=0D
_0.0003=5.5237
o 0‘16;:'-'0:‘“ :bnm mean for the following distribution:
four
Example 4. Celesete &7 72 T [ o [
i ; ents about od mean and then calculate the central
ution: We shall first "
- muwﬂ:fmﬂl
X ion of Moments
¥ 7 |e=x-a|a=ais " s s st
A=35
20 s 15 -3 15 45 -135 408
25 38 -1.0 -2 -7 152 —304 608
30 65 05 -1 65 65 65 65
354 92 0 [ 0 0 o
40 7 +05 il 0 70 0
45 40 -1 -2 80 160 320 640
50 10 13 +3 30 90 270 t:w :
PRIy
] N=320 7724 | 5 gai=se2 |2 fird =1sefs

o A, =£x(o<5)=o.as7s

N
. If: x,:_ x(os)’-olsvﬁ
z@?
u==5 x1‘=ﬁ"(0~5)’=°-°"°°

E Calculation of Moments
s M.V. d |\d=a3 4 2
5 61 -6 -2
18 e
42 67=A| 0 0
7] 27 | 70 | 3]
7 8 73 +6 2
| ~N=100
T’ 15
P="0 xi =—x3=045
o 100 045
Zﬁ" 297
I"=—x9=8.73
llz . “100 .
Zﬁ' 3_33
x i} =22 x27=8091
3TN 100
zfa 253
3 .
= X i x81=204.93
4 N ~ 100

convert moments about assumed mean into moments about mean by using

1=0
=ps —(u))? =8.73—(0.43)* =8.73-0.20=8.53
SRE = 3psp +20))’ =8.91-38.73)(0.49)+ 2(0.45)°
=891-11.79+0.18=-2.70
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M)’ -3mp*

’ wi= l’-n"‘%i-u]—ﬁu;vu;z
i - g+

+3(u:)4
= 14817 + 4(— 90, 1
= ? -3 (0.45)" (~900) (-3 _ :
w_ 204.93 -4 (891 (0.45) +6(8.73) (0‘.)4;3) = 14817+ 10ggg 486(; N Z(an) (3P +3 3
o093 1604 +6@7TH 02 ::9(33 1) About origin zero (4 =0) #=21.000
== 0.61-0.12= 197 vw=X=2
204931604+ 1 —2are:1,25,5. !
" ents of a distribution about ¥ = 2are: 1,25, 5.5 and 16. Caleygy, Va=Ha vl =81+ (2=
Example 6. The first four m?smuboul Xand about Zef0- ’ i V=815 484 = 565
the PurMOORTE, i 2.5, =55 wnd 1 =16 From these mop,g, VaTR I -2 = gy, "
Solution:  We are E‘":d‘ A;::(‘;I),w;an find out moments about mean with the help, Of the ==144+37290 _ 21296 = 15850 Y0227
assumed m = 5
Tllving formls Vet 6, s
Moments about mean:

Examgple 7.

Solution:

n =0 2
() =25-)' =13
=ps =) = =
. u’? £ -‘u:+zu:’=s.s—3(2.sx1)+w)’—5-5-7-5”-0
By =3~ b 5
u.=u2-@3~u{+@£-(u{)’-3(“‘l) T E
=15-4(5,5)(1)+6(7--5)(1)z —30) =16-22+15-3=
Tllns,moumtsabommennmm=°vuz=‘5vl"3=°’“‘=6

j 14817 + 4(15850) (22)—6(565) (22p + 322y
: = 14817 + 1394800 - 164076 702768 =471 625
coRREcTIONS FOR GROUPING ERRORS IN MOMENTS

: P - This assumptio;
the values of the moments. This error is corTect ption leads to g

e, called Sheppard's Corrections. Accord; 2 to Sh 4 fam,o;_\lsrs::::lh)e KX"T‘;
no corrections. He has suggested the following formulac Wy i
5 4 g formulae for correcting 1
Moments lbﬂl(' zero. o h (H, )mumerfts which he regards as crude moments liableto be affe‘cr;id:e
X =A+p=2+1= a continuous series. Y
v = X=3

rected =pz(unconected)—%

1
ted) = 4 (uncorrected) - 3 i |, (uncorrected)+ ; i

v, =, +vi=15+@) =105 :
vy =Ry +3VaYy '2"13 =0+ 3(105)(3)—2(3)3 = 49'5
v, =p AV -6y 'Vlz +3Vi‘
=6+4(40.5) 3)— 6(10.5)3)* + 3(3)* =6+ 486567 + 24;3 = »168 L
v, =3,v, =10.5,v; =40.5;v, =168
T‘l:s’;ﬂ;ﬂ:r::nm ozf‘nm s::es :s 22 a:d first fou: central moments are 0, 81, -144, ] conditions should be satisfied for the application of Sheppard’s corrections:
and 14817. Find the first four (i) about the d mean ‘25’ and (ii) about should not be made unless the frequency is at least 1000 otherwise the
origin or zero. *'7 more affected by sampling errors than by grouping errors.
Given X =22, i, =0, 1, =81, p; =-144 and i, =14817 is not applicable to J-or U-shaped distributions or even to the skew form.
(i) About Assumed mean ‘25’ (A = 25) ) vations should relate to a continuous variable.
p=X-4=22-25=-3 hould approach the base line gradually and slowly at each end of the distribution.
Py =pa+(]) =81 +(-3)*=81+9=90 first four central moments of a continuous series with class intervals of 3 are
- e "3 d at 0, 43.353, -9.774 and 5508.567. Find their corrected values using
K3 = Ra+3p0 1 -2u]) pard’s corrections.
=-144+3(90) (-3)-2(-3)’ i
= =-144-810 + 54 =-900

of class interval.

third moments need no correction.

ng to Sheppard, the first and third moments about mean need o correction.
®, the 2nd and 4th moments only are corrected as follows:

'FiVen, W, =43.353and L, = 5508.567 and i=3
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distribution, B shall be zerq,
as a measure of skewness cq
1

The Ereater the y,
e or negative. Therefore, ing
t

he
NNot tel| g aboy
tead of B, SOme;

al
: ‘ues;fBl,.lhe more skeweq the
“me: j[??\mn of skewness, j .
: .
- 115 used a5 5 measure of
where /B, = Moment Coefficient of Skewness

k 3)? _ —~0.75=42.603
corrected) =H: " =43.353—(——l)2 =43.353
=}
ol 12 e 567_1(3)1(43.353)+i .
co 1 —*=5508. "
rrected) =} ——IZ,H2+2401 3 .
=H,
. 55082567—195.0885+2.3625=5315.841

ND GAMMA MEASURE
AND GAMMA COEFFICIENTS (ORBETA Al .
o SELQD ON MOMENTS 4 Gamma Coefficients (or Beta and Gamma Measurg
Pearson developed Beta an g :
bamﬁ::l the cenn-talla:m::ms which are given below:

i Gamma
a Coefficients or
Beta Coefficients or Beta Measures | Gamma &0t C o

Jﬁ' is interpreted as follows:

0, there is no skewness, i.e., the distribution iS Symmetric
ot .

0, there is positive skewness, i.e., the distribution i Positively
K3

skewed,

0, there is negative skewness, i.e., the distribution is Negative]
¥ g

first three central moments of a distribution are: ¢, 5.
efficient of skewness.

; are given: iy =0,11, =2.5,1,=0.7

v skewed.

3,0.7. Find the moment

ent coefficient of skewness = /B, =

Note: These coefficients are used in the calculation 0! i s to be
in the calculati f skewness and kurtosis. It need; b
i the numbers and independent of the units
? mentioned hcrcl that the above coefficients are pure
ti
of measurements.

44. Find B and v coefficients.
tral moments are: 0, 4. 8 and 144. Fin 1
Example9. The first four central me 20, 4

four moments of a distribution about the value 5 of
). Calculate the moment coefficient of skewness.

ven: A =511 =2,u5 =20,u% =40,u, =50
1, =15 — (1)* =20~ (2)? =16

the variable are 2, 20,40

= = =144
Solution:  We are given: jt; =0, {1, =4, 13 8,1,

s -1 +200 = 40-3(2)(20)+22)° = 64
; 3 =64
p o8’ _64_ B =1 t coefficient of skewness = |[B, = M,3=*3:_1
" e g w6y
K2 7
144 144 _ n By=9 ;
B2=&;_=—2=T6__ 2
Ha (4)

Hs3 8 -L=§=l
T =Jﬁ=—‘/;—§-='ﬁ-@ 5
¥2=B,-3=9-3=6
O MEASURE OF SKEWNESS BASED ON CENTRAL MOMENTS

i 1 momems
i i the second and third central mo™
f skewness may be obtained by making use.of ccon k-
Ske‘cnx:::?;:;:sumd by B, coefficient (read as B, coefficient) which is defined and g
p3 _ (Third Central Moment)®
1= 3™ (Sccond ezl Momen)?

T 5 | o [ & |

[Ans.p, =0,y =256 =972y = 1588]

|314|5\6l
s - 1 >

[Ans.jt, =0, = 09333 =08y = 2530




to Croxten and Cowden “A measure of kurtosis indicates the .
distribution is peaked or flat-topped”. Thus, a measure of kurtosis tells us the extent 0 which @
distribution is more peaked or.  flat-topped than the normal curve.

318 Moments and Measures of K““°sis

3. Calculate the first four central moments from the following data and also make Shcpp;,m‘,

corrections:
Varmble: ] o—t0 | 1020 [0 [ sei
Frequency: | ! | 3 [« 1 2

[Ans.jty =0 = 8Lpy = =144, = 14817 2 (corrected) =71, ke (comected) = 11055 )
4. Calculate the first four ts about the mean from the following data and also fing the

value of B,and B,:
Marks : [ o010 | 1020 | 2030 mm
[Noofsmaens:[ s | 12 [ 18 o [ [ .7 | 5
[Ans.py =0, py =177.39, 13 =47.982 1a = 95009.364; B1= 0.0004, B =3 )
5. The first four moments of a distribution about the value A=5 are—2, 10,25 and 50. Finq the
first four about Xand about zero. [
[Ans.p; =0,y =613 =1% s =42v;=1,v2=7,V3 =38, v, =155
6. The arithmetic mean of a series is 5 and the first four central moments are 0,3, 0 and 26, Fing
the four moments (i) based on assumed mean <4’ and (if) based on zero.
. [Ans. () 1,4, 10 and 45 () 5, 28, 170, 110)
7. Examine whether the following results for obia@ning 2nd order central moments are
consistent or not: N = 50, ZX =100, zx? =160. :
[Hint: See Example 27] [Ans.Inconsistent]
8. If the first three moments about origin for distribution are 10, 225 and 0 respectively,
calculate the first three moments about value *5°for the distribuﬁoln. i
[Ans. i =515 =150,u3 =-2750]
9. The first four central moments of a distribution are 0; 2.5, 0.7 and 18.75. Test the skewness
of the distribution. [Ans. B, =0.31, the distribution is slightly skewed]
10. The first four moments of a distribution about value 2 are.1, 2.5, 5.5 and 16 respectively.
Calculate the four moments about mean and comment on'the nature of distribution.
[Ans.p; =0,y =15 p3=0,1s= 6B, =0, symmetrical, B, =2.67, platy-kurtic]
The first four central moments of a continous series with class intervals of 6 are arrived at0,
—60, 900 and —9500. Find their d values ding to Sheppard's corrections.
[Ans. — 63, -83822]

11.

N

O KURTOSIS

Kurtosis is a Greek word meaning bulkiness. In statistics, it refers to the degree of flatness or
peakedness of a frequency curve. The degree of kurtosis (or peakedness) of a distribution
measured relative to the peakedness of the normal curve. To quote M.R. Speigal, “Kurtosis is the
degree of peakedness ofa distribution, usually taken relative to a normal distribution », According
degree to which a frequency

types of kurtosis in a distributiop.
ic: A curve having a high peak —
ist00 much concentration of the e n

Orma]
- . ems ne; Curve js
; A curve having a low peak (or fly 4 ar the centre alled lept

0]

a curve, there is less concentration of itg:;d) than the norpyg)
. i ne; curve j
qurtic: A curve]: :ys\;?: normal peak or the norma) ar the cenyrg  CVE 1S called
is equal distribution of items aroung g oo ¢ IS€Ifis calleg
illustrates three different cu Central valye o Meso-
A ed abovye:

Kurtic, 1n

Kurtic,

TVES explain,
Leptokurtic

s X=M=2
tic, (B) Meso-kurtic, (C) Platy-kurtic

h statistician William Gosset (kno &
" W as “Student™
o tho curvesintes words ity carves s squn s
{ ic curves are high with long tails like the Kai 5“ ort tails,
uced below: ngaroos" . Gosset's

Lepto-kurtic

Kangaroos
¥ Frto'sls
ed by B,(read as beta two) which is defined and given by:

|
l.' osis B, = Ll% _ _ Fourth Central Moment
n?  (Second Central Moment)

e curve is more peaked than the normal curve, i.e., lepto-kurtic.
curve is less peaked than the normal curve, L.e., platy-kurtic.
°“f’le is'having moderate peak, i.e., meso-kurtic.
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Sometimes, the Kurtosis is measured by Y2

Ha
=B, -3=-+-3
¥2=B2 l‘z

P Alternative Measure ,(read as Gamma two) which is defined and give,, by

P Interpretation
The value of Y ,is interpreted as follows:
(i) Ifyq0r B, —3=0. the curve is meso-kurtic
(i) If y,0r B, —3>0the curve is lepto-kurtic
(iii) 1fy,or B, —3<0the curve is platy-kurtic.
Note: It is easier to interpret kurtosis by calculating B,instead of Y.

Example 12. The first four moments about mean of a frequency distribution are 0, 100, 7 apq
35,000. Discuss the kurtosis of the distribution.

By =0, =100,p; =—714 =35000

We are given: i1, =0,)1, = 100,}13 =-7,1, =35000

_ 35000 _ 3553,

(100)

Since the value of B,is greater than 3, the curve is more peaked than the normal
curve, i.e., lepto-kurtic.

The first four moments of a distribution about the value '4' of the variable are—1.5,17,
—30 and 108. Discuss the kurtosis of the distribution.
We are given: 4=4, jt] =—15, 13 =17, 13 =-30,p; =108
For determining kurtosis, we need to determine poand .
Bo=p5 - (1 )
=17-(-15)* =1475
B = - 45 o 65 () -3

Solution:

Coefficient of Kurtosis B, =t l.lz
2

Example 13.

Solution:

—108— 4(-30)(~1.5)+ 617)(-1.5)* - 3(~1.5)* = 1423125
Now, Coefficient of Kurtosis B, = : -M—M-OﬁS‘KJ
ui (14757  217.5625

Since, B, <3, the distribution is platy-kurtic.

Example 14. Calculate first four central moments and coefficient of kurtosis for the following
distribution and comment on the result.:

variable: | 0—s | s—10 | 1015 [ 15—20 | 2025 [ 2530 [ 3035 [ 35—4
[ Frequency: | 2 5 7 13 21 16 8

Solution: We shall first determine moments about assumed mean, and then calculate the central

moments using the appiopriate formulae:

‘ 321
Cal
alculation of Momeng
M.V. d & =qj5
m |=X-4 " a?
25 20 4 ” e
7.5 :: .
7 -15 =
n o -128 512
= o = 45 -135
17.5 =5 -1 4‘4 E i 4105
s : ! «03 : 13 -13 “32
215 s T 0 ; -
325 +10 2 | 46 e
- = = = 32 64 128
: 27
81 %
Ifd' =9 2 -
e | gt
s | Dy | 2
- =-171 | =19
N B Xi= % X5=-0.6 uy ZL *
; fds N # SToX25=6433
> 5 —171
_ 2 Wl YA SOSTT S
E = 285
= f 7 4 1429
x i =—2 % 625=119
N 75 o

ments about assumed mean, central moments are calculated as:
0( (Always)

1y —Ri2 =64.33—(-0.6)° =64.33-036=63.97

B3 —3U5N] +2u1 = -285-3(-0.6)(64.33)+2(~0.6)°

=285+115.794—-0.432=-169.638

=BG = A+ 6 -t

1=11908.33 - 4 (—285)(=0.6)+ 6 (64.33)(-0.6)* +3(-0.6)*

=11908.33 - 684+138.953 — 0.3888=11362.895

1 tofku'msis B, =&;_=11362.89’5 _lsesos o
. ns  (63.97)°  4092.1609

the distribution is platy-kurtic.

d deviation of a symmetrical distribution is 3. What must be the value of
th mmnent about the mean in order that the distribution be meso-kurtic?

. k}“’hc distribution B, =3

)
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We are given: 0 = 3
p,=02=@7"=2
Thus, B, =3, K2 =9
Putting the value in (0]
B.= u‘ =3= p—‘ orp, =243
I
Thus, the fourth moment about the mean must be 243 in order that distributig, e
meso-kurtic.
Example 16. The following data are given to an economist for the purpose of economic analygjg.
The data refers to the length of 2 certain type of batteries:
=100, Zfd =50, 5fd* =1970, 5> =2948
and 3fd* =86,752 in whichd = X-48
Do you think that the distribution is platy-] -kurtic? \
Solution:  Given, N =100,2/d =50, 3fd* =1970, 3fd® =2948and zfd” =86,752.

We shall first d i ts about d mean, then calculate the centry
moments using the appropriate formula: 5 ot
_):/d_so e d” _19 ~1970
M= =00 " AETN T 00 T
Tfd> 2948 ,_3fd* _86752 .
=2 =T = =2 —=——"-=2867.52
== =00 - 24 We="N"""T00
Using momcms about assumed mean, the central moments are:
K=

1, —p.z —()? =1970—(0.50)* =1945
A TR L TR )2 =3’
=867.52— 4(29.48)(0.50)+6(19.70)(0. 5)% - 0.5)4
= 867.52 — 58.96 +29.55 - 0.1875 = 837.9225

Coefficient of Kurtosis B, = Be e ——-837 £33
W2 (9. 19.45)7  378.3025

Since B, <3, the distribution is platy-kurtic.

=2.215<3

COMBINED EXAMPLES ON SKEWNESS AND KURTOSIS _

Example 17. Compute the coefficient of skewness (B, ) and coefficient of kurtosis (B,) based O
moments for the following data: :

[age: [ 25—30 | 30—35 | 35—40 [ 4045 | a5—s0 | s0-—s55 | 55—60 0

lFrequency I 2 8 18 27 25 16 7 2

ures of Kurtosis
¢ Calculation of M, 323
% s M.V. " Oments
et |
2 | = s| | e
30 .5 —15 pr fad | s
35 8 325 -0 | 5 =5 13
3 18 375 s s 1 = T
=5 | 27 |4s5=al o =18 [y = BT
50 | 25 415 5 m o o ‘:]3 18
7] 16 52.9 0 o2l s o
= 7 57.5 T ~1~z>a =
5 3 62.5 T T e M T %
— | v=10s B | 5 o
i v | oot su
z =46 “{ “t It | gt
e . _ 46 e e
X i=——X5=219, , _Tfa? 5
N. 105 M=—x B0 o
i : ] 2 X7 =60
s d’? % i 334 53— T fi 103
; = =397.625 p;:Tx 4_1668)(
: ] =05 X3 =9892.
nts about Mean 105 -
& o

=p5 —(1))? =60—(2.19)% =55.20
=p =305 1+ 201 =397.625 - 3(60)(2.19) + 202 19)° =24.4
AT TR TEE T TR Th . )
| =9892.85-4 (397.625)(2.19)+ K(60)(2.19)* ~3(219)*

‘~~ 9892.85 —3483.195 + 1726.596 - 69.007 = 806725

oment Coefficient of Skewness (B,)= 2 @40y

=0.0035
¢ W sy
oment.Coeﬂicignt of Kurtosis(Bz)—'u—i— 8067.25 =2.65<3
S 2 u o (55.20°
st four central moments of a distribution are 0, 2.5, 0.7 and 18.75. Test the

8ss and kurtosis of the distribution.
1=0, 0, =2.5,1; =0.7andp, =18.75.
Skewness
is measured by the coefficient B, which is defined as:
llg _(. 7)
4 Qs

| ==3=—"2-=0.031

=0031, the distribution is slightly skewed, i.e.,itisnot perfectly symmetrical
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g o o,

il rtosis o
T"““:i:( llkm'tosis, we compute the value of B which is defined as
Fortestng 1875 _18.75_,
=17 628 .
i is ex: istribution is meso-kurtic.
_ Since B, is exactly 3, the distril "
Example 19. The ﬁrsi four moments of 2 distri_bunon about the value 4 are 1,4, 10and 45, Ohtai"a
P measure of skewness and kurtosis. "
Solution: WemgivenA:A,p,’:l,u;=4,p;=103ndp., =
Moments about Mean
u =0 . ,
y =pg -2 =4-0"=3 :
g = 305 - + 20 =10-3(AW+2AD =10-12+2=0
’ 12 4
AL TR L ui? 3]
45— (10)(1)+ &)} - K" = 45— 40+24-3=26

Measure of Skewness .
Skewness is measured by the coefficient B, which is defined as
2
0
p,=E=—=0
p G
Since B, =0, the distribution is symmetrical.
Measures of Kurtosis
Kurtosis is measured by the coefficient B,which is defined as
p=te=2 _2g '
n; 3

Since B, <3, the distribution is platy-kurtic.

EXERCISE 8.2

=—ae e ———
1. The first four moments of a distribution aboit x = 4 are ~1.5, 17, =30, 108, Discuss i
kurtosis of the distribution. [Ans. B, =0.65, playkur
2. The first four central moments of a distribution are 0, 19.67, 29.26 and 866. Test g
skewness and kurtosis of the distribution, [Ans.Bj =1125, B, =2.238, Pla'y'k"mc]

3. Find a measure of kurtosis for the following distribution:

[Marks: [ 3035 | 35—40 [ 4045 | 45—s0 | s0—s5 | 55—60 | 60—65 6510
* [No.ofstudents: | 5 | 14 | 16 | 25 14 12 8 §

[Ans.p, =2.34 playori

'.x'gxample 28] [Ans.v;=27,v,=985, v;=

asures of Kurtosis
i ic distribution, th 325
0 k|ml":d coefficient fe first momen abouyt 7 ;
000- le 291 of variation ang fourth 1523 apq second
Example Moment aboyt moment aboyt
g . . iy
¢ frequency distribution by the methog of 1AM v 3
3 Ome; -33, 1s=30,000
2 3 nts, ,000)
1 3 4
7 3 %
Example24] e 1

4G = 0966,

llowin! i gdistribution, calculate the first four central mo By = 0,8,=2.01]

— MeNts and ty,
ol 20:30 30—40 L e WO beta coefficients;
- 14
[A 0, = 23 17 = 1 w050
B, ns. p; = = =3 L]
- 1= 0,12 =254, 13 = 540, 1, <1 3500 R 8
tion it has been found that the first four moy 51~ TS g, - 231

2 respectively. Obtain the first four mome i

1 7 are 0,256, - 28
, and B, and comment. ™S about zero. Also caleulae I7h‘e

B : p 37548,v4=15,20,579

jbution mean is 10, standard deviation is 4

ents about origin, i.e., zero.
xample 21]

J_ B1=049,8, =275
B =1 and B> =4, Obtain the first

Ans.v, = =
(Ans.v =10, v, =116, v, =1544, v, =23 184)

IEOUS EXAMPLES

culate first four central moments from the following and also find the value of

and B,:
es (Rs. crores): |  40—50 5060 | 600 | 7030 | ses |
‘_qf:companiu: 10 25 \ 30 \ 23 \ 12 1
sl Calculations for Moments
T -
‘cr:;m) f Mld:r"llues . ,:__A d= % f& \ fa* \ fir \ fat \
=50 | 10 45 _20 2 | 20 | w0 | % | e |
25 55 0 | 1 | s | | 5 |
—70 | 30 | es-A 0 o | o | !
0 | 3 | 7 0 | o | o | |
12 85 0 | w2 | e | |
. T
=100 \ % \
< 2 2 Zfd"x/-z='l%%xloo=136

==X j=—— =0.2; h=—
‘N‘ i 100)(10 (] M= 4
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3 't .4 _ 400
3 14 =140: 1L’ = =—
g = TP = g X1000= 1405 i = T =0 10000 4oy,
e )’ =136-(0.2)* =135.96
Ty —3pguf +21)
—140—X136)(0.2)+20.2)° =140-81.6+0.016=58.416
2 "
P L ,
= 40,000 4(140)(0.2)+6(136)(0-2) -3(0.2)
=40000-112=32.64—0.0048 =39920.64
2
1 _GEAD g o014
'Tud (135.96)
B, is a measure of skewness. Since the value of B, is very close to zero, the dis"ibutinn
is more or less symmetrical.
p,=le 290516
p3  (135.96)
B, isameasure of kurtosis. Since the value of B,is lessthan 3, the curve is Platy-kurtie,
Example 21. Fora di mean s 10, standard deviation is 4, yB; =1and B, = 4, Obtaip gy,
first four moments about the origin.
Solution:  Given: X =10, 6=4, /B, =1, B, =4,
m=0’=(4)’=16
w w3 2
=2 = 1==2- = p3=40%
P asy’ ?
H3=+/4096 =64
Ky Ky
== 4=—4 o P, =4x256=1024
B, 12 6? Ha :
1, =0 (always), u, =16, 15 =64, p, =1024
Moments about Zero

v =4l_’or4+u,’ =10
w=it,+vi =16+(10) =116
V3= +3v,.v, -2}
=64+3(116) (10)-2(10)* = 64 + 3480 — 2000 = 1544
Ve THe+ V3.0, =6v, .07 430}
= 1024 +4(1544) (10) - 6 (116) (10) + 3(10)°"
= 1024+ 61760 - 69600 +30000 = 23,184

\

of Kurtosis

t four moments of a digtrip, +: 3

:hamcteristics of a!}‘ltstiril:tl:i‘l:::'ab% =dare | :

upon the nature of distributiol: M on the basis 0f4 lhl Oand 45, Obtain t
ro given: A =4, 1 =1, u7 =g 0 * information giyen
ding to the formulae on moments, the 4
jon will be brought as under: o d
of distribution X =A+p) = d41es
=5

5 . of the distribution oro= i,
= uz=m
2=k )"
A : R Al O R oy S
ce =G =Hz=u5—(u{)1=4_1=3
.'7._lc_lentofvarianoeorC.V.:%XmO

. o x100=
. S =3464%
1

&
fficient of skewness or B, =
(i ’ 7o ’

ﬁerfe,lls =3 -3u; -pf +2upy =10_3(4)(1)+2“)1= 10-12+22¢

My =3

i, 2
= oopl o0 9
us, B == =——=—=0
- By (P 27

I ment: _AS B, =0, the distribution is Symmetric.
cient of kurtosis or B, =4
ot 2
TEMS, G =RG =451+ 605 (1)) ~ ()
A5 410) D)+ 6(4)(1)2 ~3(1)* =45 - 40 +24 3 =26

=3

BoMa. 26 . -
—E—=x=2288
ey

mment: As B, <3, the distribution is platy-kurtic.
! the coefficient of skewness (B,) and kurtosis (B, ) based on moments from

ing data;
»-45 —f 145 | 245 | 345 | 445 | 545 | 645 | ™45 | 843 91\
2 | 17| 9 4 3 1 ‘_l

1 5 12
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g,

m

ess and Kurtosis

5 Skewn
Calculation of —
Solution: T—EA—'—S‘ r‘?z" it s %
T A— —
i N B R NI Ry
— | -1 45 -135 4\05
g | s ] 2 ==
ol 48 =96 | o
i ==z 22 22 '2\2
— F o 0 o o
ot |9 oo 9 cnll 189, | o
2 | 8 16 432 | o
3 | 9 27 +81 23
| 16 +64 256
I~ 45 +5 25 +125 o |
s =-30 | s?=24 | =6 |z,
& 224
I 0= wy = 2 = 22107 =208,
ul=-7v—)<l— 3 N
4
, 4 2072
DGO T OB ) u3=%xi4=ix10‘=27626.66
L T N 7
w =0 )
Y Wy =4} —(1])? =298.66 - (—4)* =282.66

Wy =45 - 35 +20> = —80—-3 (298.66)(— 4)+2(— 43 = 3.375.92
o =15 =45 65 i =3(u7)’
=27626.66 4 (~80)(—4)+ 6(298.66)(—4)* —3(~4)"
=27626.66 — 1280 + 28671.36 — 768 = 302890.02
1l (3375.92)°
3 28266
For kurtosis we have to compute the value of B,

1, 302890.02
== 237953
1 (282.66)]

Since the value of B,is greater than 3, the curve is more peaked thal

curve, i.e., lepto-kurtic,
=

Skewness: B, = =0.504

:

1 the no™*

Example 24. Given the frequency distribution:
X: 2 3 4

" ] : L

Show that the distribution is symmetric and platy-kurtic.

Vv

s an d Measures of Kurtosis

0

pome 329
ining the symmetrici g

For determining the sy _1cnty and kurtosis "

value of Byand B,and for this, we compute th:ff:_lse[dflsmbuncn We are to assess the

i s Has Haand .

5“' s
Ur moments about the mean
Calculati T
ation fo Centra] Moments

X f 2 X=4
X-X & B 5 I
X
2 1 2 i 2
3 3 9 -1 3 ; ) 16
4 7 28 ) 5 - 3 3
5 3 15 41 B 9 0
3 3 5
§ . 2 12 2 4 +8 16
N=15 | ZX =60 =
: /X =0 | 552y 30 | a1
_ I/ 60
=== 4
We have X I 5
First four central moments are:
__0_ A2 14
e 15 My == =12=0933
R0 !
=2 =— = 38
3 N 15 Hq N 2.533
B__©

pl(0.933)7
Singe, the value of B, is 0, the distribution is symmetric
W 2533
2209332 7
Since, the value of B,is less than 3, the distribution is platy-kurtic.
The first four central moments of a continuous series with class intervals of 10 are
arrived at 0, 20, 40 and 50 respectively. Find the corrected values of the moments
according to Sheppard’s corrections.
According to Sheppard, the first and third moments about the mean need no
correction. Hence, the 2nd and 4th moments only are corrected as follows:
We are given, uf =0, juj =20, . p5 =40 and i =50,i=10
We have

Example 25,

Solutio;

100 _
220- 2 _20-8.33=1167
20-—

2
Ha(corrected) = [T 1'_2 =20-
7
and i, (c 1, 7 ades0- L1070+ (10
My orrected):u4_51 -p2+54—0(1) 2 240
; 7265833

7 =50-1000+2916
=50- _L_(10000)=50-1
50-1000+ 240( ’
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Given, A=27,u{ =0, pi=
Moments about Mean:
m=0
M2 =H5 —(1])? =256 - 0 =256
=l‘5 3B+ AR == 2871 -3(256) (0) + 2(0) =~ 2871
=HG—4ug-pg +6U5 -(u))? =3(up)*

: sd“ﬁon: 256, ni=- 2871, 1g = 1,88,462

= M o p2=40% = 188462 - 4(-2871) (0) + 6(256) (0)? - 3(0)* = 188462
8 1 & - (1 6’ Moments about Zero:
=

V=X =A+p]=27+0=27
Va= Ly +v] =256+ (27)* =256 + 729 = 985
V3=U3+3v,.v, -2p}

L anti o p=dx2s6=1024
Bt (16)

=-—2871 +3(985) (27) - 227y
=64,y =1024

=0, p,—lﬁ ] e =—2871 +79785 —39366 = 37548
hinmen‘sﬂ)(b”':;4 10-4=6 Va =Ry +4vsv =6, (v )+3(v))

= 188462 +4(37548) (27) - 6 (985) (27) + 3(27)*
= 188462 + 4055184 — 4308390 + 1594323 = 1529579
(-2871)" 8242641

P«:
=bi o) B0 4
B ul  (256)° 16777216

Comment : Since, B, = 0.49, the distribution is positively of skewed.
B, =l 18BE2_ 18R, .
ni (256> 65536
Comment : As B, <3, the distribution is platy-kurtic.

Example 29. For a meso-kurtic distribution, the first moment about 7 is 23 and the second moment
about origin is 1000. Find the coefficient of variation and the fourth moment about

=i+ =16+ 6=
u§=u;+3u£'ﬂf—2(}1;)

=64+3(52) (6)-2(6) =64 +936 - 432 =568 _
=i+ A - 6.0 43

= 1024+ 4(568) (6)-6 (52) (6)2 +3(6)* "~ -

= 1024 +13632- 11232 + 3888 =7312

the
Example 27. Examine whether the following results of a piece of computatlon for obtaining
second central moments are consistent or not: v

N=1205fK=-125 5% =128

Solution: n= %:;5__ 1.042 = _128_ 1. 066 ‘ the mean,
. J 120 J Solution:  §ipce the distribution is given to be meso-kurtic, we have
=]~ =1.066- (1.0427'= 1,066~ 1/085 = —0 019
As th l i ining 1z ¥ B,=3 = _Ll_:= = w3 -
" Variance 1, = 6%can never pe negative, the data for obtaining ni
:Tmm' ‘ : First moment about *7” is 23
- " ie,  pf(about7) =23 (Given) -
__oot o ey S .
otay, <M (3 128 (-125)°_ | (o6 1.085° . | Mean=7+p{=7+23=3
¥ N) 1207 120 h ut mean is the first moment about origin.
Example 28, Foradistripy, rolii

i o K] (about origin) = 30
= 2871 and |, onithas been foyng that the first four moment‘-‘ ab""ﬂ:zel" : B

oul
calculate ghe valu s of ép tlvsly %utllne the first four moments 2
2 2nd comment,



Moments and Meashres ot
4

)
Variance (6%)=100 = gy
100%S.D- 100x10 _
=——"" 30
yariation (€V)= "Mean 30 .
t P
~100,in()sthe fourth moment about mean js Biven,

1007 = 30,000.
=9, find the values of 13 and 14 and commep Upon,
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coeticentoF

o eyalueol 2
Sul\smullﬂ‘.!‘hc m:}x(

_ 4and varianc®

=+1.p2 .
grample3l lfful,, e
:\“ are given: By =+ =4l
. e 3
seltor M.
p=t1 = el
=pi=9%9 x9=(3%3 x3P=@ = W=
= 3=
=4x9x9=324
wof =4 2 E;_=4 = Ha
el 154

=227 and =324 E e
\'m:ofthe Distribution: Since B; #0, but B, = 1, the distribution is moderae

skewed. Further, since s (= + 27) can be positive or negative, we cannot tell e
direction of the skewness.
AlsoP, =4>3. Hence, the given distribution is lepto-kurt.ic, i.e., more peaked tha
the normal curve.
Example31. The first three moments of the distribution about the value 2’ of the variablest®
1,16 2nd - 40. Show that the mean is 3, variance is 15 and p3 =~ 86.
Solution:  We are given, A =2, 17 = 1, 15 = 16, 5 =— 40 f
Mean(¥)=A+p;=2+1=3
Vance )=y = - i) = 16~ (1) = 16— 1 = 15
Ba=is =3+ 26 )
==40-3(16) (1) +2 (1)*

=-40-48+2=_386 y

Example3, Ty, vl
’- 2;;"551;0;6 TOMENSof disrbuon ahout he value 3" of the varisble ™
Solution; Wear - . Find the value of B,.
em, pi=19 0
SH =13 = i =
- 15 =-22, 1, =180
By=te
?

K

e 3o gpa 13- 144= 1156

(U)§| |
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Mol
; Ha =G = 43 ]+ 6300 )2 ~ 3y
= 180-4(-22) (- 1.2) + 6(13) (= 1.2~ 3~ 1.2)*
=180-105.6 + 112,32 - 6.2208
=292.32 - 111.8208 = 180.4992
Ky
B==
13
Here, iy = 180.4992, ;= 11.56
1804992 180.4992
(11.56)7  133.6336

Since B, is less than 3, so the curve is platy-kurtic.

Now,

IMPORTANT FORMULAE '————

Moments about Mean

SxX-X) _ (X -X)
== P o
_Z(x-X) _I(x-X)*
| e~ |Ly= N L N
i For a Frequency Distribution
| Tf(X-X)" - Tf(X-X)?
! w== = py= = et
| 18
P Moments about Arbitrary Origin ‘A’
ll,_Z(X—A)' , _Z(X -4y
E 1 N > 2" N
i <X -4y ,_Zx-a
- 317 > 4= N
Féra Frequency Distribution
s _Ef(X-4) fd”
T T =Y
(X - 4)? el
“z=\——f(N )xi2 or P.;:th’i X i
 _Zf(X -4y "
u,=\_f(N_ Y8 o ,,;:zﬁl xi?




v, =tV

\“_z.i'. o v —p+ s vy +6iL,. ("1)2+(vl)‘
\».=U.1‘:" v+
b Skewness and Kurtoss = [
3 T =NPL T
6*"% ' w3
ﬁ‘?_‘ Y,=B,-3
Tow

QUESTIONS
1. What do you understand by skewness and kurtosis? Give formulae for measuring thet
2. Explain the term kunosis. How does kurtosis differ from skewness?

3, What is kunosis? How is it measured?

4. Define moments. How are skewness and kurtosis calculated from nulinl moments”
S. Distinguish between skewness and kurtosis.
6. Whatis kurtosis? What purpose does it serve?
n distribution? How are they useful in analysing the different aspects of 8

; ; :m:vmnmoﬂmn 9
+ How do you measure skewness
10. Give measures of skeiwn, M"" kuniosis by using momen\s?
11 What is kurtosis? Explg; urtosis.
v the methods 1o measure kurtosis.

12. What are s
Sheppand's corrections are applicap i U"“ng errors ? State the condition®

\

i
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g INTRODUCTION

Inour day-t?-day life, _we.ﬁnd many examples \'Nhen a mutual relationship exists between two
Jariables, i€ with fall or rise m’tht_‘, value of one vmtlablfe, the fall or rise may take place in the value
ofother variable_. lfor exarr.lple, price ofa commo(%lty rises as the demand for the commodity goes
tp. Upto 2 certain tu.ne-perm.d, vyelght ofa person increases with the increase in age. Similarly, the
{emperature rises 'wlth the rise in the sun light. These facts indicate that there is certainly some
mitual relationshlP that exists betw?en the demand for a commodity and its price, the age of a
person and his weight, allld the sunlight and temperature. The correlation refers to the statistical
technique used in measuring the closeness of the relationship between the variables, - ~

& DEFINITION OF CORRELATION

| Some important definitions of correlation are given below:

1. Correlation analysis deals with the association between two or more variables..
—Simpson and Kafka
2. If two or more quantities vary in sympathy, so that movement in one tend to be
accompanied by corresponding movements in the other, then they are said to be correlated.
—Conner
- 3. Correlation analysis attempts to determine the degree of relationship between variables.
—Ya-Lun Chou

Thus, correlation is a statistical technique which helps in analysing the relationship b
two or more variables.

1 H UTILITY OF CORRELATION

. Wh_Th.e study of correlation is of immense significance in statistical analysis and practical life,
. Which is clear from the following points: .

'fi,,w“) Mo.st of variables show same kind of relationship. For example, there is relatiqnship
. ::n price and supply, income and expenditure, etc. With the help of c(?rrelati(!n analysis, we
.k'rice i:Sure the degree of relationship in one figure between different variables like supply and
™ ncome and expenditure, etc. ‘

R u(:) Once we come to know that the two variables are mutually related, then we can estimate the
et OFOne variable on the basis of the value of another. This function is performed by regression
3 A ;lue, Which is based on correlation. In other words, the concept of regression is based on correlation.

i ere)n?‘)n?lmoll is also useful for economists. An economist specifies the relationship bety/een

Variables like demand and supply, money supply and price level by way of correlation.
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correlatiol a: 1f two v

 other rises 100 and

positive correlation
and prices, €tc-

(i) Negative Correlation:

rises, other falls, and if one fal!s,
Examples of negative correlation are
investment and rate of interest, etc.

(2) Linearand Curvi-Linear Correlation:

of two types:

(i) Linear Correlation: 1f the ratio of chan;

A Carek : ;
@ b:‘r:;:';;' E"”"TL‘."OH.: lftl_me ratio of change between the two variables isn
b ;l;scs lf)fe laol;m is said to be curvi-linear, like as when everytime
 10%, hensometimes s supply rises by 20%, sometimes by 1%

sometimes by 40%, then non-li 1
of eurvi-lnear comelaion, vall::::) (;r curvi-linear correlation exists b

P!
actical ife ©

o Correlation:
2o and egative .
(1) Positive b: assified into tWO types:
are the relationship

If two variabl
other rises, thel

he es'imn‘io'

1C° 7
 field 10
Ths, in €€ o or MOre related phe!
y Ol

ariables X

mena and an:

1 of costs; sales, prices, etc,

* elation analysis is extremely usefy ;,
alyzing their mutua| "elalilo Mafg,
nshi“

On the basis of direction of change of the
Vﬂriahh‘

5 latio e-md Y move in the Same, directiOH, ie,
(i) Positive Corre Vice vers, thenitis @ called as positive correlation, Ex'a L il
ises, 0 between price and supply, between mop,

On the basis of change in proportion, correlation|
B

ge of two variables X and Y (AY / AX) remm‘nt‘
constant throughout, 'then'they are said to be linearly correlated, like as when everyi l
snp?ly ofa comodnty rises by 20% as often as its price rises by 10%, then such |
variables have.hncar relationship. If values of these two variables ;
then all the points will lie on a straight line.

Wi
s With the he,
hy

Mpleg o
<Y Supgy
les X and Y move in opposite direction, i,

n it is called as negative

. comelag

the relationship between demand andel:t:im
i,
i

are plotted ona

ot cons f‘
price ot

etween them-: In

Corralaﬁon

g coRRELATIQN "AND CAUSATION

Correlation is a numerical measure of direction and i
< magnitu :
tweerl “tl; V:Lue::::;:; :n:l)re Vf’"abIES. But the presence gfr" co::l otf L L
the beief at the twC A ated variables necessarily have causal relat'a ion should not be taken as
does 1ot always arise from causal relationship but with the prese‘::es hlt?aswz?- Copelsna
of causal relationship.

3

) t o in to exist. Presence of hi
correlation i certain | of high degree of correlati n
it e s gree of correlation between different variables may

: (0] Mutual Dependence: The study of economic theo: s

- one variable may affect other variable. It is possible mat%:h:v:s:ha} :lls not necessary that only

- utually. In such situation, it is difficult to know which one is the Cfi::?anfis ‘:’r;:_lyhaffect each other
ich one is the effect.

' Forexample, price of a commodity is affected by the forces of demand and supply. Accordi
. According to the

{aw of demand, with the rise in price (other things remaining constant), demand for th
3 or the commodity

will fall. Here rise in price is the cause and fall in demand i

i * . is the effe 3

- demand, price of the.commodlty falls. Here fall in demand is fhi. c:c;eo:n:‘:‘ ‘:;h o h:and: with fall in
Thus 1:}1ere may be high dggree of. correlation between two variables due t T oty
it is difficult to know which one is the cause and which one is the effect. Rt iepepiieios, bt

(2) Due to Pure Chance: In a small sample it i

- D . ple it is possible th: iables are hi

bgt in universe, these variables are unlikely to be ccl:rrelatez, sirctl:vzo‘:;::]il:: ma; ‘bseh g::‘inel::d
0 either

the fluctuations of pure random samplin; the bi i
t i ) g or due to i i i
B sl e tho it e e bias of investigator in selecting the sample.

Income (in Rs.). 5,000 6,000

e 7,000 8,000
Weight (in Kg.) 100 120 —

140 60 | 180 |

y |
In the d i iti
¥ \ e incr::; :: :vtz_::;d _aho.ve_, there is perfect positive correlation between income and weight, i.e.
ith rise in income and the rate of change of the two variables is also the sa|:|1e.:)

Il such kind of ¢ i
5 orrelation cannot be sai oful Tati P
Spurious or non-sense. % b Such hip is said to be

. (3) Cor i i
] rrelation Due to any Third Common Factor: Two variables may be correlated due to

. Some com; i . .
1) Sple Patl and M the variables plotted on a graph will givea s posiﬁVem :: nﬂe‘l‘:?i::c;g“r,aﬂler than having direct correlation. For example, if there is high degree
comelation may be classified into ul:;:eCDrrelation: On the basis of number of vatiables sud ‘ Yield has risen due to the ric;e'; l::r l;ectare Sl o eavond o fhan it dons ot iy L 5
() Simple Correlafion; Wh e : . § all well in time that :xffecytsebo:\ ::efat.hAnot\mNer e
E 0 : en . €s€ two.
::1 called imple corrlygigy :;st.udy the relationship between two variables e L DEGREE
() Pos::e o consumption, e'u: ;Z‘(’Illlshlp between price and demand, height 2" De £ DORRELKTION
artial Correlag, - are all examples of si i a oree of correlati
s lation: Wy simple correlation. rious elation can be known b; i i i
cm‘::lfa:i:wvamhles is m;;;;hree Ormore variables are taken but relationship bel\" i 1) ;Ypes of the degree of correlation: e e filfficg; ¢
ammmtl:w);l ms:fp ]]Tu' under ’::rsllsl: l;lg other variables as constant, then it 3% cglle ! (6)) H“fECt S
’ a n i 1 i
(i) Multiple Copy and wheat yielg 1he:.e$.pe’?‘“fe, we.study the relﬂ“"“s!zﬁ. -+ Hligh Degree of Correlation
ther it is cqlpay 01 Wh is will be called as partial come!”" ) Moderate D ;
€1 it is calleq myy N We study g ' as P P 4) Lo egree of Correlation
ranfal, empergtyre gng - 2ion. e relationship among three OF ™ (i, bt G W Degree of Correlatio
and yielg o1 or example, if we study the relation’ - ) Abgep, n
f “’heaH i e L study Jation e of Correlation.
N itis called gs multiple corre!? )




ble at constant ratio ip th? same g, |
irection of ch:‘mge is opl?osne, it is Perfog oy, iy
tion, correlation coefficient () is equal ey,
(1) is equal to —1. *
¢ Jation exists in very large magnitude, the,, it
,correlation coefficient ranges between 10 75 mi

Correlation coefficient, on being within the limj

tion: When V0 vm;
ul' n and when the

itive ¢0 o e
ect post correlation coefficient

iy

Call
dy) i
tion:

2 s 4 '
(6] M‘?dmu D:Eﬁco::me degree of correlation- 0

e - exists in very small magnitude, thep |
- n: When correlation @ : > then i

; rreoflc (ui:: llﬂ: ::ch acase, correlation coefficient ranges between arl':l::(c)i;l;i

fcorrelation: Jationship between the variables, then Wrrell 4

the value of correlation coefficient is zera ‘

0,

as low degree 0 !
® Absenceof Correlation: When th;re :;: :iz ’
¥ ¢ of cO 3
i be absent. Incase of absenc ; :
is fogd t:;egree of correlation on the basis of value of correlation coefficient can be el
: i

with the following table: e
S.No. Degree of Correlation Positive _&\
| Degreed - —
1. | perfect Correlation +1 -1
L
2| High Degree of Comrelation | Between +0.7510+1 Between —0.75 to -1
| = L= -
3. | Moderate Degree of Between +0.250+0.75 | Between —-0.25 t0-0.75
i Correlation :
4. Low Degree of Comrelation | Between 010+0.25 Between 0 to —0.25
s, Absence of Correlation 0 0

o METHODS OF STUDYING CORRELATION

Correlation can be d d by the following methods:
(1) Graphic Mz.tlmds (2) Algebraic Methods
((:2 SCj::axlx);:g:}m h (i) Karl Pearson’s Coefficient of Correlatiod
rapl (if) Spearman’s Rank Correlation Method

(iif) Concurrent Deviation Method

Methods of Studying Correlation

Algebraic Methods

Correla
Ora tion Rank
ph
Correlation

Correlation Method

correlaﬁon
5
) GRAPHIC METHOD
() Scatter Diagram
Scatter diagram 1 a grﬂp_hxc method of finding out Jation b
4, direction of correlation can be ascertained. For constructin etween two variables. By this

ented on : Ing a scatter diagram, X-variable
p Ma-dimen.sional space of X—Y. Thus W:,::t f:;:;:::i of values of Xand Y Serles i&
 Different points may be' scattered in various ways in the mby plotting all the pair of
us an idea about the direction and magnitude of correlation in the follilmgl'am bl
(i) Perfect l"ositive Correlation (r = +1): If all points are plotted i ‘:;"mg ways:
line, passing from the lower corner of left side to the upper co n e.shape_ of a straight
series X and Y have perfect positive correlation, as is clear ﬁ'urr:e:hn ;lxght side, then both
Perfect Negative Correlation (r=-1): When all points lie on a strai e 1.lagram (A) below.
then X and Y have perfect negative correlation, as is clear from mB:“d line from up to down,
High Degree of Positive Cor When of m;g"‘m (B) below.
right upward and the points are close to each other, then X anlzioY h;:')v;s from left to
positive correlation, as is clear from the diagram (C) below. e high degree of
' (iv) High Degree of Negative Correlation: When poin : !
downward, and the points are close to each oier,tfhf: ;O::;"“'{‘:':Vﬁ't;m let: to right
negative correlation, as is clear from the diagram (D) below. e high degree of
(v) Zero Correlation (r = 0): When all the points are scattered i irecti
there and are lacking in any pattern, then there is absence of corr:l:?i::!:si‘:;a‘:;em“;i

X-axis and the Y-variable on Y-
gives

@
)

diagram (E) below.
Scatter Diagram
gl 1Y Y
Ar=+1 X ®r=-1 G0 Fighly Post X
o Y
ple1 L (D) Highly Negative (E) No Correlation
e 1, i 5 5 .
Given the following pairs of values of the variable X andY:
X: 10 20 30 40 o | 60 |
i 25 50 75 100 s | 10|

((.') Make a Scatter Diagram.
ii) Is there any correlation between the variables X and Y?



seatter plagram
on: O [ | :
Solution* ! i
1
|
!
|
|
‘0 2 X : -
. g the scatter diagram: WE can say- that .there S perfest o
@ i:gﬂ‘:;:‘gn:mm X and Y variables.
- tter Diagram el
» Merits and Demerits of 5:12 method is easy because 10 mathematical computations ey,
ining correlation :)of s method s that degree of correlation cannot be deteming;
done. The major shortcd
EXERCISE 1.1
1. Givea the following pairs of values of the variables X and Y: |
X: 2 3 5 6 3 N
v | 6 | 5 7 3 = ]

(a) Make a scatter diagram. (b) Is there any correlation between the variables X and Y
2. Drawthree hypothetical scatter diagrams showing the following values of 7’:

()r=-1 (@r=+1 (ii)r=0

IR

© (ii) Correlation Graph

Comeletion can also be determined with help of correlation graph. Under this method,

umﬁmdnwﬂby

marking the time, place, serial
e me, place, number, etc., on X- nd
variables'erieson Y.-axis. The degree and direction of correlation s judge

°f“‘&ﬂwuhnuiou 3
dirction, then they haye puc,

g ways: (a) If curves of both series move up or

is and the values o™
axis an! o et

down in <%
opr"
eris®

& o e i\ 9 o i
direction, then ey haye oo 120N, 2nd (B) If curves of both series move "cm

those of a scater

liction and consumption;

191 1992 1993
48 58 58
42 54 55

iagram, - eation. This method too has the same merits &1

. t 00*
h““;'::ph‘on the basis of the following data and comme™

1
1994 f
L

Gaﬂe[aﬂol" 7

Correlation Graph

Sol“““":

@ N
a o

Production

g 3

Consumption

(in lakh tonnes)
@
id

a
Ly

Production and Consumption
8

ANF

v
X
990 1991 1954 e

. In above shown graph, years are shown on OX axis and the production and consumption are
shown on OY axis. This graph reveals that the two variables are closely related. Both curves are
moving in one direction only. The distance between them also remains almost constant, therefore,
there is high degree of positive correlation between them.
|

EXERCISE 1.2

From the following data, ascertain whether the income and expenditure of the 100 workers
of a factory are correlated:

~ | Year: 1979 | 1980 | 1981 | 1982 | 1983 | 1984 | 1985 | 1986 | 1987 | 1988
Average income (inRs.): | 100 | 102 | 105 | 105 | 101 112 | 118 | 120 | 125 | 130
Average expenditure: 90 91 93 95 92 94 100 | 105 | 108 | 110
Use Correlation graph. [Ans. Closely Related]
2. From the following data, ascertain with the help of correlation graph, whether the demand
and price of a dity are
Year: 1986 1987 1988 1989 1990 1991 1992 1993
Demand in units: 50 55 62 70 75 78 80 82
Price i 40 38 35 30 27 2 20 16
[Ans. Negatively correlated]
:gz) ALGEBRAIC oD
i K; .
.}l)is arl Rearsgr’s Coefficient of Correlation
Y :‘:?““ Ve method of measuring correlation. This method has been given by Karl Pearson
ing ou‘: name, it is known as Pearson’s coefficient of correlation. This is the best method of
: <o

rrelation coefficient. This method has the following main characteristics:



. d correlation
. thod, the directio,
corre"'i"“: By this M€ n of °°"°|au“n
. ion O R \ %
. of])lrtfl','ve ornegative: oy this method, it becomes posgip.
> posit ip 1 oy,
T of nsccn‘elatiﬂn ranges between —l and +1. 7y Va‘u::;u'“ |
T |

deal measure of correlation as it is pyg don, |
|Y1(~

eg! fici . ionship.

(2) Kno™ ge 0 feg he “’emcl‘e:ge about the S12€ of relationship
onquantitat’™" L oc knowle
contla"°"q i

g Jution:
tion & . an  So
coeficient© orel8 conslde"ed tobe i
M

tion.
¥ on’s me!
6] (Covariance: ar] Pears

g5 follows:

XY)= '
Cov (X - can be used t0 €XPress correlation between two At
Tie it o{wvananoees greatef, higher will be the.c?egree of correlation, g
magnitude of co-variance ‘;‘e::\'r:riance, correlation will be positive. On the contrary, o

~er. With positive sign @ ance, ¢ e
mvl;c nezzu‘rfesif the sign of covariance is negat

o Calculation of Karl Pearson's Coefficient of Correlation

{hod is based o cO-Var iance. The formula for CO-Varjgy
i

N

Jation of Karl Pearson’s coefficient of correlation can be divided into two parts
T::;‘;’h:n of Coefficient of Correlation in the case of Individual Series or Ungrouped Dyt
((B) Calcalation of Coefficient of Correlation in the case of Grouped Data. !

P (4)Calculation of Coefficient of Correlation in case of Individual Series or Ungrouped Dit

The following are the main methods of calculating the coefficient of correlation in individl
series:

(1) Actual Mean Method

This method is useful when arithmetic mean happens to be in whole numbers or integers. Tt
method involves the following steps:

{
(I)Fis, we compute the arithmetic mean of X and Y series, i.¢., Xand ¥ are worked o

’ e dl
mkef,z )T-l::m f’?“{‘ht arithmetic means of the two series, deviations of the individual VB{“‘% o
- 5 ydcvmuons of X-series are denoted by x and of the Y-series by y, i.¢s ¥= )

(3) Deviations f th . s
oy OF'the two series are squared and added up to get Xx 2and Ty
2y,

€ comespongj iati 1
esponding deviations of the two series (x and y)are multiplied e o
5) Finally, Correlation
" flicient ig found‘ out by using the following formula:
B J\m =D
The correlatio coeffic}" o iX)z - ?)2
EXAMPles clarify the b e al ; .
iy Motet th.ays ranging between —1 an
1S method: -

The ol

Exnl‘ﬂple 3.

From the following data, calculate Kar| Pearson’s coefficient of correlation:

X: 2 3 4 5 P l 7 5
Y: 4 7 3

9 o | 13
Calculation of Coefficient of Correlation
X x-X) Y (¥-Y)
x < ¥y yz y
2 ko 9 4 6 6 | w8
3 -2 4 7 3 9 |+
] -1 1 8 2 4 *2
5 0 0 9 E 1 0
6 +1 1 10 0 0 0
7 2 4 14 +4 16 | 48
3 +3 9 18 +8 64 +24
zﬁf” Tx=0 =28 |Z¥=70| x=0 BF=130 | Zp=58
- XX 35 = LY 70
= ===5 ¥=""xz=_
N 1 T T
e Im 58 58
TxixTy? ,[28)(130 3640
=38 096
60.33

Tﬁus, there is a high degree of positive correlation between the variables X and Y.

From the following data, compute the coefficient of correlation between X and Y
series. -

Y-Series |

Number of items:
Arithmetic mean:

Squares of deviations from mean:

Summation of product of deviations of X and Y series from their respective
arithmetic means = 122.

We are given: N=15, X =25, ¥ = 18, Zx’= 136, 5y*=138, Ty =122
Applying the formula,

Xy 122 3
Tt 5y? (136138
122 122




Solution:

are6and 8 respectively.
. fX h
Arithmetic means © issing value of Y and let us denote it by a.
s frst fnd e 2 gs1l+a+8+7_35+a
L 7 I j_/——-’—‘ = —5—‘
-
35+a
= 8= 5
j5+a=40 = 9= 5
. lete series is:
Thus, the comp 6 - = . 8
: 9 1 5 3 7
Now we find the coefficient of correlation. S
Calculation of Coefficient of Correlation
X =6 < Y ¥=8 7 3
£ y
5 J 0 g 1 1 0
2 -4 16 11 3 9
- 1 L] 5 -3 9
: = 4 8 0 0
el L 4 7 -1 1
LN=30| mr=q ) = —
— ‘=40 | Z¥=40 =0 5P =1
X = g = 3_0 ‘6, }7 Iy 4
N 57 = ¥ ==
Applying the formula:
r= 1& - i
m 40%20
e
B0 %2553
=~0919

godt—™————————— 0 n

3 E;nml’l

s,,]uliolﬂ

6. From the data given below, find the number of items ()
r=0.5, Zxy =120, Standard Deviation on(Gy)= 8, Xx2=9(

Where, x and y are deviations from arithmetic means.

Given:  r=0.5,%xy =120, 5x2 = gp, c,~8

_ |z yZ =
Now, Sy=4 N wheny=y -7 [Formula of S.D.]
_ | )
8= ~N »Squaring both sides, we get
Ty?
64=" t=
N = Zy*=64N
. Xy 120
Now, rE/—m— =5 05=—=—
[5x? 5,2 J90x64 N
Squaring both sides ’
2
025= (120) 025= 14400
90 x 64N 5760 N
= (0.25) (5760) N= 14400
= (1440)N= 14400
14400
N=——=10
1440

XERCISE 1.3 -

o

Heightnffathers(in inches): 65 66 67 68 69 70 I 71
| Height of sons (in inches): 67 | &8 [ 66 [ 0o | 2| n | &

1. Catpulate Karl Pearson’s coefficient of correlation between the heights of fathers and sons
" from the following;

[Ans. r=0.668]

Calculate Pearson’s coefficient of correlation between X and Y from the following data:

g 14 19 24 21 % | 2 [ s ] 20 l 19 J
X Ell 36 | 48 | 3 | so | s | 3 | @ | 3 |
[Ans. r=0.947]
S:ll::t‘;‘zh"\e cqefﬁgiem of correlation using Karl Pearson’s formula based on actual mean
€ series given below:
10 12 15 23 20
14 17 23 25 21

|Ans. r = 0.864]



Jation
goreal —————— 4

Zdx .
Sdudy - 22Xy
r= N
or 2
Sdx? _(Zdx) szyZ_M ()
N N
- i ean: N ] de _ de -
— from arithmetic ™ - = o= dy -Zdy
% series from their respectj or r= )
oreductsof evistens it : g VN Zdx? (3 N 3y (g e
mmation of PrECE O S.r= g MY _ 7
¥ o 35yt =50, whereX and y denote deviations from thejy Tespey 'yl r= MM
A0SR0 e No,o, .{Gii)
P - bservations- . £ S Nsqy . . I therwise ifically ask i
thenumberof i their respect ; ‘Note: Unless otherwise specifically asked, formula (i) should ; .
:un?afi::les‘;and Y when expressedas deviations from BeC e Thcans e 81Vengg work very easy. o beused as it makes the computation
woariates? . 1 , .
6. e The fol wullg ) clfanfy the comp process of this method:
Example//. Fmd the i:oefﬁclerit of correlation from the following data:
X 10 2 1w 6 [ 5 [ w ] [ v ]
13 17
Find e coefficientof correlation bewveen therm. . Ly: [ 0 [ s [ o T @ & o]
int: Sec Example S1] i ! “Solution: ) . . N
b g:ll::lm Karl Pzarson's coefficient of correlation, taking deviations from actual mea Bolution Calculation of Coefficient of Correlation
[ Y i =]
52 and 44 of the following data: | X Ald:G &l Y A=42 dy dxdy
v e lw % | s sa | 2 | os6 | @ al = - — 3 -?z — -
v % w0 |o || 2 |« |4]x][n 3 T = = — - 2
[Ans. r=+055] : 18 2 4 5 ™ s .
8. Determine Pearson’s coefficient of correlation from the following data: B 16=A 0 0 44 +2 4 0
I¥ =250,.5F =300,N =10,5(X -25)° =480’2(Yj— 30)? =600 and 15 4 1 2=A 0 0 0
X -25)(Y -30)=150 {Ans.r=01 19 3 3 . " P ”
= m— 18 +2 4 47 +5 25 10
() Assumed Mean Method = 7_ | + 1 46 +4 16 4
mcthT:dls:‘:,hi:i: "ff:f“' “hen arithmetic mean is not in whole numbers but in fractionsr-" n® D{; .1825 Zdx=-3 | Td=T1 D(: - 3837 | =1 | =253 | mdxp=138
coeffcient by lhissmm:nodismmbid means of both the series (X and ¥) are calculated. C0 !
(1) Any s of o s gy 0 1 the fllowing maner: REEMS e B I TR o
() Deviations of the i g a;e t2ken as their assumed mean, Ax and Ay. + o . N .8 N 8
assumed means, Deyjggign (yl;l){ual values of both the series (X and ¥) are WD,"de;l' ) by d Since the actual means are not whole numbers, we take 16 as d mean for X and
(3) Deviations are Summed series (X - A) are denoted by dx and of Y_series ( 42 as assumed mean for Y.
(4) Then, squareg o, dev‘;p{m get ‘L;dx and Tdy, " y Applying the formula,
2 : a .
Zdy*respectively, 195 d*and d?are worked out and summed up ©© 8 N .dxdy — Zdx . Xdy

(5) Each gy ipli
) ch dy 15 multiplieg by the COrre,

=
N Zdx? —(Zdx)? AN 3y - ()’
(6) Finally,

_ 8x138—(=3)(1)
8% 71-(=3)? /8 x283- (1)’

. ded 7
Ponding dy and the products (dxdy) 2 od

correlation coeffiei., . - .
ficient ig Obineq by using any one of following form*




ion
e 1107 conel2l® 15
11 —
=559 2263
m W Tdxd _ Zdx.Zdy
1107 _ r= N
»zﬁ_o% oy =
==y 1124 sz,ﬁ_ 2 (fdy)
JZJZET |6 =42, }:dxdy—138 y® -
=4

93_( e
= 1 98-3
JZ”‘ (—ll:) ‘jm 3 N TN ey

alier: X1 Zl N J\
= 64 295
- N

sopg e ol MLAM
| AYG G

38-815.62-16) (42.12- 42) 138—8(-03g)01)

ey Y T 140.184

138-03648 _137.6352

- 95 95
 Mexi2is 183 %
r can be calculated by using the formula:
Edvdy X N — dx 3dy
B R
98x 11— (~11)(-3)
J11x217 ~(-11 x11x173-(=3)°

Ll i =0.98 L 1078-33 104
ST0Ish 140184 2387121 [1903-9 ~ 2266 V1894
Esample8. Calculate Karl Pearson’s coefficient of correlation from the following data: 1045 1045

x |2 |z s |29 |30 |32 |3 |35 |3 } 4291804 2071.66 .
[ o[22 ]| 22|28 ]2 |30]2 Example 9. Deviations of the items of two series X and Y from assumed mean are as under:
(You may use 32 as working mean for X and 25 that for Y.) [ Deviationsorx: [ +s [+ 2T 0] 0 [w5[0 [s] 5]

. . Deviationsof Y: | +5 [ -12| 7 [+25]|-10] 3 [ 0o | 22| -9]-5
Solution: Calculation of Coefficient of Correlation L l l I I 1 I I l | l
AZZ i Y A25 & . Calculate Karl Pearson’s coefficient of correlation.
dy H
u 64 18 | 49 dx ax? dy @ ddy
LS | 32 20 is 25 +5 25 +5 25 25
16 2 ) 9 4 16 12 144 a8
—=2 | 16 |25-4 0 0 =2 4 = 49 14
—= [ 9 2 3 9 +20 400 +25 625 500
$ 4 2% ) 9 «‘1)0 100 10 lgo lzo
! 30 w5 | 2~ =
— 1 4 0 0 +2 4
T 30 +5 __9/ 5 25 15 25 (]
il T v =3 = Zdr=-g T =804 Tdy=-24 =126 | =897
— [ XM= sdy=-3 | =]




—

wady—fdx Zdy

r= N')mxz,(fdx)2 m
10%x897=(

-8)(-24)

=,/10xxm4—(-z;)2 10%1262 = 6-24)2

§970-192 )
Y=

=i 6 12620-576 V7976 12045
g8 _ 8718 _ ) eos

=W’ 9801.17

Coefficient of Correlation by taking a Common Facto, !
o oebe used to simplify the calculation of coefficient of Cortelatioy, |
there il e noeffects on the formula of coefficient of correlatioy 1[]1 .

reason s that the coefficient of correlation is indepe;

o Calculation
Common factor may
importanttonote here

i i : dent of
fsued, The manreson i : : nden
oommm;ffﬂ:;;n and cale. If the origin i shifted or scale is changed, it will not affect the Vil
coefficient of comrelation. » . '
Example 10. Calculate coefficient of from the following data: !
X: 100 200 300 400 500 m
Y: 10 120 135 140 160 16 |
N
Solution:  To simplify the calculation, let i ]
_X-400  _Y-140 |
T 5 il
Calculation of Coefficient of Correlation
| = i Y &y & iy
100 -3 9 110 26 36 18
o 4 120 = 16 i
% = 1 135 = 1 L
— T — 0 140 0 0 !
w4 :
o | 1 160 - 4 16
— 2 10
R 4 165 5 25
L2 {5 T T el
Zdy=-2 ¢
r= N X Zdxdy — Zdx Edy
N.zar?

~(2d )2 [N .zdy” - ()’
= B (B —

Vo9~ x 6% 94— (-2)°

" 246_6

= 20240 9897
; =20 . aH o
%5 V560 Vsas00 242,487

jation
09”6 17
- MPORTANT TYPICAL EXAMPLES
= 3
~ le 11. From the following data, calculate the Karl 2 )
Examp! between age of students and their playing ha;i‘:earson s coefficient of correlation
e e s §
L Age: 15 16 17 —
D No. of students: 250 200 150 ]123 = 2
Regular players: 200 150 90 - o 5
- il 30 12
Jution: Since it is asked to find the correlation between ) o s .
tofind the percentage ofregular players whichfsptainee o B Aol
Oollows:
No. of students
= Regular players % of Regular players
200 200
357100=80
200 150 150
200 100=75
150 90 90
% x100=60
120 48
% x100=40
100 30
%’ x100=30
80 12 12
8—:) x100=15

Now we calculate the correlation coefficient between a
a ge and percentage of regular
players. Denoting the age by X and percentage of regular players by Y. i

X de @ Y & *? dudy

15 =2 4 80 +20 400 40 .

16 =1 1 75 +15 05 -15
17=A 0 0 60=A 0 0 0

18 +1 1 40 20 400 -20

19 +2 4 30 -30 900 50

20 +3 9 15 45 2025 -135
N=6 [ Za=3 | ys2<19 Tdy=-60 | zay?=3950 | Zdrdy=-270

N X Zdvdy — Sdx Zdy
JN.Ea® —(zde ) N2y - (ZY
_ 6:1(-2170) - (3)(~60)

- ‘jsxw_@)z % /6% 3950 (—60)°




-_— 4
c ,

~1440

JEELLUETE . .
= Ta-9 73700-3600 2110500 M\D,% | 4% (Nyl(‘)' A% & | Y ] ames
 gativecoreltion berveen age and plp, = wovass| Y sty
e is  hig €€ . the tendency 10 play decreases. &by, =T —
3 g x ! 0—1 =3 9
pows that 8 JatoKarl Pearson’s coefficient of copre], : . 3 =130
e llowing et calouls Clationy, o201 13 L 2 T T =
Esample 12 fro d blindness: ] 1 2050 L 2 - L 100 -
age an No. of persons Bling 30—40 | 35 0 0 1 = 1 8
| (nthousndd) ) 4050 | 45 o 1 e A% 0
150 =35 1225
 w 5060 | 55 2 s Lo | o1 = =
o 60—70 | 65 +3 9 30 | +ns | 13225 33405
-
" 7080 | 75 +4 16 500 315 99225 o~
T N=8 Sde=4 |za2-gs - 1260
" Zdy=3 |zdy = 157425 |Sdxdy=2311
e |2 —— 5 duy - 2L Zd
1050 P r= N iy (4)8(3)
- =
1 = dx)’® 3
ee |4 J}Idxz—(—) JZdyl—M J«_ﬂ b izins. B
e | N ) .1
7080 3 2311- (4)8(3) Bli-1
] = =15
Solution: _ Firs, we shallfind the number of blinds per lakh of population in each growpzs e 4? 157425 3’ Va2 15742387
No. :Wns Blinds No. of blinds 8 "8, =
! er lakh
- - - (per lakh) ___ 23095 23095 _ 23095
Tongg < 10000055 _ V42 15742387 6.48x396.76 2571.004 -
P 0 40 ~ Example 13. From the fi i i i
- o 100000=67 4y sx:rie:. ollowing data, calculate the coefficient of correlation between X-series and
4 40 =100
. T % 100000 = X-series Y-series
- T = TS 1255
’—u\ 36000 umed mean 69 112
36 36 <100000-! 0 Standard deviation (c) 13.07 15.85
I — 24000
T = anum of products of corresponding deviations of X and Y series from their assumed
S ean (X dxdy) = 2176 and no. of pairs of observations = 8.
6 * Given:
e PR }’;’=8, X =745, 4, =69, 0, =13.07,
= =125.5, 4, =112, 6, =15.85, Zdudy =2176
2; f;;l.li{lg e - 3000 3 Applying the formula:
icient ofWﬂ'eIazion. & by X and No. of Blinds per Takh B PP i s Ol ol T AN 2 - N(X-4)(F -4,)

N.o,.0,



jon:  Firstwe shall
- - No. of students No. of regular players

subsiting th

From the following data.
il * *playing habits:

emhl& sin

1“6 ~8(5.9)

6 S

(745 _69)(125.5-112)

3x13.07%15.85

307)(15 85

150

(13.5) _2176-5%4
1657.276

find the percentage of regular players as follows:
= =]

e |
1657276 =0 g
calculale the coefficient of correlation betweey . e

1582

% of regular players,

20
— 162 162, 100=
pe 70 X1 60 ]
5 Solution:
pom 170
@ 180
0 180
30 120
S
Denoting Mid-Value of Age by X and Percentage of Regular Players by Y.
T Calculation of Coefficient of Correlation
A | oMy Taens[ oo %of | A=50 | &
® dx Regular
TI(» ? | layers (Y)
P N 75 +25 625
— e
s ?17"\ 60 Ti0 | 100
1819 ?T J 0=A | 0 0
1920 ?\‘\ 50 0 g
o | = p y 25
A1 05 [T — 1 45 )
i 40 o | 100
izt Ty=20 syt 850

N X Zdsdy — 3dx 3dy

N et N2 2y
6x(~100) - (3)(20)

= =000
\jﬁxw @) ,laxsso 20y

660

~ 105 vaT00

660 _
702.4956  ~ 093%

It shows that there is high degree of negative correlation between

age and playing
its.
rom the data given below, calculate the coefficient of correlation by Karl Pearson’s
method between density of population and death rate:
Cities Area in sq. miles Population No. of deaths
(in “000) Y
A 150 30 300
B 180 90 1450
c .100 40 560
D 60 42 840
E 120 2 1224
F 80 24 312 |
First we calculate density of population and death rate by using the formula and
denote them by X and Y.
. Population
Density of Population = ———
ity P A
No.of Deaths
Death Rate =——F—x 1000
Population
Cities | Area | Population | No.of Density Death rate (%) \
(in sq. mile) | (000) deaths X ™ -
A 150 30,000 300 30000 .00 30, 1000=10
150 30,000 .
B 180 90,000 1440 90.000_ 0o L0 ) 000=16
180 000
c 100 40,000 560 40,000 0, 1000=14
100 40,000
D 60 2, 340 42,000 840 L j000=20 |
42,000 = =700 42,000’“’
224
E 120 72000 | 124 | 72000 oo 1 x\.WO=\7J
120 000
F 24,000 32 000=13 \
80 24, 3 000 _ x1,000=1
4,000 =30 00




_zx 2700
F==="¢

Since the actual means of
from actual means of X an

fficient of Correlation

Calculation of Coe -y m\
x=450 2 Rate |p=¥-15 »
x-480 )
10 =5 o~
16 41 1
14 -1 1
20 +5 2
17 +2 2
13 =3 iy
$r=90 | Ty=0 | z2-[-

=450, Feg=g8

dY to simplify the calculations:

X and Y are whole numbers, we should take devinlim‘

gorrelation 23

=

Calculate Karl Pearson’s coefficient of correlation between the values of X and Y for the
following data:

78 8 % | | s | » [ & [ o |
Y: 25 | 137 [ s [ e | | e [ [ s |

\ Assume 69 and 112asthemean values for Xand Y respectively. [Ans.r=+0954]
i i me'the following data, calculate the coefficient of correlation between X-series and
~ Y-series:
!’ - X-series Yeseries

Mean: 381.2 245

Assumed mean: 380 2

Standard deviation (0): 16.79 297

summation of products of corresponding deviations of X and Y series from their assumed
means (Zdxdy) =390 and no. of pairs of observations=10. [Ans. r=0.794]

" 5, The following table gives the distribution of items of production and also the relative

defective items among them, according to size groups. Find the correlation coefficient
between size and defect in quality.

Ly
hﬁ" gz— Size group: 1516 | 16—17 | 17—18 | 18—19 | 1920 [ 2021 |
o 6 No. of items: 200 210 340 360 [-a00 [ 300 |
8 ; ive items: 150 162
Toxda Joxe No.ofdefective tems 170 180 0 | s |
P [Hint: See Example 52] [Ans. r=-0.95]
T =+0.9875 Find out coefficient of correlation from the following data:
) {0y ion sl X: |.300 | 350 | 400 | 450 | so0 [ sso [ o0 [ eso | 700
is a hi ‘positi ion between density of population!
vary tigh gt poskie Saculation, b8 g - v: | 800 | 900 | 1000 | 1100 [ 1200 | 1300 | 1400 | 1500 | 1600
[Hint: Let dx = X_SOO, =y—_ﬂ] [Ans. r=+1]
EXERCISE 1.4 S50 100
A Calculate the coefficient of correlation between age group and mortality rate from the
5 gbulr{le the Correlation Coefficient from the following data of marks abe following data :
(X) and Economics (Y): Agegroup: 0—20 20—40 e | e | s |
7 | o | % ‘[ Rate of mortaity : 350 280 s | 760 900
- 8 | ss | ss - |Ans. r=0947)
2. Seven students oby | 1A ';z f Calculate Karl Pearson’s coefficient of correlation between age and playing habits from the
: obtai ;
final examination (\l{l;e?:::; following percentage of marks in the colleg® test

md]
jables:
out the coefficient of correlation between thes® varl

data given below:

A 16 17 18 19 20 21 n
No. of students: 350 320 280 240 180 120 50
Regular players: 315 256 182 | .12 6 18 4

[Ans. r=-0.994]



4 production in *00 tons for Rap; a

s it an . . n
infallin inches & ¢ of correlation between rainfy)) iy
pgures 87 1 g the coeiEIT . gy,
. Following i years: 1
9 rops fOr numbe! o 26 28 30 =
pmducuoﬂ« » 2 » 2 40 % -
Rainfall: : 5 18 - 13 20 2 IQ
Rabi produtﬂ""“ - I 17 A ]
Kharif producti” ot oo ST =40y
in 4 cities, calculate the coi.hm:::t of correlation by peawl
10, i the olow8 842 5 e ion and the death 1153
rween the den Population No. of deathg
—
480
— % |
1200 !
s
1080
280
|
[Ans. r= +0.82] b

' from the following data: .
I T 189N <105(Y ~22) =85,5(Y 19)? =25and (X ~22XY -19)=4

[Hint: See Example 53 Aliter] [Ans, =0

(3) Method Based on the Use of Actual Data )
This method is also known as Product moment method. When number of obsewatliﬂ;::
few, correlation coefficient can also be calculated without taking deviations either from actuz

of from assumed mezn i.e. from actual X and Y values. In this method, the correlation ol
can be determined in the following way:

(1)Firstof all, values of the variables X and Y series are summed up to gét ¥X and ZY- ;
g; ';}uhevalns of the variables of X and Y series are squared up and added to get ¥x 2and Ew v
e e values of X variable and Y variable are multiplied and the product is added uP
(4 Finally, the follow )
o fmfnula s used to get the correlation coefficient:
sy ZIY
——

2
N
i N2 -3y gy

Wyt

correlation 25
] Exnml’le 16. From the following data, find Karl Pearson coefficient of correlation:
X: 2 | 3 1 5 P n
[ TET ) ST (N @ [ 6 T2
solution: Calculation of Coefficient of Correlation
X x? v 7 P
2 4 P ™ =
3 9 5 25 15
1 1 3 Py 3
5 25 4 6 2
6 36 % - 36 g
4 16 2 2 s
N= 62X =21 x2=91 I¥=24 7%= 106 XT=90
Applying the formula:
iz N.3XY -3X.ZY
V.= —(2xy? [N zr?—(zry
6%90—(21)(24) 540504

J6x91-@21)? J6x106-(24) 546 441[636-576
36 036 36
=== = O s
V105 J60 6300 79.37

Example 17. Calculate product moment correlation coefficient from the following data:
[ x = 10 T
Y: 50 40 | 20 [ w0 [ s

In this question the mean of X and Y series may come in fractions or negative signs. It
will pose a problem in computing deviations, so here method based on the use of
actual values will be used. ’

Calculation of Coefficient of Correlation

X xl Y yz XY
= 25 50 2500 -250
-10 100 40 1600 —400
1S 225 30 900 —450
-20 400 20 400 —400
225 625 10 100 250
=30 900 5 25 150
i - TxZ-2275 | Er=155 Iyi=ssas | ZXyY=-1900




le 18. Fi
Examp! - g T 255, T 4
, Dc - 5,5:.’% > =55
Solution: ,\=T
- o I o zr=40
== = 10
z(X+y)’=zx’+2Y’+2zXY=947
o agsel2elNY=041 =  2EXY =370
> XY =185 .
N.ZXY -EX .ZY
e
Nz (X)) N .zr? - (YY)
Putting the given values, we get
_ 10185 - (55)(40)
Joxags- (s \Jl0x192-(40)°
o Iss0-2200 _ ©-350
850-3025 1920-1600 /825320
-0
T
IMPORTANT
Example 19, Calculate .
» i inteP™
result; coefficient of correlation from the following data and In
}:XY:m”
i A =05 F <
Solution; On the basis o of infe .28.0,0' _1050 —s6and N=10 y

-L\’ Y

J/ ’N £Y? - (ZY)?

<(1900) = (-105)(155)

m Jox5525 - (155)
6%

1400+ 16275

3650 =1025 33150~ 5 (PIS0-20025

4815 _ 4875
“F Jg—lz’ 953125 4894.19

orrelation for the following data:

————=10.99¢

mm:c“fﬁciemofczxz_m 572 =192, (X +Y)? =947

correlation coefficient.

ons given, we use direct method for 1 a4

N ZXY -3X .3y
JN X% -(2X) N .27 _(zry
For this formula, the value of £XYand N are known, the values of £X ¥, X >

and
3Y 2are to be calculated.
72X L sx - NE=10x285-
=% = .5=285 )
= Y =
F="7 =¥ =N =10x280=280 i)
’rx
o=~ (X)* (Formula of S.D.)
b
220 _(X)?
= o=~ (X)
X7 = N[o%: +(X)?]= 10[(10.57 + (28.5)2]=9225 (i)
Similarly, ZY? = N[o}, +(¥)*1=10{(5.6)" +(28.0']=8153.6 i)
EXY = 8425 (given), N =10
N .EXY - X .IY

Now,

N EX (X N 2P —(21)
_ 10 x 8425 — (285)(280)
9225 10— (285)7 |/8153.6 10— (280)*

~ 1102543136 5880
Interpretation: There is a positive correlation between X and Y.
Aliter: r can be calculated as follows:
b, Cov(X.Y)
G,.0,

Cov(X, n=%):(x _XXY_Y)=IWW-X?
Substituting the values, we have

Cov(X, )= %(8425) - (28.5)(28.0)

=842.5-798 =445
Now, L Cov (XYY W5 M5
0.0, (0556 588

From the value of = 0.756, it appears that there is positive corelation between X and Y.

0.756
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ariable X and ¥:
¢ i pAiTs ¥ of vl of‘.l_ 2085, TXY =73 ™
The follow ngare " 35 sx? =285, Y 1 We know G, === ~( XY (Formula of S04
Example 20 i =45, 27 ,d oot hat 840 pairs were copied as: :
N® was foun 2 _ZX 712 - 2
whecheeknE " ol==—(®)? . EX?= Mo+ (X)?]=20016+225)= 4820
But this is not the correct value of X 2due to mistakes
2_ 2 _
instead of Corrected £X 2 = 4820~ 177 +277 = 4820 - 289+ 729= 5260 (i)
b3
Sy VN @y (Formula of S.D.)
rrected data. ,_ZI¥? 7y? el PP,
Jation coefficient for the co = 0, ——N—-( )  Z¥* = No} +(¥)*]=20[25+ 400] = 8500
Obtain the cOrTe! sx? =285, $¥2=2085, XY =731 i .
¥ N=9,2X= 45, 8¥ = 135, fics, new valics are But this is not the correct value of ¥ 2due to mistakes
. .
s Replacing the wrong values by correct value Corrected ¥ 2 = 8500 — 35% +30% = 8500 - 1225+ 900 = 8175 )
sx=45-3-6+12+10= 53 Calculation of Corrected XY
5y =135-10-8+6+7=130 - N.IXY - EX.5¥
42! =
sx? =285 64-36+ 144+ 100 =429 P
Sy =2085 - 10064+ 36 +49 =2006
20X ZXY —(300)(400)
m=731_gq_48+72+70=745 -
N.ZXY -IX .Y Jzo x 4820~ (300)? {/20x 8500 (400)*
2 -
"IN IC () N 2P —(3Y)? |03 20X 120000
9x 745-(53)(130) . 80x100
J9x 129-(53)? .4[9x2006—(130)2 0.3 x 8000 =20XXY —1,20,000
=-0153 20ZXY = 1,22,400
Example 21. While calculating the coefficient of correlation between the variables X and Y = ZXY = 6120
computer obtained the followmg constants: ‘Incorrected XY = 6120
;V =20r=03,X =157 =20 j0y=4ando ), =5 - But this is not the correct value of ZXY due to mistakes
t:kl:: :;";f;el:f;:zl:ckfu;(g, however it was detecled that an item 27 has bee([)lbumlh‘ Corrected ZXY = 6120+ 810— 595 =6335 v)
of X s

cries and 35 nstead of 30 in case of Y seres Now, the correct value of » would be calculated as:

N.ZXY -ZX .ZY

NI () NI -y
- 20% 6335 (310)(395)
~ J20%5260- (310)? {20 8175 - (395)"
126700 - 122450
= 7105200 96100163500 156025
250 _ 450 oo

= 49100«/7475 8247.57

correct value of y,

Given N=20.7 =15 7
0,X =15,7 =20, =40, =5r=03

Wehave 7 < 2¥ _
N = WX=N¥=20x15=300

Solution;

But this is no ghe

correct
Corrected 5 30 _ 17c +v237]ue30fndu to mistakes
2

Y-\
= V=N =20x20=400
But this js not lhe

cormecy
Correctedsy = =035 V;(;“e Of ¥ due to mistakes

—_——



EXERCISE LS

R ——— v ariance-Covariance Method

)

Find Karl Pears

1.

»

w

-

o»

o

a

ficient of correlation between X and Y from the follows
on’s €O ’

he correlation cocfficient be

:s method of determining cprrelation coefficient is based : 5
i “::;;:g formula is used to obtain correlation coefficient: o covariance. In this method, the
 fo Cov(X,Y)

"= Jar (X) Jvar (D)

Or

tween 2X +3and 5Y —4,
[Ans.r=_0.195

What will be XY 5
LSy Ty XY

E. LN
[Hint: Sec Example 50] { of correlation betweerl the values of X gng O el

Caleulte Karl Pearson’s coefficien ) Y gy ,.0, .0,
— ; : o
10 | +15 | 20 =25 +15 | 416 Where, ch(){,¥)=2=2("{ X)¥ Y)=2XY_)_G_,
- N N N
2 il k. Al i =1 n The formula can also be written as:
_ z _
lAns.r»~o,91z| ,-=N—xy where, x=X X, y=¥ - F
. Calculate *” from the following data: :04.0,

X =225, 27= 189, N=10,5(X ~22)* =85
(Y -19)* =25 and T(X -22)(¥ -19)=43
[Hint: See Example 53] [Ans. r=095%)

.~ Example 22. For two series X.and Y, Cov (X, 1) = 15, Var (X) = 36, Var (¥) =25, calculate the
coefficient of correlation. :

- Solution: Given Cov(X,Y)=15, Var (X)v=._376, Var(¥)=25

Following result were obtained from an analysis of 12 pairs of observations: y . 1 Cav'(;\’, Y) 15°
n=12, Z¥=30, I¥ =5, 5X? =670, £Y =285, XY = 334 = ] 4
1 4 o s 3 > X Ve
Later on it was discovered that one pair of values (X=11, ¥'=4) were copied wrongly,!ht J ar (X) J ar (1) e ;/2—5
com_values of the pair was (X = 10, ¥ = 14). Find the correct value of correltin =L=E=+o 50
coefficient. [Ans, r=07H p Vo500 30
iaiculatf the coefficient of correlation from the following datd and interpret the result 3 Enfnple 23. From the following data, compute the coefficient of correlation between X and Y
=10,X =157 =12.5xy = 15000, =4,6, =90 lAns.r=‘0m X-series Y-series
. Given the following: ’
ollowing: N=30 N=30
=_]. ¥= V_ = -
:)" X 4.5.1'-5‘5,,;5:5.25’#=5'25’N=8 . X=40 ¥=50
€ pair of observaion (v < nclud ‘6.= =
calculateth:co:;:mnﬁ('xv- 9 Y= 10) omitted to be included and hence to be 1%y %:=6 . my=1
In two sets of yay; bm B i ol ot | ApAn
; -Ielsox nd Y vith S0 items cach, the following data were 0™ (Where, x and  are deviations from their respective means) .
However.cnsubuq;cn;u,:—s'Y=6,By =2,r=03 qalved Weare given N =30, X = 40,7 =50,6, =6,0, =7, % xy =360
= " veri ion i ne p .
Y(6) were inaccurae gng o o O it Was found that one value of X(=10) 818 0% Karl Pearson’s coefficient of correlation is given by:

the orig; ence w, 5 X . yalucs
lHint-ima] Value of Gorrelagigy co:f;:.i:'d out. With the remaining 49 pairs of 4 S
: See Example 5 4 lent affected? - affes¥

r=——
N.o, .0,

360 360 _2_. 4986
30x6x7 1260 7
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X }')—E)—'=§%)=12Whem,x=x‘)7 i fCoefﬁclentof;orreI‘ﬁ
, xD)= B2Y no ation i B
o) conl N i o (B) Cnlcul:t omms pilead n t|}rl;t:;muped Data/Bivariate Distribution
. (2" < Oy ' ! n number of | g, we present them b
Aliter: s i'> 286 r:::y table. Thfs table gives the fl%qflency distribution of two variablei ;e:nn: .OJ a Ttlv;o;v]va:i
: " e - !’M als for fneinios 4 presLmtid in column heading (captions) and class in;crvals for
=gx1 42 ® bles are ted in‘row gs (stubs), F B r
yvariables &r¢ 17 q lly b 1 e each cell of the table are
CAL EXAMPLE —— ‘ated by means of using tally bars.
TYP‘ . 1 tion coefficient in case of grouped data is d g o llows .
IMPORTANT 1Y, Cov (XY) = 25, r = 0.6, variance of X=34 o Correlat X fix . fdy S Mo g formils:
- From tV0 series X and X . alg,,w | X fisdy - T
poample 2 evition o -

cov(X )'):zs,r=o.6,var(X)=36ﬂ°x=‘/E“f b 0= raiam,)
Given, Covi4»

i
(2 ey J )
T fdxe? - 2 _\&Jay)

J fi 7 = fiy? =50

Salutos: cov (X1
(1)
6.0y Or
2 e N X E fisdy (2 fix)(Z fiy)
067 5xa NXZ fie? ~(Z /i) NXZ iy —(Z fayy?

(06)(6x0,)=25
(6)(©0,)=25

35
g’,=ﬁ- 6.94

Steps

(1) Step deviations of X-variables are worked out and these are denoted by ‘dx’. Similarly,
step deviations of Y-variables are calculated and these are denoted by ‘dy’.

(2) Step deviations of X-variables are multiplied by the corresponding frequencies and added
up to get Zfdx. Similarly Zfdy is obtained.

(3) By multiplying the squared deviations of X-variables with the corresponding frequencies
or multiplying Zfdx by dx and adding up, we get £ feix*. Similarly I fdy*are obtained.

DERCSE1S
BEROSELS

1. The following results are obtained regarding two series. Compute coefficient of correlation: (4) Multiplying . and dy_and further multiplying them. with._their corresponding cell
X-series Y-series frequencies yields fdxdy, This productis written in the cell down at the right side/comer.
s 15 - Adding togethier all the d'values vertically and hori lly gives Zfdxdy.
25 18 (5) Putting the' values of Efdx, X fdx?, X fdy?and Zfdrdy in the above formula to obtain
301 3.03 correlation coefficient.
Sum of products of deviations of X and Y series from their means = 122. IAn.,r-m The following examples make clear the computation of correlation in grouped data:

2 CC;lvmhm the co:ﬂicwm of correlation where
3, lfwfmxnmux; Variance of X =824 and Variance of Y = 325. l';n"sl"’clh A
. . ; " d 9 re! g
find the coefficien of, cm:litivo: 10 and the variance of X and Y are 16 an |Ans./ -4tk

4 Karl Pearson’s coeffiieny or o
covariance is 16, ify,

mple 25, 30 pairs of X and Y are given below:

X: | 14 | 20 | a3 [ 25 | @0 | 8 | 24 | 29| 38| 4
Y: | 147 | 242 | 206 | 312 | 518 | 196 | 214 | 340 | 492 | 568
X | 23 [ 32 [ 37 [ 1o | 28 | 3¢ [ 38 [ 29| 44| %
Y: | 382 | 400 | 288 | 292 | 431 | 440 | s00 | s12 | 415 | 5@

p= 1094l

. is 0.64
of comelation between two variables X and ¥ I:ies.
¢ variance of X is , find the standard deviation of Y50 5t

5. The coeff ! Xt | 22 [ 39 [ 43 [aa | 12 | 27 | 30|38 | 17|02
J ¢ coefTici; 9 .
36. mhe:/cnl:il:.im";h““bﬂ\Veenlwv:variablesxandY is 0.48 and “‘“;‘::,i ! 'Y | 3m2 | asi | si6 | s | 122 | 200 [ ast | 37 | 245 | 413
. X A “Series i y o .. k
lie, variance of Y.series), 81516, find the'second moment "b"“'l':e:nagf. ,.,*’351"‘ﬂ Prepare a correlation table taking class interval of X as 10t020,20to 30, etc. and that
ns.0y

OfY as 100 t6:200, 200 to 300, etc. and find Karl Pearson’s coefficient of con'ela\tion.
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Solution:

n at Page 35)

N x Sfsdy — Sfdx Sfdy
" T - () N x iy (S
30x35-(16)(9)

) ,jzoxas—(la)z JBox55-(9)

(Lanscape Table Give
Applying the formula,

’ 1050144 _ 906
s S . B
Ji140-256/1650-81 /884 /1569

906 906 _ o7

" 29.73%3961 1177.60
Example 26. Calculate Karl Pearson’s coefficient of correlation from the following data:

Xy 1025 2540 4055
020 10 3 6
2040 s 20 9
4040 3 " 15

Solution: ﬂAMlsapeTable Given at Page 36) ¢
- N x Sfdrdy — ( 2fdx) (Zfdy)
JNxEﬁitz —(Zh)? JNTZfdyZ =( Zfd}’)z
- 100x16-(6)(12)
Vio0x46-(6 o0 48— (12)°
-ls0-7
Va564 Jagsg

L
460977~ 033

Correlation Table of Solution 25

1 conalﬂﬁﬂn

‘35
—
g C-N =} ° ~ ~ .-gﬂ
s ~ S
W
— 1
2l 2 ] o] «| = |3y
g 8 |89
W
| 7| T o] =] =%
w
l ” = o = ~ sl&eyxlfa
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LI PO e
= o
=1
IEEE I | | r w e |2 13 |s
g
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£ correlation from the following daty
20

- ponelatiol 39

- 5 'S coeﬂ‘lcient = & s 2 pairs of X and Y are given below:
1021 Calculat® Karl 19 A . 15 0 1 3 16 g A =
Example =™ — = .
vIX = — 3 ﬂ 13 2 7 " 5 - ,
0’150 = g 10 — X u Z 2 L2 14 9 8 13
150/’1 5 =2 5 4 = — Y 17 16 6 18 1 3 z "
50 L — 2 = — = ﬂ 10 13 1 1 12 18 z p
025 3 z 1 16 3 “ 10 11 14 7 s = = .
3
T ion table taking the magni .
iven at Page 3N Prepare 8 correlation tal g the magnitude of each class interval as four and the first
soon: (Landscape Table GiV N x Sfdxdy = ( Ifdx)( Zfdy) interval as equal to 0and less than 4. Calculate Karl Pearson’s coefficient between X and Y.
r= 2 2 x Ifdy? — 2 iz ! [Ans. r=0.578]
\W —( Zfdx) Jﬁ Lfdy” —( Zfdy) 4 The frequency distribution of marks obtained in Physics and Chemistry by 100 students are
40(-38)-(6)©®) given in the following table. Determine:
=5 [10(50)—(6) (i) Percentage ?f students passed in Physics and Chemistry, while for passing minimum
e (157)4 ( 1574 60% is required.
e Lo L R if) Coefficient of correlation.
== od 327 1879.61 a
1799 J1964 42.41x 44 32 1 r— :
=-0.8370=-0.84. 40—49 | 50—59 | 0—69 | 70—79 | 80—89 | 90—99 | Total
Jtshows a high degree of negative correlation between XandY. Physics
9099 — — — 2 4 4 10
EXERCISE 1.7 8089 1 4 6 5 16
S B 7079 = — 5 10 8 1 2
1. Calculate Karl Pearson’s coefficient of correlation for the following distribution: d = : 7 2 s 2 — 2
‘ X 200-300 300—400 400—500 500—600 50—59 3 6 6 2 — — 17
T 4049 3 5 4 - — 12
1520 - - = Total 7 15 25 I EE 10 100
2025 . . . [Ans. () % of students in Physics = 71%,
. : 12 % of students passed in Chemistry = 78%,
Card 3 10 19 (i) r=0.8056]

Alsocalculate it probable error,
2. Calculate the coefficient

" Aesumptions of Karl Pearson’ Coefficient of Correlation

:l)rl;:m(m,s coefficient of correlation is based on the following nssumpﬁor}ns: .
Melated, med by a Large Number of Independent Clngu: Series or va?nal?ls which are
Q) cy affected by a large number of factors that result in a normal d}smbunon.

i ti“sth“::i“f’ Effect Relation: There is a cause and effect relationship between the forces
) Lineg Stribution of the items in the two series. N
"2 Scattey di: Rel“i?llllnl;: Two variables are linearly related. Plottingthe values of the variables
Bram yields straight line. )



of correlation

coafﬁcieﬂ‘ £ the correlation coefficient (r):

ies O erties O y

° Pmpame‘ e importa™® proPe Karl pearson’s coefficient of correlatiq 1. |
e fono‘,,mgare e afCorrelﬂ'“’“' on hesh‘tw \
Coeffict®

1) Limits O~
g a(nd) 1 symbolicel _1<r<+l
| and never becomes less than —1. It always fjeg bety,

cceed +
This implies” cannever excee
.oi o the origin or scale does not affect i \ ‘
ol oin and Scale: Shifting rigin ¢ o
) Change Of Origin ‘::t coefficient of correlation 15 mdeEendent glm.,e i Q,igi:"t
value ofwnelationfcoeﬁ:izls is ;:hanged or the origin i stuﬁe@ then coﬂ-?atmn coefigien e
le of a s€ latic
scale. Ifthe sc& . ;
unchanged: Mean of Regression Coefficients: Cmirelatlon coefficient is the il
tric Meal b o |
(32)("(1;;: Z;xession coefficients byx and bxy. Symbolically
mean

(@1fXand Y are independent variables, then coefficient of correlation is zero but the come
s not necessarily true. [For proof, See Example 55] - ‘
(5) Pure Number: ‘7’ is a pure number and is md'ependenF of the um.ts of mBaS“rememsm
implies that even if the two variables are expressed in two dxfferen_t units of measuremen's iy
rainfall in inches, and yields of crops in quintals, the value of correlahc.:q coefficient comes outifl
a pure number. Thus, it does not require that the units of both the variables should be the same.

(6) Symmetric: The coefficient of correlation between the two variable.s xandyis symn;m
iie. 1y, =, Itmeansthat either we compute the value of correlation coefficient between xandy&
between y and x, the coefficient of correlation remains the same.

O Interpreting the Coefficient of Correlati

: { . . It
Coefficient of comrelation measures the degree of relationship between two vamm?;lnﬁ“
den“’,f“,l by ‘7", The value of correlation coefficient lies between —1 and +1. The "’_‘h’e ke
can be interpreted in the followi 1g ways:
(ﬂ 1fr=+1, then there is perfect positive correlation.
(("") gr= 0, then there s absence of linear correlation. .
iif) If r= ;
y ‘2 "’ - +025, then there will be low'degree of positive‘correlation.
7=+0.50, then there i moderate degree of correlation
() Ifr=+075 ishi O s l8 i
75, then there ig high d ity i
Similar i legree of positive correlation.
1Y: negative values of g be interpreted
; reted.
© Probable Error ang Karl Pearsopy i
To test the reliability of k, ot e Cofeaer
L arl Pegrson’ ok
following formula js yseq to deterl;:'Eafson s correlation coefficient, probabl® o
1ne probable error: d

is ustd

errof of the €

corelation . @

Probable Error (P.E.) = 0.6745 x i
Where, 7is the caefficient of correlation and N, the number of pairs of observations,

fthe constant 0.6745 is omitted from the above formula of
coefficient of correlation. Thus,

oy 1-r?2
X bl SE, =
I T N
- Error: (1) Probable error i i .
ytility of Probable ] T is used to interpret the value of thy i
nt. Interpretation of r with the help of probable error is made clearby ﬂneef:llo\:i::;:li:l?n

probable error, we get the standard

E \@:Pﬂ |> 6 P.E;; then coefficient of correlation () is taken to be significant.

@11 <6 P.E, then coefficient of correlation (r) is taken to be insignificant. This means
+ {fa; there is no evidence of the existence of correlation in both the series. '

® Probable error: also determines the upper and lower limits within which the correlation
f a randomly selected sample from the same universe will fall. Symbolically,
Upper Limit=r+P.E.., Lower Limit=r—P.E.
n..;ple 28, Find the Karl Pearson’s coefficient of correlation from the following data:
X: 9 2 45 60 n- | s |
y: o7 100 60 50 40 sl e )

Also calculate probable error and point out whether the coefficient of correlation is
significant or not.

Calculation of Coefficient of Correlation

4 X &3 dx it Y | & & dxdy
36 1296 100 50 2500 1800
28 17 289 60 | 10 100 170
45=A 0 0 50=A | 0 0 0
- 60 15 225 0 | -1 100 a0 |
7 25 625 1 17 289 s |
50 s 25 1 | 7 49 3|

Edx? = 2460

luy=40 T2 =308 l}:dxdyhliil
'Y N x Zdxdy - Zdx .Xdy
N x zdx? - (k) N x3dy? -(ZdY
6x(-2510)- (-8)(40)

Jox2460— (-8 6x3038-(40)°




Gorrelaﬁan 22
15060+320 _ -l4749
= =
- T5228-1600 14696 Vigers ExERC'SE 1.8
—14740 °s Coefficient of correlati 4
1474 _ AT _ 404 . 4 Karl Pearson’s COetil elation from the following seri
= 12/217“2’355 15632.221 s ‘:(‘)n:mdems in a class test in Mathematics and Statistics, gsertesofmacks secured by
121 :
, e e [ [ [o [w [ w]olwmlw]w]
Calcalation o P-F* 1-r? 1-(=0.94) smtsties (V)i ] 35 | %0 ] 70 ) 40 s [w o ww [ s |
. (6745 % _‘/{1\7— =0.6745 X _——JE Also calculate probable error. Is the value of  significant or not?
i i ) ] [Ans. r=0.903, P.E.=0.039, Highly significant]
06745 X L:_ 0.03205 5. Calculate the coefficient of correlation between the heights of fathers and sons from the
- 2.449 " following:
— - Height of Fathers (inches):| 65 66 67 68 o | o [ =]
ig b o ) > Height of Sons (inches): 67 68 66 69 2 | 2| e |
ﬁ= m =293 Also calculate its probable error. Is the value of 7 significant or not?
i l it [Ans. r = 0.668, P.E. = 0.141, Not significant]
r|=29.32 P.E.
=

3, (a)FindrifN= 100, P.E.=0.05 (b) Find Nif P.E.=0.025, r =80 [Ans.(a) =0.5086 (b) N=94]
4. Comment on the significance of rin the following situations:

(i) N=25,r=038

(i) N=100,P.E.=0.04 [Ans. (/) P.E.=0.049, significant (if) =0.63, significant]
5. The correlation coefficient of a sample of 100 pairs of items was 0.92. Within what limits

Since, | |ismore than 6times the P.E., so, correlation coefficient is highly significan,
Example29. A student calculates the value of s 0.7 when the value of 7 is 5 and concludes thay |
- is highly significant. Is he correct? . B
Solution:  We know that if the value of 7> 6 P.E., then it is considered to be significant.
2

does it hold good for another sample taken from the same universe? ¥
1- =
PE.=06745= J}iv [Ans. PE=0.0103, 0.92 £0.0103]
2 0 (i) Spearman’s Rank Correlation Method
ogmusx 28 o5 i
=06745x N . This method of determining correlation was propounded by Prof. Spearman in 1904. By this
e method, correlation between qualitative data namely beauty, honesty, intelligence, etc., can bé -
Now, ﬁ: m =467 = r=4.67P.E. computed. Such types of variables can be assigned ranks but their quantitative measurement is not

i possible. _Thus, rank correlation method is used in such cases. The following is the formula for the
Since risless than six times the P.E., »is insignificant and the student is wrong computation of rank correlation coefficient:

calculation.

2 2
R=1- 62? or I—GED
N(N®-1) N°-N
Where, R = Rank coefficient of correlation, D = Difference between two ranks (R, — Ry ),

Example 30. Show by calculation which ‘" is more significant: (i) 7 = 0.90, PE. =00
(i) r=0.70,P.E. = 0.02. i
Solution; i igni i . .
oltion:  rismost significant in that case in which it is the highest number of times s

compared as below: The N'=Number of pair of observations.
(i) 290 s Note value of rank correlation coefficient always lies between —1 and +1.
P.E g3~ 20:507is30 times of P.E. 1. The value of rank correlation coefficient will be equal to the value of Pearson's Coefficient
(i) L2970 of Correlation for the two characteristics taking the ranks as values of the variables,
P.E. 0pp = 35507535 times of P.E. ) p;:v'ded no rank value is repeated i.e. the rank values of all the variables are different.
Itisclear from the, above tha, coefficient of correlation is the most sil gniﬁcﬂn‘ ind’: f ‘® Sum total of rank difference (i.e., ZD) is always equal to zero,

le,¥D = Z(R,— R'z )=0. This serves as check on the calculation work.



different situations:

Jlowing three

s meth be sudied 11 the fo .
This me ' pr
5 V\:I]ll:cn re not given

13
g; ‘When eq 1or tied ranks
iven '
gt "f:l gﬂ‘e following procedure 1S adopted to find the rﬂfnk corelation coefy.
e “’“E“’:c; {s found out by deducliflg the_ranks (;:.Y series from the COrrespopg,
0 R‘“’ks ‘:‘ge;:rics. This is denoted by D,ie,D=Ry —Ry. 2 iy
:nk:ri:g the rank differences and summing g A =
(i) Sqv : : '
(i) Finally, the following fonnu]az isused:
R=1- FF

The following examples make the above said method clear:
Example 31, In a fancy=dress competition, two judges accorded the following ranks to i,

paticipants:
Judge X: 8 7 6 3 2 1 s 1 o8
Judge Y: 7 5 4 1 3 2 6 f}

Calculate coefficient of rank correlation.

Solution: Calculation of Rank Correlation Coefficient
JudgeX Judge Y D=Ry-R *
A B Ry~ Fa
8 7 +1 il
7 5 +2 4
6 4 42 4
3 1 9 4
2 3 -1 |l —
l 2 -1 |
! 6 - g _"/
4
- 6
N=g g\—"“_’—_’%
{\ D=0 L)
9 —
R:l_ﬁliﬂ_sxaz_ 192
M-N o g_g 504
Thereis thug . ~0381=0,619 ot
, g™

s Moderate p
degree of positiye relationship between the two)!

E—

elation.

o 45
dies were asked to rank 10 diffe
je32. Twola fferent E i
gramp are given below: types of lipsticks. The ranks given by them
Lipsticks: A B/ c [ o | S on =
Neelu: 1 6 3 9 3 - H 1 n
Neena: 6 8 3 7 o N \T 10 8 4
g 9 1 4]0
Calculate Spearman’s rank correlation coefficient
golution: Calculation of Rank Correlation Coefficient
Ry R, D=R;-R, o
1 6
=5
6 P —~ 25
3 3 r 4
0
: : 2 4
2 ) S
2 1 e :
7 s = :
10 ) . :
i 2 i 16
N=10 = = 36 |
D=0 202=100 l
R=1- 6ZD% __  6x100 | 600
N-N T10°-10 9%

60
=l—§ =1-0.606=0.394
Example 33, i i
Ple33. Ten competitors in a beauty contest are ranked by three judges in the following order:
1st Judge 1 6 S - ‘
8

s |
Use th :
Se the rank correlation coeffici i i i
ient to determine which j
approach to sommon tasts in beauty, ich pair of judges has the nearest

10 3 2 4 9 5
2nd Judge 3 5 3 4 P m 3 . s

2 3 10 5

3rd Judge 6 4 9 3 1

In i

w ::?;’r ‘t;; tix:rin out wg:ch pair of judgc_:s has the nearest approach to common tastes in
@) 1sf pare the rank correlation coefficient between the judgements of
( t Judge and 2nd Judge

(.1.0 2nd Judge and 3rd Judge

(i) 15t Judge and 3rd Judge.



G
one‘%n
46 Calculation of Rank Correlation Coefficient |

con

Jation.

are ran
order 0!

(if) Ran

ked. Sometimes, the smallest value is assj
fthe values. However, the same order (i,
assigning the ranks must be maintained in both th

gifference, thus obtained is summed upto get £ D2,

- Finally,
@ 63 D?

N -N

R=1-

the following formula is used to obtain rank correl.

47

igned the highest rank ;.. in descending

ascending order or descendi
ey ing order) of

k difference of both the series (D=R, — R,)is found and

Squared up. The squared rank

Etion coefficient:

The following example gives clarity to the above said method and its procedure.

Ry | (Ry-Ry)2 i
%mnkh)’i‘“‘l (Ry—Ry 2~ Ry)
Rank by 18t )};::ch(yéﬂ) Judge (R3) bl Py A ml\l@
Judge®) | T g % o
(,_ﬁ_’-——-‘—"‘";_ \1\4
. —T 5 | % 13— | 3
2 — | 3 36 16 \
L—7 4+ | & 1 | &
|0 T 1 16 % |
o
— |1 2 64 6 | o
[ oAt : T
,"——’I"‘ 10 64 81 T
_’_9—————6"" 5 1 1 -\4
w10 N=10 N=10 0 =200 | EDh=214 | mpieg
__’—‘\—_’_
Applying the formula,
62D
Rp=1-—3 r
N°-N
o Sx:0 120 o012
10*-10 990
62D?,
Ry=1-— 23
N°-N
6x214
=1-— 21-128 297
10°-10 990
N
N -N
6x60
=1-—X0 1 360636
10°-10 990 ]

Since the coeffic - the judgened
i I .
et ent of rank correlation is positive and maximum in

: h
tastes in beauty, Judges, we conclude that they have the nearest apPro°
> (2) When ranks are not given

When we are given the L
actu; :< adopt
out rank correlation °°efﬁciem-al dataand not the rans, the following procedure IS P
(D) First of al] - i SiZE:
largest vaI;J??Sk:s‘,s;e as;xgned 1o the items of X and Y series on the basiS Oftheolals" vd“‘
Bned rank firgt, o0 ong largest second rank and similar

Here, N= 10, D% =86
R 6% 86
10° 10
516

R=1-

=1-

Thus,

—=1-0.52=048
90

there is positive correlation between X and Y.

mple 34. Find out the coefficient of correlation between X and Y by the method of rank
Esa differences: g .
x [ s v ]uls|lulelw]s]n]s]
¥: 18 12 4 6 7 9 3 10 2 5
solution: Calculation of Rank Correlation Coefficient
X Rank Y Rank | D=R;-R 2
R S 1=k D
15 4 18 1 +3 9
17 2 12 2 0/ A
14 5 4 8 3 9
13 6 6 6 0 0
11 8 7 5 +3 9
12 7 9 & +3 9
16 E 3 9 -6 3
13 il 10 3 ) 4.
10 9 2 10 — .
9 10 s 7 3 2
fe=rr =0 | =36
= 63D’
N*-N




d
B4 (3) When equal or tie

Example 35. Calculate coe!
\

Con
Slat;
48 iy,

: r’;,l:eq“al yalues in a series: the; in such case, itemg q |
pets "Tss which s average of the "a"ks't_ °1' e’:hample, when i(emeqll;)al Vil
are asigned SO tams 02 © be 7 and 8 respectively, then they shoylq'y gy
wice inaseries 2" some modification has to be made in the formy; gy
748_ 7.5 rank. 2. Hery,

When tWO o,

In such case,

determine rank correlation coefficient:

formula is used ©© :
o[z

R=1- YN

2,
following

1,3 1 3
2 i _m)+—(m —m)+....
D +12(m m) 12( )

= Number of items of equal ranks.

Here,
tion factor of —l—z-(m3 _m)isaddedto T D?*for such number of times as o 1
1 3

The correc

equal ranks it the question. : o .
fficient of rank correlation from the following data:

X 15 10 20 28 12 10 16 - 5 -
Y 16 14 0 |12 1- 15 1 3
Make corrections for tied ranks.
Solution: Calculation of Coefficient of Rank Correlation
ﬁ R Y Ry ‘D=Ry-Ry | D
[ s 5 16 2 3 |1 9w
1 75 14 4 35 1225
20 2 10 8 -6 - 36.00
% 1 12 5.5 4.5 2025
12 6 1 3 £ 10
g0 75 15 3 45 2025
16 4 18 1 3 900
i 3 1 55 25 ?’
D=0 o=l

In thi : -
15 Question, the cases of equal rank are two, one for X series and other®

series. Hence — (3
H ce = (n’ = m) would be added for twb times in £ D
€re, number 10 j ok
series Y, T}:;rle‘f)a:se T: t::;d twice in series X and number 12 fep‘md i
> th X and Y, m=2.
61202+ L — iy L (m® = m)
Rey L2 0 - m o =]

N3 -N

Solution:

et 0 &
49
6[114+ L (23 5, 1
R Gl )
-8
1
61114+ (6)+ L (g
—1- 135 T 6[114+0.5
prom =1- *0-51
—1801S1_ 6% ’
504 502 =1-1369=-0369
mple 36. Calculate coefficient of correlation by m i :
- Cale 'y means of ranking method from the following
x: 40 50 [ 60 |60 80 50 70
Y 80 120 160 170 130 200 210 =
: 130
Calculation of Rank Coefficient of Correlation
X R
y Y Ry D=R;-R; D?
40 - 8 80 8 0 0
50 6.5 120 7 —-0.5 025
/50 4 160 4 0 ‘; 1
N I o i B
50;/ ‘s 5 o - > i
s 200 2 a5 | 2025
T e Y [T * (N
NG — 30 ] j} -1.5 225
=3
| £D=0 £D?=45.00

In this question ;
a'\l, t:::115 question in X series, the values 60 and 50 are repeated thrice and twice. The
age rank for the value 60 is 4 (3 +4 +5 +3) while for the value 50itis 6.5 (6 +7+

2). n
.2). Inboth the cases, the correlation factor will be ll2 (3* =3)and 1 @° -2) Inseries
12

Y, i ;
.lhe 130 is repeated twice. The average rank for the value 130is 5.5 (5+6+2).In
this case, correction factor will be L 2-2).
12 N

Applying the formula, .

1 1 1
Nt 71 = m )+ 35 (md =)+ 3 (5~ m)]

(N°-N)

I =
4S’m‘=3’m2=2,m3=2,1\’=8



coneeton 51

rmula, we get

. fo 7y The value of rank coefficient ind o
bsituting values It il 1 33-3)+ 1 2> -2)+ 1 @ & of positive correlation. L that there is degree
00 =@ =N TR .
By 645+ I 2( 122 1 12 ) (i) Calculation of Karl Pearson’s Coefficieht of Correlation
R=1- 8(8%*-1) Ranks in A=4 i Ravksin | Acs pr =y
6(45+2+0.5+0.5) _1_6(4s)=1_288 M&‘;” dx S!I(‘iys)(ics dy
G+t T o=l =
=1- 8(63) 504 504 3 r . - - —
= [eslSTL= 0.429 2 = 4 2 = 4 4
3 -1 1 1 3 9 3
PORTANT TYPICAL EXAMPLES — 4=A 0 0 6 2 7 o
Eﬁ—- - fthe same 8 students n ests in Mathematics and Statistics were as s ” 7 3 & o :
Baamle 3T Tﬁm@? ;um:’é's withn fracke? dlenotmg tho ranks SFhe same s i 6 +2 4 3 -1 1 7
i 1ot ectively:
Mathematics and Statistics resp! 7 +3 9 5 +1
0.4 @2 6D 46 G ©3). (7.3, &7 . i 3
@ Cal::matc the rank correlation for proficiencies of this group in Math’s and Stafisiy 8 16 7 3 9 "
Y Py . . 1 - -
(if) What does the value of the coefficient obtained indicates? N=8 Tdx=4 | zal=44 T4 | sap- 44 | S0
i ‘found out Karl Pearson’s simple coefficient of correlation betwea i
o KI;Z t;::l:eo: these 16 students. Would your results have been the same & Applying the f°;‘?“]a Sl
. obtained in (i) or any different? * T i - ~m"dyz . . .
Solution: (i) Cglculation of Rank Correlation QOefﬁcient J N .Zdx® —(Zdx) J N .Zdy* —(Zdy)
Ranksin Maths | Ranks in Statistics D=R;-Ry~ _ 8x24—(4)(4)
A ) Joxa4=(4)? f8x 44— (2’
: : r _1mets _ws
3 1 2 V336336 336
4 6 2 It is evident that the value of correlation coefficient computed by using Karl
5 A Pearson is the same as obtained by rank correlation method. The rgason is that
L gl when the ranks of the students are not repeated, then the two methods give the
: 3 s % same answer.
! 5 +2 Tample 38, Calculate rank correlation coefficient from the following data:
8 O
pran 7 +1 Serial No.: 1 2 3 4 ‘ 5 | 6 l 7\ \ 8 \ 9 10
W I &, Rank Difference: | 2 | 7 | -1 | #3 | 2 | © IEE BElE
PPIyIng the formula lutiog. . =
63D? % The total of rank differences (ED) s always equal to zero and on this base the missing
o Rl ,i -1 58x40_ . 240 tank difference will be calculated. Let the missing item be d\.
V-N - p-g 504 As  ID=0=2+a-1+3+2+0-4+3+3-2=0
= M oa==) .
S04 =< =+0.523

504



. reation ’
jation 0f Coefficient of Rank Correfation Z =
Calculat! : p? ) . .
o W Corrected Coefficient of Rank Correlation (R) =1 6% D?
/,-2/_ 4 & . N3~
//’_T”_ : 10° 10~ " 9g = 0258
I e
j/ /—/ﬁ/ 9 » Thus, the correct value of rank correlation coefficient is 0.258
/ "y 4 40. The rank correlation coefficient b W i
2 le 40. v g etween .
/Z’//_‘J/— e Examp) ‘smtlstlm fmd Accountancy’ is found to :;askg ‘I’?‘::ZE; bly some students in
/7/— 3 B - 1] differences is 33, find the number of students, tal ofsquares of rank
_——/ - % . :
"/-5/’__,_”'————59 somtion:  Givem: R=08, ID?=33 )
L] +3 9 i
: PR W b . 7 s ' 2
-0 2= piiie
710 ID” =60 6x33
x
6xD* __ 6X60 08l
R=l-———=1-75—+ V-
N-N  10°-10 198
- =1-08=0.2
3 ;
=|—;—g—g=l—0.364=+0‘636 i1y
. ’ ; - = o =128 g9
Example 39. The coefficient of rank correlation of marks obtained by 10 students in Englishand 0.2
Mathematics was found to be 0.5. It was later discovered that the difference inrunks 2 . ' !
intwo subjects obtaineq by one of the students was wrongly taken as 3 instead of . S N(N"~1)=990 [+ a®-b*=(a+b)(a-b)]
G Fde lheo c:n;ct coefficient of rank correlation. N(N+D(N-1)=990
n: Given, R=0.5, N= 10, In i = =, V=
correct r?lﬁ'erence of ranks (D) =3 (N-DN)(N+D)=9x10x11 Comparing both sides, we get:
Correct difference of ranks (D) =7 N-1=9 )
We know that: =2 N=10
2 Exampl] .
R:]_Gzi mpe4l.'l:.1r;r;nkconglatloncoefﬁcient‘ marks obtained by 10 students in Math
N’ -N Solution: A conomics was found to be 0.5. Find the sum of squares of differences of ranks.
65D " ¢ Given,R=05, N=10
05=]-—— 2
10° 10 Now, s
N°-N
05218207 63D?
630? 20 von R
» -
I g = 1-05=05 62D? »
= i3k | 0.5
ncorrecteq 3, )2 8 10° —10 1-05=05
Correcteq 3 )2
Dispys. ; . 6ZD?=05x
i = xj.s (ncorect vaue? + (Correct value) . 0 Sx::(()) ’ /
f=g5_ i 5
S-Rio s AR



Rank Correlation Method

ts and pemeri®s -

p Meri asy to apply as compared to Ky

B uty, honesty, intelligen, 1

ethod: jtative nature like beauty gence, etc, this;
m are of qual Sty
@ When lhj1 d:lﬁ) be'vemployed'
oni

anksand not theactual data, this method can be usefully empl"ﬂl
nther

finding correlation in a grouped frequency disygy,,

d for
4 cannot be US€ . comé;qui "
430, the calculailons become quite tedious ang Tequi

2) When the number of items excee

ot of time-

EXERCISE 1.9 e

— duates appeared before a selection board consisting of two membery
1, Te:ix \c{ofmm;?:ugs‘:o fp.-obatioﬂﬂfy officer in a certain bank. If the rank order of each oftwy

and Y for

i ank correlation:
members is given below, find out the coefficient ofr
: 65103|2|4]9|7,
RankorderbyX:| 1 | - | - l l l -
Rankorder by ¥:| 3 5 8 4 7
[Ans. R=-0212L
2. Ten competitors in an intelligence test are ranked by three judges in the following order
3
e |9 |3 |71 | s | 1|6 2 4 106
(g |9 [ 1 (0] a |3 |8 s | 2 |7
lwem: {63 8|7 |2 4t |s]1?
Use the rank correlation coefficient to determine:
(i) Which pair of judges agree the most?
(i) Which pair of judges disagree the most?

=03
= 0.467,Rs
Ans. R =071, Rz 0.‘
l n. o 120 Ist and T1Ird () ;Indnl:‘ ]
3. Find outthe coefficient of correlation between X and Y by the method of rank giffere =
> 80 81 -
142
140 =
[Ans: R :05
4. Find out the coeffic; A x
etent of correlation between X and Y by the m ethod of cank =
6
54 58 ;0 ff
70 70 - o

correlﬂﬁon 55

Find the rank correlation coefficient from the following marks awarded by the examiners

in statistics:
& Nos: 1l2]3]4 3 sl7ls|lofw]|n
Marks Awarded by Examiner Az} 24 | 29 | 19 | 14 |30 | 19 {27 [ 30 | 20 | 28 | 11

2711920 16| 11|21
002|224 |2|29/|15

5.

M"k;AwsrdedbyExamin!rB: 3713516 |26 | 23

MnrksAwnrdedhyExaminerC: 30 [ 28 |20 |25 25

[Ans. Rup =~0.027, Rgc=0.5272, Rpc = 0.26136]
¢, From the following data, calculate Spearman’s coefficient of correlation:

X: 80 18 75 75 P p= - >
el B - 1 14 14 16 15
17
i i [Ans. R =-0.928]
7. The ranks of the same 16 in tests in Math icsand S

e 3 were as follows, the
two numbers within brackets denoting the ranks of the same students in Mathematics and

Statistics respectively:

(1,1), 2, 10), 3, 3), (4, 4), 5, 5, (6, 7), (7, 2), (8, 6), 9, 8), (10, 11), (11, 15),

(12,9), (13, 14), (14, 12), (15, 16), (16, 13).

(i) Calculate the rank correlation for proficiencies of this group of Math’s and Statistics.
(i) What does the value of the coeificient obtained indicates?
(iii) If you have found out Karl Pearson’s simple coefficient. of correlation between the

ranks of these 16 students would your results have been the same as ‘obtained in (a) or
any difference? [Ans.R=0.8,r=0.8]

8. From the following data, calculate Spearman’s coefficient of correlation:
Sr. No.: 1 2 3 4 5 6 1 | 8 9 10
Rank differences: -2 —4 -1 +3 +2 0 ? l +3 +3. 2
[Ans. R =+0.636]
9. The coefficient of rank correlation b det prices and share prices is found to be
0.143. Tfthe sum of squares of the difference inranks is given to be 48, find the va[]:::.\t;l N_. a
T

° I
{ii) CONCURRENT DEVIATION METHOD

""-‘llso‘:inc:(,mm d.e"i‘fti"“ method of determining the correlation is extremely simple method. Inthis
ing i’nto :elat.m" g determined on the basis of direction of the deviations. Under this meth_lo:,
l“Wing st: nsideration the direction of deviations, they are assigned (+) or (-) or (0) signs. The
(1) Ung - are taken to find out correlation in this method: } -
Series jg Zr this method, whatever the series X and Y are to be studied t:or ccrrc]a.tmn. each tl:;l: i(:s
Viation i ‘Ompared with its preceding item. If the value is more than its Precedmg value, -
4 Assigned (+) sign, if less than preceding value then (-) sign and if equal to



Cor,
/’N
56 o this, third item is compared with the ‘

e, AR ¢ om hthe seq, |
receeding value thfan (tz)es';‘gln ml:f;:ﬁ?:pmcess goes on till the deviations of all itemg ina Si,rir:::l‘
ftem is comp with g
ed out. i
\vorkz) The deviations g ;Tgpyp:th si(gns wil
signs will be positive €
B
e
0 O®="
).H=>
HE=
0 O==
O O==
© == (tive ddy signs, their number is counted. This is known as the numbergf
?3) S“m;n\‘xxi‘fﬁt::: t;ts‘isvdeenoted by ﬂ"le sig;i «C’. The deviations witl.\ minus sig_ns are excludeg
g;u;:n;o;pumioﬁ. They are ignored. If all the deviations in a series have minus signs, they
‘number of concurrent deviations will be zero i.e. C=0. o

(4)Finally, the following formula is used for determining coefficient of concurrent deviations

Here, r, =Coefficient of concurrent deviations;

C = Number of concurrent deviations or Number of positive signs obtained after
multiplying dx with dy;

iplied to getdxdy. p v
md(dy)aremllltlp e y. Produc o 3
11 be negative () like: Fsinigy

*n=Number of pairs of observations minus one = N —1. i,
Note: | Inthis formula:tsign is used both inside and outside the radical sign. Ifthe valueof @c-n

is positive, then (+) sign will be used both inside and outside the radical sign be'ca\lsc m
such case correlation will be positive. On the contrary, if (2C-n) has neganve.SlB“',“
minus ign ill be used both inside and outside the radical sign because correlation™
negative,

TT‘}I: e: .l:“e of coefficient of concurrent deviation always lies between —1.and +1-

Enmpele‘:zov;:lf‘gdmmpl?s make the procedure of concurrent deviation method clea®

 Find coefficient of concunen deviation from the following data:
X: 85 91

6 | 72| o5 | 76 | 8o |75t [ %

Y: | 183 | 208 | 169 157

89
192 | 1g1 | 175 [ 149 | ! -

* Since there is no sign for the : -
irst
number of observations. . Jrstvalueof Xangly, is always taken to be one 1¢s "

golution” ™ X | Deviationsigns ﬁ
(dx) Deviation signs dxdy
(d)
85 183
91 + 208 I S —
56 ES 169 T EE—
72 * 157 _
95 + 19.2 o =
76 - 18.1 -
89 * 17.5 !
! 51 = 149 = m
r 59 # 189 .
- 90 + 154 = -
n=(10-1)=9 A=(10-1)=9 C=6

Here, 2C—-n, i.e., 2 X 6 —9 =3 is positive, therefore we use positive (+) sign in the

r formula. Thus,
i ro=% i_(ZC“—n)
n
_ (2x6-9) _ 3
r.= 9 =+ +§ =0.577

Thus, there is positive correlation between X and Y.

[Example 43. Compute the coefficient of correlation for the following data by the concurrent
deviation method:

+
+

Year: 1971 1972 | 1973 | 191 | 1975 | 76| 1om
Demand: 150 154 169 172 160 165 | 180
- Price: 200 180 170 160 190 | 180 |
Soluton; Denoting Demand and Prices by X and Y.
Year |  Demand Deviation signs l Price \ Deviation signs \ de\
X (dx) Y @
1971 150 | 200 |
1972 154 + 180 = =
1973 160 + 170 - -
1074 172 + 160 = =
1075 160 L, 190 = -
1976 165 + 180 = =
1977 " = _ _
n=(1-1=¢ 150 Cc=0




ies
Here, 27
formula. THUS>

2x0—6=‘6i

ation 59

gore!
ORTANT TYPICAL EXAMPLE

1P »

M 75, During the first  months of the financial year 1999.2000

Exﬂl"ple 3 the price index of shares A and B were recorded as below.
correlation by a suitable method:

s negative, therefore We use negative (y
in

, the following changes in
Calculate the coefficient of

r=tJi(/wTj‘)/
=4 6

. Changes over the previous month

1 rice and demand. Month: April | May | June | July | Aug | Sept | Oct. | Nov. | Dec.
fect negative correlation between p gret- et wisiog Share A: -4 =3 —4 0 +3 +4 2 3 3
is pe : ncu 0
P llstpe.coeﬁicient of correlation by €@ i from g Share B: +3 -3 2| 4] 3] 4 0 2 | 3
Je 44. Calcula . - il F - -
Esamp following data: 8 | ns |12 125 125 131 [ gy fion: In this question changes_ mlven in comparison to preceding month and in such a case
x |m |1 126 | 1 : po = Solution: only concurrent deviation method may be used. The value of ‘C” will be calculated on
06 | 102 102 [ 104 e 2 = X the basis of multiplication of signs only (values will be ignored)
v [ ! I < . .
P culation of Coefficient of Correlati
Calculation of Coefficient of Concurrent Deviation Ca o ion
tion: ] iation si , Months Share A D‘evuhon Share B B.GVilﬁml dxdy
Solutio "'xﬂm Y nev--(:;y-; signs dudy signs (dx) signs (dy)
/’(Lx)___ 106 April —4 - +3 + -
w ] — - — | My 3 b 3 - .
s | R - o _ June -4 e -2 - *
N Jul 0 o 4 = -
s | 104 + 3 o
118 = . 3 r Sugust 43 B 3 _ _
L ! = | September 7 +4 + -4 - =
121 + %6 — — . 0 0 3
+ + i October 42
125 + 97 . l N 2 _ +
0 ——’1/ 'November -3 -
0 97 ) _
1 2 4 December +3 & 3 =
131 + 95 = L — n = c=3
E 3
135 + 90 - ;
n=10-1=9 g Applying the formula,
; ive () sign™” 2C-n
Here, 2C-n, i.e,, 2% 2~9=-5 is negative, therefore we use negative e r=% [t { )
formula, Thus, n
' Here,C=3,n=9

Thus, there is hi
us, there is high degree of negative correlation between X and Y.

'c=i,t(zc+") ;C=2,n=9
=¢J;\(2"2\‘”_ =
. 9 E 9

=~ 05556 =-0.75

— ’+(2><3-9)

-9
Genem

. it will
not b lly, the value of “»” is written on the basis of N1, but in the above example, i
applicable because deviation sign of first item is also known.

N“le:



oorrB"’ﬁon - 61

4 out the coefficient of con‘elaﬁoq between X and Y by the maifiog

Fin of concurrénit deviation:

. 5. : 5 =% 20 > - - : urrént deviation:

p M X: .l - TR P
. d. 58 55 68

Merits  simple to undersi2® o Yiip )62 7 16 [ 64 | 55 | ;1 [ 8

i d is S ‘
This metho : -
8 Its computations |m_lolve less

(3) When the nu!

,, [Ans. r,=-0.577)

we can use this method to have a quick idey g
Ll

 COEFFICIENT OF DETERMINATION

lation. . tuations.

l.he.corre a s usfuln studying short term fluc : £ d .
(& Tismetho The concept of eoefficient o determination is used for the interpreation of coefficient of
Demerits . method, we can get an idea only about the direction of correlatiy, | elationand wmpﬁofe‘::z‘;z‘:::ﬂ;hﬂm wc?ﬂicienPs. The coefficient of determination
(1) By 2pplying t-hls o efu,l for finding correlation of long term changes. js defined 35 the sq! & vari ati:nc';ftmn' Jl' is denoted by 7. The coefficient of
(2) This method is 101 25 Karl Pearson’s method. termination de dentrvariable X If lation ¢ i vmabl?Ythmcanb“"pmue‘ﬁn
This method is Jess accurate than Kar terms of the in zeperf are c.orre ation coefficient (r) is 0.9 then coefficient of
o) determination (~*) will be 0.81 which implies that 81% of the total variations in the dependent
. Jariable (¥) occurs due to the independent variable (X). The remaining 19% variation occurs due to
EXERCISE 1. T ‘outside or external factors. Thus, the coefficient of determination is defined as the ratio of the

t of comelation by the method of concurrent deviation from e  explained variance to the total variance. In terms of formula:
3 o

1. Calculate the coefficen

following data: Coefficient of Determination (3 = WLW
- = " ™ 55 60 25 45 80 8 Total Variance
| s | 3 55 40 70 30 40 | 65 80 Coefficient of Non-Determination: By dividing the unexplained variation by the total variation

| the coefficient of non-determination can be determined. Assuming the total of variation as 1, then
the coefficient of determination can be determined by subtracting the coefficient of dctermir;ation
' from 1. It is denoted by K/’. In terms of formula, o -

Coefficient of non-determination (K?) =1 — 7
. Intheabove example r* = 0.81, then the coefficient of non-determination will be 0.19 (1-0.81).

[Ans. 7,=0.07]

3. Calculate coefficient of concurrent deviation from the following data:

x | e | 40 [ 35| 75 [ 63 | 80 35 20 80 60
| 60 | ss | 50 [ 56 | 30 70 40 35 80 75

{Ans. .= +05 S tindicates that 19% of the variations are due to other factors.
3. Find coefficient of correlation by deviation method of the following data: ; ; Coefficient of Alientation =
Student.s: : A | B c D E F G : Generally, the coefficient of determination (r)? is widely used in practice.
::: :: ::nnm-cs 70 45 40 80 68 85 40 - “Xample 46.- 'The coefficient of correlation () between consumption expenditure (C) and disposable
istics: 65 | 60 | s 61 35 75 L Al income (Y) in a study was found to be +0.8. What percentage of variation in C are
[Ans %" explained by variation in Y?

4. thain asuitable measure
index of two shares A and

mnn Ml s |1 [aAz
TN EY el e Sl ERE
NEIEIE ey

S+ | -1

Here, r =08 =5 r =(08)2 =064. It means that 0.64 or 64% of the variation in
consumption expenditure are explained by variation in income.

: 2 it trl(l)e4t!’1at a correlation coefficient () = 0.8 indicates a relationship twice as close
r=0. g

Lo
of correlation from the following data regarding changes P
B during the year:

Changes over the Previous Month

The statement can be verified by usihg coefficient of determination, i.e., .
Now, Istcase:  r2=(08) =0.64

2ndcase:  r?=(04)’=0.16



is explained in the first case an

of the variation 16,

coﬂelaﬁon

63

since the actual means of X and Y are whole ny,

This shoWS that :::l/:d n the second case: Hence = 0.8 does poy b ;] :af lelher from actual means of X and Y to simplify the ::}?\:ls;(‘i‘;zhould take deviations
- ion i =04 1 z .
yariation 15 €7} closeas” 0. e e N 5
T hin twice 85 ok 0% of the data are explai r = Ll

relaf‘“:‘sif’:’n coefficient of0.5 implies thatLSO/nrcentage of varia]t)‘lamed. Comp, L YEx?xTy? m\«/:i—é T3 e

1 3 2 €l 10n i .
Example 8 Aooff;‘*c .ae 1 of delemination (%) show the P Y whig, (if) Here, r = 0.1389
Solution xplained by the variation mS)Z w2 = r*= coefficient of détermination = (0.1389)2 = 0.0192 or | 92%
; -0 £ 92%
»2=(0. It means that 1.92% of the variations in ity i
. 4 quantity im i
- coefficient of correlation of 0.5 shows that 25):%: m; t:l: dafa are explaing variations in the import price. "y imported are explained by the
'{::;:e\vords, 25% of the variation in Y is due to X and the remaining vy,
ther factors. ) . ; E1.11

due t‘; :ﬂ :e\ating o import price (X) and import quantity (Y) in respect ofa iy EXERCIS . -

Example 49 z,h,:m:dity a5 under: = The relationsh e ption (C) and disposable income (Y) is expressed by

79 | 80 | 81 | 82 | ;3 [
Import price ¢
; i 4 10 9 7 8 |9 3
Quantity imported:
(i) Calculate Karl Pearson’s coefficient of correlation.
(ii) Find the percentage of variation in quantity imported that is explained by t
variation in the import price.
Solution: () Calculation of Coefficient of Correlation
X X=5 x* Y Y=17 ¥ ar
X-X Y-Y "
X y | =l
z -3 9 6 -1 1 3
3 -2 4 5 ) 4 _’4/
3
6 ! =g 4 3 9 _T
: g 0 5 -2 4 | 14
4 J
! ! 7 0 0
— 4 10 +3 9
_S\L 0 9 +2
%
TL 4 7 0
%—L 9 3 o
1v—\mL s 9 +2
= =5y
ZX=50 g" =36 | £r=70 =0
F=ZX_50 L
N FoZ¥_170
S L
N o1

C = a+ by. In this context, explain what the value of r*measures,

. “A correlation coefficient of 0.3 implies that 30% of the data are explained.” Comment.
. A correlation coefficient of 0.6 indicates a relationship twice as close to as where » = 0.3.

Comment.

Quantity(: | 69 | 76 | 2 | 56 | 57 |77 [ s8] 55|61 72] eal
Price (X): s [zl 6 fwlofwl7]s]uls[uls|
(i) Calculate the Karl Pearson’s coefficient of correlation between price and quantity.

(if) Find t‘he percentage of variation in quantity demanded that is explained by variation in
the price of the commodity. [Ans. (i) r=0.645, (if) 42%]

. Calculate from the given information:

[x: a5 [ 70 [ 65 [ 30 [ 90 [ 4 [ 50 [ 75 | 15| 85 [ 0 |
[v: |35 | 90 | 70 | 40 [ o5 | 4 | 6o | 8 | 80 | 80 [ 50 |

() Karl Pearson’s coefficient of correlation.
(H) Probable Error and show whether ‘¢’ is significant or not?
(iif) Coefficient of non-determination and coefficient of alientation.
[Ans. (i) r = 0.904, (ii) P.E. = 0.0390, r is significant, (iii) 1- *=0.183,0.4277)

B ———

X: 2 2 4 5 3
v: 6 3 2 6 b

() Multiply each X value by 2 and add 3. Multiply each value of Y by 5 and sublract
4. Find the correlation coefficient between two new sets of values. Explain why
do or do not obtain the same result as in (i).



p—

Canelah
64 ) i 3
earson’s Coefficient of C°"'elﬂlion |

. Karl P
Jation of rl
@ Calcula

e

Solution:

N ZXY - ZX .ZY
/—/ﬁ
¥ IX?—(2X)? (N ZY* —(ZF)’

- 5% 76-18x21 G036
J5x74-(18)*{5%101 -@1)?
ew variables Uand V as follows:
U=2X+3and V =5Y -4
We now calculate the coefficient of correlatiol

r=

(ii) Letus define n

n between two new sets of values

Uand V as given
X Y |=2x+3| v=5r-4 v y? w
7 A 7 2 49 676 18
2 3 7 1 49 121 L
4 2 1 6 121 367" .
s 6 1 2% 169 676 i
5 . 4 13 16 169 256 L
LU=51 | zv=85 | zy2=557 | ZV>=1765 @
N.ZUV-XIU .2V

y=
N 3UT-(zuy N.zr2 (V)
B 5x871-(S1)(85)
\5%557-(51)? /5% 1765 — (85)°
o2
184,/1600
=0036

the same as that of rxy. This is so becaus®

coefficient is i
from X' ::dl;’l:;?;:;dem of the change of origin and scale and
8¢ of origin and scale 5o that we have 7y &% o,

The value of ruy is the cﬂ"::ig
dvae’

jon
g ——— &

Two variates X and Y when expressed as deviati
ations from their respecti
pective means are

1.
E,gnll"” 4 given as follows:

0
1

x
P4 ?
Find the Karl Pearson Coefficient of correlation between them

stion, one deviation in y series is missing. Let us denote the missing item

solution iati
;2,:,_ We know lh;;, tl;eosum of deviations taken from mean is always zero.
- ()+A+ a+(0)+(-1)=0
- 3+a=0
v a=- 3
Thus the complete series is:
EI T ) I T T |
e B ] T e [ e B
Now, we find the coefficient of correlation.
Calculation of Coefficient of Correlation
x 2 y Ea il J
0 0 1 1 0 1
—4 16 3 9 —12
4 16 -3 9 -12
LD, 4 0 0 0
2 4 -1 1 -2
=0 =40 =0 =20 Tiy=-26
Applying the formula:
s b DDAy 26
JExixzyt 4020
=26 _ B8 __ o910

“ 800 282843

:.l;_e following table gives the distribution of production and also the relatively
c; ecm./e items among them, according_to size groups. Find the correlation
oefficient between size and defect in quality and it probable error. IS the value of r’
significant or not? d

Example 55,

. —

ize group 1516 | 1617 | 17—18 | 1819 mm
:0- of items 200 270 340 m “
No. of defective items: | 150 - | 162 0 | 10 ]
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as to be found between size and def

core
to
h;lculatlon of % of PDefective Items

No. of defective “
items: 100
200
=15

In this quesﬁ‘O“- B
- nce defect in qua

ect
hﬁ st determined as % of the-defective ; itey ‘lllalny

te the mid value of the size group by X and % of defective items ay
Let us den® 2 Y A=50 &

X A=185 dx’ dy sy
o) - . 7 25 625 T
155 = . 5 10 | 100 0
1:’55 =} ! s0=A | oo O —° 0

; ° -
s=A] O 3 =

15159.5 + 1 = = R

ws | # 4 38 — i w1

N6 | =3 |5a?=19 =18 | 14/ =804 \ o

Applying the formula,
N .Zdxdy - Zdx . Zdy
.
N3 - () JN.3dy? - (Zdy)’
__ 6X(-129)-(-3)08)
Jox19-(-3)? 6 894 (18)*
144454 -690 . _ =690
“ - V5364324 V1055040 727- 727.46
=-0948 =095
Probable Error (P.E.) Significance of o
. 1-p2
PE=0.6745x—_ [r| _ 095
A =135.18
N PE 0021
= 1-(=0.95)?
=0.6745x
[T |7|=35.18 P.E.
=0.6745% 2078 than 667
As the value of | 7 | is more i
=0.027 the P.E., so ‘* is highly signil!

P

golution:

1053 Calculate conelatlon coefficient from the following results:
ple 53

N=10, X = 140, TY =150
£(X ~10)* =180, Z(¥ ~15)* =215
(X -10(Y -19)=60
For calculating correlation coefficient we need the values of 5x ,ZY?, ZXY which
we can determine from the values given:
I (X-10)?=2 (X*+ 100 - 20X) = ZX? + £100 - 205X
=2X2+Nx 100-205X
X2 +1000 - 20 x 140
= ZX%+1000-2800 = %X2— 1800

[+ Za=Na]

2
= =X%—-1800=180 [+ Z(X-10)*=180]
X% =1980
T(Y-15)2=Z (Y2 +225-30Y)=X¥? + 225 - 30ZY

=ZY2+Nx225-305Y
=XY%+2250-30x 150
= T¥%+2250- 4500 = £¥2-2250
= =r?-2250=215
Y2 =2465
z(x —10)(Y - 15)=Z(XY - 15X 10Y+ 150)
=3XY- 152X - 10ZY + £150
=EXY—- 155X - 10£Y+N x 150
=3ZXY-15 x 140 —10 x 150 + 10 x 150
= 2XY - 2100 - 1500 + 1500

[+Za=Na]

-2 (Y-152=215)

=XXY-2100
= ZXY-2100=60" [ Z(X-10)(Y-15)=60]
- XY =2160
N Applying the formula,
N.IXY -ZX.ZY

JNzx? —@xy Nar-cr)
_ 10%2160-140x150
101980 - (140)? Mas —(150)
_ 2160021000
/19800 —19600+24650 - 22500 -
600 _ 600 _, 4915
J200%2150 655.74
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68— ; Y R oo
Jated in the following manner:
) rcaﬂﬂls"hgalcluw 47:2:@:15 I
Aliter: )7=g'=1/0=1 3 N 10
-0y -1t " e
T, devsir® 510=3X - N.10=140-10x10= 49 4ol

Example 54.

Solution:

= ZXZ=N(<;§+;‘( y

Lek w=22((§‘15);m,_215=zy_N.15=150_15X10=0
= - 2 2
ZM::(XAO)(Y-U):@,W =180, 2% =215 (Giyeyy

N.Zdxdy - Sdx . Zdy

" v e -2 N2 - (2
10x60-40%0

= Jroxis0-(40y* {10215 - (0

a0 S0 g

J200x2150  655.744

Intwosets of variables Xand Y with 50 items each, the following data were chse

%=10,0,=3,7=6,0,=2r=03,N =50
However, on subsequent verification it was found that one value of X(=10) and op¢
value of Y(= 6) were inaccurate and hence weeded out. With the remaining 49 pairy
of values, how is the original value of correlation coefficient affected?

Given: N=50, X=10,¥=6,0,=3,0,=2,r=03

Applying the formula,

Incorrected ZX = N X =50x10= 500 )
}7=£Nzazy= NT
Incorrected £¥ = N ¥ =50x 6 =300 i)
c%&z» s
EaaaCY
[Fonnu]aofVarianoeofx]:
Ing 3 _ .
corrected 1Y 2 = N@i+X 22 50.(9+100) = 5450 f
a2
)
2_ -
- e [FOrmulaofvarinn“

Incorrected 2y = (2 . o
N(0’+y2)= 50 (4+36)=2000

alio——
We know, %
r= M
. OOy
r.0,.0,=Cov. (x, y)

Cov. (X, Y)=K1/—'2(X_)—{)(Y—?)=%,‘m‘)_(?
r.c,.c¥=%‘m—)?.17
- IXY=N[ro,c,+X7]
D(Y=50[0.3X3x2+10x6]
=50[1.8+60]
=50 [61.8] =3090
Incorrected ZXY = 3090
Thus, we have the following incorrect values:
£X =500, ¥ =300, X ? =5456, £¥? =2000 TXY =3090

After dropping out the incorrect values, the d values for the

of items are given as:
Corrected values:
Corrected ZX = 500- 10 =490
Corrécted ZY =300-6 =294
Corrected ZX 2 = 5450 —10%= 5350
Corrected Z¥ % = 2000 — 62= 1964
Corrected ZXY = 3090 — 10 x 6 = 3030
N =49
Using these corrected values, we get
- onxy =242
r= _ N
szl _ﬂ_‘jzyl __(_Z_Yi
) N N

3030 220x294

= - .
JSBSO— w 1964 — @4
49 49

= 0
V4504200 300

Hen, .
R, the correlation coefficient is unaffected in this case.

ining 49 pairs
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lation betwe: " r
‘ndependent, the correlat en them g 26 e actual values of X and Y:
cariable " e Comment: . " b . 3. whet e N.ZXY -3X 3y
- g5, “If ‘:‘::‘ s not ,,|wayls sependent yariables, then the covariance bﬁween ‘ x 4 p= e oG] | -
co;‘( - qwo indeP —M=0_ Thus, if X and Y g ing, T VN YANZY? —(zyy
& Ty~ .c ] jven Variance and C i
Solufion =0 and hence 050y P we are given ovariance of X and Y;
(XJ) by 4, When Cov(X,Y) and Y
i "= Far G0 {Var (¥ ;
Th 1 _X 7 =
where’Cgv(X,Y)='ﬁ'z(X X) (¥ - D=W-W-X,7

4 GROUPED SERIES
3 5in8 Bivariate or Grouped Frequency Distribution:
r Nfdvdy — SfdxSfdy

r=
2
Here, 2X =057 N7 — (5 Ny - iy
' 1 X2 _C0--==0
& D=y YN 7073 .
- M =0 > 6. Spearmen’s Rank Correl.atlon Coefficient:
Thus, """ 6,0, (i) When actual ranks are given:

6xD?
Aclose examination ofthe data would reveal that althouglx Ty = Obut X and Y aegy R=1- L )
independent. In fact, the variables are related by the equation Y = X2, iie, thereisy
uagmic relation (i.¢., non-linear relationship) between the variables. This propery (if) When ranks are not repeated
?mplies that r, is only a measure of the linear relatior}ship between X and Y. Ifthe e 6=D?
relationship is non-linear, the computed value of I'yis N0 longer a measure of the Ty

degree of relationship between the two variables. (i) When ranks are repeated

1
6[202 +E(m3 - m)+ ‘lz(m3 - m)'*---}

N*-N

IMPORTANT FORMULAE R=1-

A. INDIVIDUAL SERIES J 1.C
- Concurrent Deviati
1. Karl Pearson’s Coefficient of Correlation (When deviations are taken from actual M N

e y r =% i(b)
n

or
{Z*xp?  No.o, .
Where,x=(X-X) y=(7-F) Probable Error and Standard Error

2. When deviations are taken from assumed mean:

2
P.E=0.6745x 2"
JN

r= N Zdvdy - Yx. %)

_ — -TdxTdy 9. Coeffigy

Wi N2~ ([N 3y — (32 clent of Determination
he'e:dx=(X—A)anddy=(y_A) F:w

Total Variance
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QUESTIO — thods of studying correlation, Whatig g, sip Re ression Anal
Jation. ] .
Define O™ ion? i i i i = =
of studying C;Jr:d:v‘ Explain various /P Z? ogcorrelanon. Does it always Signify L lﬂear
; ation? iables'
5 Whatis ,ci,r;shxp petween the two varia Interpret » when r = | T
et B8 ns’ coefficient of correlation. In .erp s >=land, : .
3. Define Pea;s‘::onelation coefficient. How is it measured? When js jt Prefemeq 1y INTRODUCT'ON' ial i Wekn
4, Define {moefﬁcient of correlation? . <, : ke g study of regression h?s sPemal lmpo@cg in statistcal analysis. ow th :
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